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5.6 Substitution Method

Preliminary Questions
1. Which of the following integrals is a candidate for the Substitution Method?

(a) /5x4 sin(xs)dx (b) /sinS)c cosx dx (c) /xS sinx dx

SOLUTION The function in (¢): x> sin x is not of the form g (u(x))u’(x). The function in (a) meets the prescribed pattern with
g(u) = sinu and u(x) = x>. Similarly, the function in (b) meets the prescribed pattern with g (1) = u> and u(x) = sin x.

2. Find an appropriate choice of u for evaluating the following integrals by substitution:
(a) /x(x2 +9)* dx (b) /x2 sin(x3) dx (c) /sinx cos? x dx

SOLUTION
(a) x(x2 +9)* = %(Z)C)(x2 + 9)%; hence, ¢ = %, fu) =u* and u(x) = x2 +9.
(b) xZsin(x3) = %(3)(2) sin(x3); hence, ¢ = %, f(u) = sinu, and u(x) = x3.

2

(¢) sinx cos? x = —(—sinx) cos? x; hence, ¢ = —1, f(u) = u?, and u(x) = cos x.

2
3. Which of the following is equal to / x2(x3 + 1) dx for a suitable substitution?
0

1 2 9 1 9
(a) —/ udu (b) / udu (c) —/ udu
3 Jo 0 31

SOLUTION With the substitution u = x> + 1, the definite integral f02 x2(x3 4 1) dx becomes % / 19 u du. The correct answer is

(o).

Exercises

In Exercises 1-6, calculate du.

1. u=x3—x2

SOLUTION Letu = x3 — x2. Then du = (3x2 — 2x) dx.
2. u =2x*4+8x7!
SOLUTION Letu = 2x* + 8x~!. Then du = (8x3 — 8x72) dx.
3. u = cos(x2)
SOLUTION Letu = cos(x2). Then du = —sin(x2) - 2x dx = —2x sin(x2) dx.
4. u =tanx
SOLUTION Letu = tanx. Then du = sec? x d.x.
5.y = e4xtl1
SOLUTION Letu = e***1 Then du = 4e** 11 dx.
6. u=In(x*+1)
4x3

———dx.
x4 +1 .

SOLUTION Letu = In(x* 4 1). Then du =
In Exercises 7-22, write the integral in terms of u and du. Then evaluate.
7. /(x—7)3dx, u=x-—7
SOLUTION Letu = x —7. Then du = dx. Hence
/(x—7)3dx = /u3du = %u4+C = %(x—7)4+C.

8. /(x+25)—2dx, u=x+25
SOLUTION Letu = x + 25. Then du = dx and

1

C.
x+25+

/(x+25)_2dx=/u_2du:—u_1—I—C = -
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9. /t\/tz—l—ldt, u=1%+1

SOLUTION Letu =% + 1. Then du = 2¢ dt. Hence,
1 1 1
/t\/t2 +1dt = 5/ul/zdu = 5u3/2 +C= E(12 +1)32 4 c.

10. /(x3 + D cos(x* +4x)dx, u=x*+4x

SOLUTION Letu = x* + 4x. Then du = (4x3 + 4)dx = 4(x3 + 1) dx and

1 1 1
/(x3 + 1) cos(x* + 4x) dx = Z/cosudu = Zsinu +C = Zsin(x4+4x) +C.

P
1 | —— dt, u=4-—2¢*
/ @G-y
SOLUTION Letu = 4 — 2% Then du = —8¢3 dt. Hence,

3 L[ i I 10 1 4y—10

12. /«/4x—1dx, u=4x —1
SOLUTION Letu = 4x — 1. Then du = 4dx or %du = dx. Hence

/v4x—1dx:%/ul/zdu:%(guyz)—i—C=é(4x—1)3/2+C.

