Lecture Notes Limits at Infinity - Part 1

page 1

Sample Problems

1. Compute each of the following limits.

2
a) lim 3z* ¢) lim (—22°) e) lim (—ga:G) g) lim 423
. 4 . 5 . 2 6 . 3
b) lim 3z d) lim (—22°) f) lim —3¢ h) lim 4x
2. Compute each of the following limits.
.1 , -5 8 . —hrd—2r+4
8) Jlim — ) tim (ﬁ — 7+ ;) g Jim ——
1 5 12 —5z3 — 2 4
b) lim — e) lim (—2x3 +1——+ —4) h) lim ’ 3 v
T——00 U T—00 €T €T T—00 T
.- ) N .. —hr*—2x+4
3. Compute each of the following limits.
a) lim (—22°—8z* + 723 — 10) c) lim (—2x°+ 8x%)
b) lim (—2z° — 8z* 4+ 7z — 10) d) lim (—22° + 829)
4. Compute each of the following limits.
T+ 12 —6 2 +9 23— 91 +1
li b) lim ———— lim ————
A W Y N o A e 1

Practice Problems

1. Compute each of the following limits.

1
a) lim <—§x15) c) lim §x8 e) lim 42° g)
' 3 15 N ' 9
b) lim —5% d) lim 37 f)  lim 4x h)

(© copyright Hidegkuti, Powell, 2009

lim (—72')
lim (—7z'9)
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2. Compute each of the following limits.
a) :}LI{}O% g) lim <5:c - - i 3) m) lim —3z° ;zx -5
b) i % h) m (51' - i 3) n) lim i ;% =0
o Jm (1-2+%) i 222 o) Jim T
d) lim <1 - % + %) j) Jlim 5:633_ ° p) lim_ et zi —ohT
e) :}1_)1210 (3 - % — é) K) J:h_{go 1 —x3a:
f) lim_ (3 + % - é) ) tim 1 —xgx

3. Compute each of the following limits.

1
im <120x5 — Z$6)

a) lim (—72°+ 2?) ¢) lim
) 1
lim (1203:5 — ZfL‘G)

Tr——00

b) lim (—72° + x?) d)

Tr—00

4. The graph of a polynomial function is shown on the picture below. What can we state about this

polynomial based on its end-behavior?

1
e) lim <8x4 — 313 — —x + 2)

T——00 5

1
f) lim (8334 — 33 — P 2)

\/ x

5. Compute each of the following limits.

1 2 11

a) lim — d) lim (3 - —+ —4)
T——00 U T—00 T €T
) 222 + 3 1
b) lim —— o) i 2 Tort
T——00 2;[;3 r—00 31’2 — 5$ + 2

) —32% 4+ 2 1

c) lim (2-—— f) lim rrerd

T——00 3 T——00 5 — 3

(© copyright Hidegkuti, Powell, 2009

! 32 —1
im ———————
&) 2N 522 — 3x + 2
20x — 212 — 42
h) lim o2t

z——o0 3 — 2022 — 105z
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Sample Problems - Answers

l.a) oo b) oo ¢ oo d) oo e oo f) —oo g —oo h) -0

2200 b0 o1 d1 ¢3 £)3 g oo h -0 05 5 k)—; 1)_2
m) —00 1m) oo o) —00 p) —o

3. a) o0 b) —oo c) —oo d) —o0 e) oo f) oo

4. Since lim f(z) = —oo and lim f(x) = oo, the polynomial is of odd degree and has a positive

T——00 Tr—00

leading coefficient.

5.a) 0 b) 0 c) 2 d) 3 e) ; f) —oo g) g h) 0
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Sample Problems - Solutions

1. Compute each of the following limits.
a) lim 3z*
r—00
Solution: Since the limit we are asked for is as = approaches infinity, we should think of z as a very
large positive number. Then 32* is very large, and also positive because it is the product of five
positive numbers.
32*= 3 - 2 - x - x - =z

positive positive positive positive positive

So the answer is co. We state the answer: lim 3z* = .

r—00

b) lim 3z*

rT——00
Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of x

as a very large negative number. Then 3z* is very large, and also positive because it is the product
of one positive and four negative numbers.

4
3= 3 -z - T - T - T
positive negative negative negative negative

So the answer is co. We state the answer: lim 3z* = oo

T——00

c) lim (—2z°)

T—00
Solution: Since the limit we are asked for is as = approaches infinity, we should think of x as a very
large positive number. Then —22° is very large, and also negative because it is the product of one
negative and five positive numbers.