13. /x(x—{-l)gdx, u=x+1

SOLUTION Letu = x + 1. Thenx = u — 1 and du = dx. Hence

/x(x+1)9dx —/(u—l)ugdu :/(ulo—ug)du
1

1 1 1
11 10 11 10
Sy 0 e (4D - —(x+ D0+
llu IOu ll(x ) 10(x )

14. /xv4x—1dx, u=4x —1

SOLUTION Letu =4x — 1. Then x = %(u + 1)and du = 4dx or % du = dx. Hence,

/x«/4x—1dx %/(u—{—l)ul/zdu:%/(uyz—l—ul/z)du

A (2,52) (2,32
16(5” )+16(3” +c

1 s;p 1 3/2
40(4x 1) —|—24(4x )=+ C.

15. /xzx/x—l—ldx, u=x+1

SOLUTION Letu = x + 1. Thenx = u — 1 and du = dx. Hence

/xZ«/X + ldx = /(u D22 qu = /(u5/2 — 32 —I—ul/z)du

2 9/ 4510 2 3
=222 - c
7" L L

2 4 2
=S+ D2+ D2+ S+ )32 1
7 5 3
16. /sin(40 —7do, u=460—-17
SOLUTION Letu =46 —7. Then du = 4d6 and

1 1 1
/sin(49—7)d€ = Z/sinudu =—Zc0su+C =—2 cos(460 —7) + C.
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17. /sin20c0s0d9, u = sinf
SOLUTION Letu = sinf. Then du = cos 6 df. Hence,
/sin290059d<9 = /uzdu = %u3 +C = %sin39 +C.
18. /seczxtanxdx, u = tanx
SOLUTION Letu = tanx. Then du = sec? x dx. Hence
/seczxtanxdx = /udu = %uz +C = %tanzx +C.
19. /xe_xz dx, u=—x2
SOLUTION Letu = —x2. Then du = —2x dx or —% du = x dx. Hence,
/xe_)‘2 dx = —%/e" du = —%e" +C = —%e_xz +C.
20. /(sec2 1)e®! dt, u =tant
SOLUTION Letu = tanz. Then du = sec? ¢ dt and

/(sec2 e dt = /e” du = e¥ + C = e 4 C.

Inx)%d
21. /7(11)6) x’ u=Inx
X

SOLUTION Letu = Inx. Then du = % dx, and

Inx)?2 1 1
/‘(nx) dx:/MZdu=§u3+C=g(lnx)3+C.

X

tan"! x)Z dx

22. /%, u=tan"lx
x*+1

SOLUTION Letu = tan~! x. Then du = ﬁ dx, and

(tan'x)? o, 14 _ Ll 13
1 dx= [ u du—3u +C—3(tan x)” + C.

In Exercises 23—26, evaluate the integral in the form a sin(u(x)) + C for an appropriate choice of u(x) and constant a.

23. /x3 cos(x4) dx
SOLUTION Letu = x* Then du = 4x3 dx or % du = x3dx. Hence

x”cos(x¥)dx = i cosudu = Zsmu +C = Zsm(x )+ C.

24, /x2 cos(x3 + 1)dx

SOLUTION Letu = x3 + 1. Then du = 3x2 dx or % du = x? dx. Hence
2 3 ! .
x“cos(x” + 1)dx = 3 cosu du = Esmu +C.

25. /xl/z cos(x3/2) dx

SOLUTION Letu = x3/2. Then du = %xl/z dx or % du = x'/2 dx. Hence

2 2 2
/xl/zcos(x3/2)dx = gfcosudu = gsinu +C = Esin(x3/2) + C.
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26. / cos x cos(sin x) dx

SOLUTION Letu = sinx. Then du = cos x dx. Hence

/cosxcos(sinx)dx = /cosudu =sinu + C.

In Exercises 27—72, evaluate the indefinite integral.
27. / (4x +5)° dx

SOLUTION Letu = 4x + 5. Then du = 4dx and

1 1 1
/(4x+5)9dx:Z/ugdu:Eu10+C:E(4x+S)10+C.

(x=9?°

SOLUTION Letu = x —9. Then du = dx and

dx _s I 4 1
_ du = —~ c———_+cC.
(x—9)5 /” e T dx—9°¢ "

Vit +12

SOLUTION Letu =1t + 12. Then du = dt and

_ —1/2 _ 1/2 _
= |u du =2u +C =2Vt + 12+ C.
/ V412 /
30. /(9: +2)%/3 41

SOLUTION Letu = 97 + 2. Then du = 9dt and

/(9z+2)2/3an:—/u2/3du=l 358 4 ¢ = (9z+2)5/3+c.
9 9 5" 15
x+1

(x2 4+ 2x)3

SOLUTION Letu = x? + 2x. Then du = (2x + 2) dx or %du = (x + 1) dx. Hence

x+1 RYE 11, 1, 5 -1
| =du=-(-= C=-- 2 C=—38—
i T 2( 2" )+ g T O e T
32. /(x+1)(x2+2x)3/4dx

SOLUTION Letu = x2 + 2x. Then du = (2x + 2)dx = 2(x 4+ 1) dx and

[orne? +20¥an =1 [tau=1 2 e

2
= 7(x2 +2x0)* 4 C.
X
33. /7dx
VX249
SOLUTION Letu = x% + 9. Then du = 2x dx or %du = x dx. Hence
/ VX2 + / «/— 5

2x2 4+ x
(4x3 + 3x2)2

SOLUTION Letu = 4x3 + 3x2. Then du = (12x2 + 6x) dx or %du = (2x2 + x) dx. Hence

1 1 1
/(4)(3 +3x2)72(2x? + x)dx = 3 / u 2 du = —gu_l +C = —6(4x3 +3x3)7 14 C
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35. /(3x2 + 1)(x3 +x)%dx

SOLUTION Letu = x3 + x. Then du = (3x2 + 1) dx. Hence

1 1
/(3x2 + (3 4+ x)%dx = /uzdu = §u3 +C = E(x3 +x)3+C.

5x4 + 2x
— = dx
(x5 + x2)3

SOLUTION Letu = x° + x2. Then du = (5x* + 2x) dx. Hence

36.

5x* 4 2x 1 11 1 1
22T = —du=———4C=—x——__4C
(x5 +x2)3 * /u3 " 2u? + 2 (x5 + x2)2 +

37. /(3x +8)dx

SOLUTION Letu = 3x + 8. Then du = 3dx and
/(3x+8)11dx:l/ulldu:iu12+C:i(3x+8)12+C
3 36 36 '
38. /x(3x+8)“dx

-8
SOLUTION Letu =3x + 8. Thendu = 3dx,x = MT, and
1 1
/x(3x +8)dx = 3 /(u —8ulldu = 6/(u12 —8u'lydu

L1 43 245
S c
9(13” )T

1 13 2 12
=—(3 8 - —(@3 8 C.
117(x—l—) 27(x—i—) +

39. /x2\/x3+ 1dx

SOLUTION Letu = x3 4 1. Then du = 3x2 dx and

1 2 2
/xzx/x3+1dx: §/u1/2du: §u3/2+C = §(x3+1)3/2+C.

40. /XS Vx3 4+ ldx

SOLUTION Letu = x3 + 1. Then du = 3x%dx, x> =u—1and
1 1
/xSVX3+1dx:gf(u—l)«/ﬁdu:5/(u3/2—u1/2)du

_ (252 202\ ¢
35 3

_ 2 3, 52 2,3, 1132
= &+ O REEe

dx
4. / FESE

SOLUTION Letu = x + 5. Then du = dx and

dx _ _3 B I _, _ 1 _

2
4. /7)‘ dx
(x +5)3

SOLUTION Letu = x +5.Thendu = dx,x =u —5and

2 52
/ (x+d5);3 = / (u 35) du = /‘(u_1 —10u"2 +25u"3) du
X u
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25
=In|u| + 104~ — 714_2 +C

10 25
=In|x +5+ ——

—-—— =+ C.
x+5 2(x+5)2+

43. /22(23 + 1'% dz
SOLUTION Letu = z3 4+ 1. Then du = 3z2 dz and
/22(23 + D124z = l/ulzaru LI E o i(z3 +nB 4+
3 39 39
44. /(25 +4z2) 23 + 1'% dz

SOLUTION Letu = z3 4+ 1. Thendu = 3z2dz,z3 =u — 1 and

/(Z5 +422)(23 —+ 1)12dz %/(u +3)u12du = %/(u13 +3u12)du

i1 44 3 13
=== = c
3(14” )Tt

1 3 14, 1 o3 13
+1D)7+ +1)7 +C.
42(Z ) 13(Z )

45. /(x +2)(x + )4 dx

SOLUTION Letu =x + 1. Thenx =u —1,du = dx and

/(X+2)(x+1)1/4dx:/(u+1)u1/4du =/(u5/4+u1/4)du

4 9/a 4 54
: : c
CRE A

4 4

Set %4 + S+ %4+ c.
46. /x3(x2 - 1)3/2 dx

SOLUTION Letu = x%2—1.Thenu + 1 = x2 and du = 2x dx or % du = x dx. Hence

/x3(x2—1)3/2dx = /xz-x(x2—1)3/2dx

%/(u + D32 qu = %/(us/z +u3?) du

1 (%uwz) 41 (%us/z) yC= %(xz )24 é(xz )52 4c.

2\7 2
47. /sin(8—39)d9

SOLUTION Letu =8 —36. Then du = —3d60 and
. 1 . 1 1
/sm(8—30)a’9 = —g/smudu =3 cosu +C = gcos(8—39) +C.
48. / 6 sin(62) d6

SOLUTION Letu = 62. Then du = 26 df and

1 1 1
/GSin(GZ)dG = E/sinudu =5 cosu +C = —3 cos(?) 4 C.

49. [ cos Vi,
Jt

SOLUTION Letu = /7 = t'/2. Thendu = L¢=1/2 dt and

t
/Cofﬁ dt:2/cosudu:2sinu+C =2sin7 + C.
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50. /x2 sin(x3 4 1) dx
SOLUTION Letu = x3 + 1. Then du = 3x2 dx or %du = x2 dx. Hence
5 . 3 1 . 1 1 3
x“sin(x” 4+ 1)dx = 3 sinu du = —Ecosu +C = —gcos(x + 1)+ C.
51. /tan(4¢9 +9)do
SOLUTION Letu =46 + 9. Then du = 4d6 and
1 1 1
/tan(40 +9)d6 = 1 /tanudu = Zln|secu| +C = Zln|sec(49 +9)| +C.

52. /sin80c0s0d9
SOLUTION Letu = sinf. Then du = cos 6 df and
. g 8 1o L .o
sin® @ cosfdf = | u du:§u +C:§sm 6+ C.

53. / cotx dx

SOLUTION Letu = sinx. Then du = cos x dx, and

d
/cotxdx:/cosxdx:/—u:ln|u|+C=1n|sinx|+C.
u

sin x

54. /-()C_I/S)tanx“/5 dx
4/5 4 s
SOLUTION Letu = x%/°. Then du = gx dx and
5 5 5
/(x_l/S)tanx4/5 dx = Z/tanudu = Zlnlsecul +C = Zlnlsecx4/5| + C.
55. [ sec?(4x + 9) dx
SOLUTION Letu = 4x + 9. Then du = 4dx or % du = dx. Hence
) 1 ) 1 1
sec”(4x + 9) dx = 7 sec“udu = Ztanu +C = Ztan(4x +9) +C.
56. /seczxtan4xdx
SOLUTION Letu = tanx. Then du = sec? x dx. Hence
1 1
/seczxtan4xdx = /u4du =—u+C= gtan5x+C.

5

sec?(/x) dx
57. /T

SOLUTION Letu = 4/x. Then du = ﬁ dxor2du = ﬁ dx. Hence,
2 d
/ w = 2/sec2udx =2tanu + C = 2tan(y/x) + C.
X

cos2x

58. | —
(1 + sin2x)?2 *

SOLUTION Letu = 1+ sin2x. Then du = 2 cos2x or %du = cos 2x dx. Hence
=2 L ) | 1 -1
(1 4+sin2x)"“cos2x dx = 3 u “du =—5u +C =—§(1+s1n2x) +C.

59. /sin4xVCOs4x + 1dx
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SOLUTION Letu = cos4x + 1. Then du = —4sin4x or —%du = sin4x. Hence
. 1 1/2 1 (2 35 3/2 4
sm4x«/cos4x+1dx:—z u du:—z Eu +C ———(cos4x+1)

60. /cosx(S‘ sinx — 1) dx

SOLUTION Letu = 3sinx — 1. Then du = 3 cos x dx or %du = cos x dx. Hence

1 1/1 1
/(3sinx—1)c0sxdx = gfudu =3 (Euz) +C = 6(3sinx—1)2+C.

6l. /sec@tan@(sec@ —1)do

SOLUTION Letu =secf — 1. Then du = sec f tan 6 d0 and
15 1 2
secOtanf(secl — 1)d0 = | udu = Eu +C = E(sece -+ C.
62. /costcos(sint) dt
SOLUTION Letu = sint. Then du = cost dt and
/costcos(sint) dt = /cosudu =sinu + C = sin(sinz) + C.

63. /e14x_7 dx

SOLUTION Letu = 14x — 7. Then du = 14dx or ﬁ du = dx. Hence,

1 1 1
14x-7 u U 14x-7
dx = — du = —e" +C = — + C.
/e X ] /e u ] e 148

64. /(x + 1)ex2+2x dx

SOLUTION Letu = x2 + 2x. Then du = (2x + 2) dx or % du = (x + 1) dx. Hence,

1 1 1
/(x+1)ex2+2xdx:E/QMduzieu_’_C :Eex2+2x+c

o f e

SOLUTION Letu = e* 4 1. Then du = e¢* dx, and

e* 1 1
¢ ax=[utdu=-—4C=— " _4C
/(ex+1)4 * /” M=yt e 13 T

66. /(sec2 0) e ? 4o

SOLUTION Letu = tan6. Then du = sec? 6 d6, and

/(8602 0) ™ a0 = /e" du=e' +C =e™f 4 C.

p / el dt
T e et 41

SOLUTION Letu = ef. Then du = e’ dt, and

/ Ldt _/ du _ _ 1 te= 1 tC
242t +1  J ul+2u+1 ) w+1D2 u+1 et 41 ’

68 / _dx
" J x(Inx)2

SOLUTION Letu = Inx. Then du = % dx, and

x(Inx)2 woam=y " Ilnx
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6. / (Inx)*dx

X

SOLUTION Letu = Inx. Then du = % dx, and

Inx)* 1 1
(Inx) dx = /u4du = gus +C = g(lnx)5 + C.
70. / dx
xInx
SOLUTION Letu = Inx. Then du = %dx, and
/ /— Inju| + C =In|lnx| + C.
xInx
. / tan(In x) J
x
SOLUTION Letu = cos(Inx). Then du = —% sin(lnx) dx or —du = % sin(In x) dx. Hence,
tan(l in(l d
/de :/wdx :_/_u =—Inju|+ C = —In|cos(lnx)| + C.
X x cos(Inx) u
72. /(cotx) In(sin x) dx
SOLUTION Letu = In(sinx). Then
du = —— cosx = cotx,

sin x

and

/(cotx) In(sinx) dx = /udu = %uz +C = % (In(sin x))? + C.

73. Evaluate/ T using u = 1 + /x. Hint: Show that dx = 2(u — 1)du.

f)3
SOLUTION Letu =1+ /x. Then

du = ﬁdx or dx =2+xdu=2u—1)du.

dx u—1

— =2 ——du=2 | ?—u3)du
/ (1+ x)? / u3 / ( )

2 1

+ +C
L+ Vx (14 x)2
74. Can They Both Be Right? Hannah uses the substitution ¥ = tan x and Akiva uses u = sec x to evaluate | tan x sec x dx.

Show that they obtain different answers, and explain the apparent contradiction.

Hence,

= l4yu?4+C=-

SOLUTION With the substitution u = tan x, Hannah finds du = sec? x dx and
2 15 1. 5
tanxsec” xdx = | udu = Eu +Ci = Etan x + Cy.
On the other hand, with the substitution u = sec x, Akiva finds du = sec x tan x dx and
1
/tanx sec? xdx = / sec x(tan x sec x) dx = 3 sec? x 4+ Cy

Hannah and Akiva have each found a correct antiderivative. To resolve what appears to be a contradiction, recall that any two
antiderivatives of a specified function differ by a constant. To show that this is true in their case, note that

1 1 1
(5 sec? x + Cz) - (5 tan? x + Cl) = E(seczx — tan? x) 4+ Cy—Cy

1 1
= 5(1) +C—-C = 2 + Cp — Cy, aconstant

2

Here we used the trigonometric identity tan? x 4+ 1 = sec? x.
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75. Evaluate [ sinx cos x dx using substitution in two different ways: first using ¥ = sin x and then using ¥ = cos x. Reconcile
the two different answers.

SOLUTION First, let u = sinx. Then du = cos x dx and
: [ 1.5
sinx cosx dx = udu:iu +C1:55m x + Cq.
Next, let u = cos x. Then du = —sinx dx or —du = sinx dx. Hence,
. 1, L)
sinxcosxdx = — udu:—iu —I—Cz:—icos x + C,.

To reconcile these two seemingly different answers, recall that any two antiderivatives of a specified function differ by a constant.

To show that this is true here, note that (% sin x + Cp) — (—% cos?2x + Cr) = % + C1 — C3, a constant. Here we used the

2

trigonometric identity sin? x + cos® x = 1.

76. Some Choices Are Better Than Others Evaluate

/ sinx cos? x dx

twice. First use # = sin x to show that
/sinx cos? x dx = /uvl —u2du

and evaluate the integral on the right by a further substitution. Then show that u = cos x is a better choice.

SOLUTION Consider the integral [ sinx cos? x dx. If we let u = sinx, then cosx = /1 —u2 and du = cos x dx. Hence
/sinxcoszxdx = /uvl—uzdu.
Now let w = 1 — u?. Then dw = —2u du or —%dw = u du. Therefore,
/ > 1 1/2 1 (2 3/
uvl—u?du=— | w'’dw=—|-w +C
2 2\3
1 1
=——w?yc=—1-u??4+cC
3 3
1 .2 \3/2 I 3
:_§(I_SIH X) +C=—§cos x + C.
A better substitution choice is ¥ = cos x. Then du = —sinx dx or —du = sinx dx. Hence

1 1
/sinxcoszxdxz—/uzdu =—§u3+C =—§COS3X+C.

77. What are the new limits of integration if we apply the substitution u = 3x + 7 to the integral f: sin(3x + ) dx?

SOLUTION The new limits of integration are #(0) = 3-0+ 7 = 7w and u(w) = 37w + 7w = 4n.

78. Which of the following is the result of applying the substitution v = 4x — 9 to the integral j28 (4x — 9)20 dx?

8 1 8

(a) / u?0 du (b) 7[ u?0 du
2 4 J2
23 1 23

() 4/ u?0 du (d) —/ u?0 du

-1 4 )1
SOLUTION Letu = 4x —9. Then du = 4dx or %a’u = dx. Furthermore, when x = 2, u = —1, and when x = 8, u = 23.
Hence

8 1 23
/ (4x — 9)20 dx = —/ u?0 du.
2 4/

In Exercises 79-90, use the Change-of-Variables Formula to evaluate the definite integral.

The answer is therefore (d).

3
79. / (x +2)3dx
1
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SOLUTION Letu = x + 2. Then du = dx. Hence
3 5 5 4 4
1 5 3
/(x+2)3dx:/ wdu = —u*| == - =136.
1 3 4 3 4 4

6
80. / Vx +3dx
1

SOLUTION Letu = x + 3. Then du = dx. Hence

9

6 9 2
/ Vx+3dx:/ \/Edu:§u3/2
1 4

2 38
=Z(27-8)="=.
. 3 3

1 X
s [ —X 4
/0 2+13

SOLUTION Letu = x% + 1. Then du = 2x dx or % du = x dx. Hence

1 X 1 %21 1 1
— "  dx=-| —du=-(--u"?
/0 o2 +1)3 2/1 BER 2( 2" )

2
82. / V5x 4+ 6 dx
-1

“ Lyl 3 oasrs
. 164 16 T

SOLUTION Letu = 5x + 6. Then du = 5dx or % du = dx. Hence

2 1 (16 1/2 16 » 42
/ V5x +6dx = - Vudu = —(—1,{3/2) :E(64—1):?
—1

s 53 )

4
83. / xvVx2 +9dx
0

SOLUTION Letu = x% 4+ 9. Then du = 2x dx or % du = x dx. Hence

4 1 25 1/2 25
/ XVx2+9dx =~ Judu = 5(7u3/2)
0

2 9 3 9
2 4x+12
s4./ _ =t
1 (xZ2 4+ 6x + 1)2

SOLUTION Letu = x2 + 6x + 1. Then du = (2x + 6) dx and

2 4x+12 17 2
/ de:Z/ u_zdu:——
1 (x2+6x +1)2 8 u

1 98
=-(125-27) = —.
3( ) 3

1
8s. / (x + 1)(x2 +2x)° dx
0

SOLUTION Letu = x2 + 2x. Then du = (2x + 2) dx = 2(x + 1) dx, and

1 3 3
1 1 729 243
/(x+1)(x2+2x)5dx: /MSa’u:—u6 = —= .
o 2 Jo 127 |, 12 4
17
86. / (x —9)72/3 4x
10
SOLUTION Letu = x — 9. Then du = dx. Hence
17 8 8
(x—9)_2/3dx:/ u 2B dax =33 =302-1)=3.
10 1 1

1
87. / 6 tan(6?) d6
0

SOLUTION Letu = cos 62. Then du = —26 sin 62 d6 or —%du = 0 sin 62 d6. Hence,

1 19 : 92 1 cos 1 d 1
/ 0 tan(62) d6 :/ sin07) 4o = ——/ . R
0 0 1 2

cos(62) ) u

cos 1

1 1
= ——[In(cos 1) + In1] = = In(sec 1).
. 2 2



SECTION 5.6 | Substitution Method

88. /On/6 sec? (2x - %) dx

SOLUTION Letu = 2x — % Then du = 2dx and

/6 1 /6 1 /6
/ sec? (2x - Z) dx = 7/ sec2udu = - tanu
0 6 2 J-n/6 2 —n/6
(BB
T2\ 3 3 ) 37
/2
89./ cos> x sinx dx
0
SOLUTION Letu = cosx. Then du = —sinx dx. Hence
n/2 0 1 L 1
/ cos3xsinxdx:—/ u3du=/ wWdu=-u* =--0=-.
0 1 0 4 |y 4 4

/2
90. / cot? X csc? X dx
2 2

/3
1
SOLUTION Letu = cot i Then du = —3 csc? * and
/2 1
/ cot? = esc? = dx = 2/ u? du
/3 2 3
2 4! 2
=23 =I36V3-1).
3 V3 3
2
91. Evaluate/ rV5—v4—r2dr.
0
SOLUTION Letu =5— +/4—r2. Then
rdr rdr

so that
rdr =(5—u)du.

Hence, the integral becomes:

2 5 5 5
/ r\/S—\/4—r2dr:/ ﬁ(S—u)du:/ (5u1/2—u3/2) du = (?uyz_%us/z)
0 3 3

3

= (53—0«/5—10«/5) - (10f— 1—58«/5) = ?f— 3—52J§.

92. Find numbers a and b such that

b /4
/ u? +1)du :/ sec* 0 do
a

—n/4
and evaluate. Hint: Use the identity sec? § = tan? 0 + 1.
SOLUTION Letu = tan6. Thenu? + 1 = tan? 0 + 1 = sec? 6 and du = sec? 6 d6. Moreover, because
tan (—z) =—1 and tanz =1,
4 4

it follows that « = —1 and b = 1. Thus,

/4 1 1
/ sect 0.do = / W2+ 1) du = (—u3 —+ u)
—n/4 -1 3
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93. Wind engineers have found that wind speed v (in meters/second) at a given location follows a Rayleigh distribution of the
type

1
W) = ﬁve_”z/64

This means that at a given moment in time, the probability that v lies between a and b is equal to the shaded area in Figure 1.
(a) Show that the probability that v € [0, 5] is 1 — eb%/64,
(b) Calculate the probability that v € [2, 5].

v (m/s)

I b 20
FIGURE 1 The shaded area is the probability that v lies betweena and b.

SOLUTION
(a) The probability that v € [0, b] is

b
/ Lve_vz/64 dv.
o 32

Let u = —v?/64. Then du = —v /32 dv and

b —b2/64
1
/ — e V?/64 gy = —/ e du = —e*
0o 32 0

—b2/64
= ¢ b%/64 + 1.

0

(b) The probability that v € [2, 5] is the probability that v € [0, 5] minus the probability that v € [0, 2]. By part (a), the probability
thatv € [2, 5] is

(1 _6—25/64> _ (1 _e—1/16) — o~ 1/16 _ ,—25/64

/2
94. Evaluate / sin” x cos x dx forn > 0.
0

SOLUTION Letu = sinx. Then du = cos x dx. Hence

/2 1 1
/ sin” x cosx dx :/ u du =
0 0 n+1 0

1
1

n+1

In Exercises 95-96, use substitution to evaluate the integral in terms of f(x).

95, / F(x)3 f(x)dx

SOLUTION Letu = f(x). Thendu = f’(x)dx. Hence

/f(x)3 fl(x)dx = /u3du = %u“ +C = %f(x)“ +C.

J'(x)
96. dx
f(x)?
SOLUTION Letu = f(x). Thendu = f’(x)dx. Hence
f'x) / -2 —1 -1
dx = [u “du=—-u"+C= +C.
f(x)? J(x)
/6 1/2 1
97. Show that sinf) df = U)——=du.
R



SECTION 56 | Substitution Method 635

SOLUTION Letu = sin6. Then u(/6) = 1/2 and u(0) = 0, as required. Furthermore, du = cos 6 d@, so that

du
cosf’

Ifsinf = u, then u2 + cos? 6 = 1, so that cos § = ~/1 — u2. Therefore df = du/~'1 — u2. This gives

n/6 1/2 1
/0 f(sin@)do = /(; f(u)ﬁ du.

Further Insights and Challenges

98. Use the substitution u = 1 + x1/” to show that
/\/1 + x1/n dx :n/ul/z(u— D™ du

Evaluate forn = 2, 3.
SOLUTION Letu = 1+ x!/" Thenx = (u—1)" and dx = n(u — 1)"~! du.Accordingly,/ V14 xlUndx = n/ul/z(u —

D" du.
Forn = 2, we have

/v1+x1/2dx =2/M1/2(u—1)1du :2/(u3/2—u1/2)du
— 2(§u5/2— §u3/2) +C = g(l + x1/2)5/2 _g(l +x1/23/2 4 ¢,

For n = 3, we have

/\/1+x1/3dx :3/u1/2(u—1)2du :3/(u5/2—2u3/2+u1/2)du
_a3(2,72 o (%) ,5/2 . 2,302
—3(7u (2)(5)74 +3u +C

= g(l +x1/3)7/2_%(1 +X1/3)5/2+2(1 +x1/3)3/2+c’

/2 46 /2 46
99. Evaluate I = /(; m Hint: Use substitution to show that I is equal toJ = /0 m and then
/2
check that I + J = / dé.
0

SOLUTION To evaluate

/2 dx
I = _
/(; 1 + tan®000 x

we substitute t = 7 /2 — x. Then dt = —dx,x = n/2 —1t,1(0) = /2, and t(;r/2) = 0. Hence,

1_ /ﬂ/Z dx 3 /0 dt 3 /”/2 dt
S Jo 1+tan®000x [ s 1 +an®000 (/2 — 1) Jo 1+ cot6000

/2 dt

LetJ = ———— Weknow / = J,so [ + J = 2[. On the other hand, by the definition of / and J and the linearity
O 1+ cot6000(z)

of the integral,

I+ / WE__dx dx / " ! + ! d
= = X
o 1 +tan%000y * [ 4 ¢ot6000 x 0 1 + tan®000 x * | 4 ¢ot6000 x

/2 1 1 4
N /0 (1 + tan6000 * 1 + (1/ tan6000 x)) *

/2 1 1 J
N /0 (1 + tan®000 + (tan®000 x 4 1)/ tan6000 x) *