2= -2 -z -z - =z - z - =z
negative positive positive positive positive positive

So the answer is —oco. We state the answer: lim (—2z°) = —oc0

r—00

d) lim (—22°)

T——00

Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of x
as a very large negative number. Then —22° is very large, and also positive because it is the product
of six negative numbers.

2= -2 -z - x - x - xT - =T
negative negative negative negative negative negative

So the answer is co. We state the answer: lim (—22°) = oo

r——00

(© copyright Hidegkuti, Powell, 2009 Last revised: May 21, 2011



Lecture Notes Limits at Infinity - Part 1 page 5

2
e) lim <— —x6>
T—00 3

Solution: Since the limit we are asked for is as x approaches infinity, we should think of x as a very

2
large positive number. Then —§$6 is very large, and also negative because it is the product of one

negative and six positive numbers.

2 4 2
——q = — . x . €T . x . x . x . x
3 3 positive positive positive positive positive positive
negative
. . 2
So the answer is —oo. We state the answer: lim [ ——2° | = —oc0
T—00

2
f)  lim (——x6)
T——00 3

Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of

x as a very large negative number. Then —gxﬁ is very large, and also negative because it is the

product of seven negative numbers.

2 4 2
——x = - . €T . x . €T . x . x . x
3 3 negative negative negative negative negative negative
negative
. 2,
So the answer is —oo. We state the answer: lim ——2° = —oc0

r——00

g) lim 423

Tr—00

Solution: Since the limit we are asked for is as x approaches infinity, we should think of x as a very
large positive number. Then 423 is very large, and also positive because it is the product of four
positive numbers.

o= 4 - . - oz - x

positive positive positive positive

So the answer is co. We state the answer: lim 42% = oo

r—00

h) lim 42°

r——00
Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of x
as a very large negative number. Then 423 is very large, and also negative because it is the product
of one positive and three negative numbers.

423 = 4 - x - x - x
positive negative negative negative
So the answer is —oo. We state the answer: lim 42% = —c
Tr——00
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2. Compute each of the following limits.
1
a) lim —
r—00 I
Solution: This is a very important limit. Since the limit we are asked for is as x approaches infinity,
we should think of x as a very large positive number. The reciprocal of a very large positive number

is a very small positive number. This limit is 0.

1
b) lim —

r——00 I

Solution: Since the limit we are asked for is as x approaches negative infinity, we should think of
x as a very large negative number. The reciprocal of a very large negative number is a very small
negative number. This limit is 0.

-5
lim —
C) xljgo 23

Solution: Since the limit we are asked for is as = approaches infinity, we should think of x as a very
large positive number. We divide —5 by a very large positive number. This limit is 0.

-5 8
d) 1l — = —
) lm (w T )
Solution: This limit is —7 since the other two terms aproach zero as x approaches negative infinity.
Using mathematical notation,

lim _—5—7+§: lim _—5+ lim -7+ lim §:O—7+0=—7

T——00 2:1:‘3 €T T——00 21,'3 T——00 r——00 U

5 12
e) lim (—2:53 +1——+ —4>
T—00 T T

Solution: This limit is —oo since the first term approaches negative infinity, the second term ap-
proaches 1 and the other two terms aproach zero as = approaches infinity. Using mathematical
notation,

5 12 12
lim <—2x3 Hl1-—+ E) = lim (—22%)+ lim 1+ lim <_§)+ lim (—) = —00+140+0 = —o0

Tr—00 r—00 T—00 T—00

f) lim Sr 2

T——00 €T

Solution: This problem is similar to the previous problems after a bit of algebra. We simply divide
by x and then the limit becomes familiar.

_9 2
m X2 (3—x——): lim (3—2):3
Tr——00 €T Tr——00 €T €T Tr——00 €T
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o =hxd—20+4
g Mm ——3
Solution:
. —=hr?—2r 414 ) —5x3 =2z 4 ) 2 4
lim = lim +——+ =) =lim | —br— =+ —
T—00 ;132 T—00 x2 ,’£2 :UZ T—00 X $2
) ) 2 ) 4
= lim (=5z)+ lim (== |+ lim ( - ) =-00+0+0= —0c0
r—00 Tr—00 €T T—00 €T
—5x3 — 2z + 4
h) Jim 25— 20
T—00 €T
Solution:
y —5x3 —2x +4 i —5x3 =2z 4 i 2 4
i == Jim () =i (5o 5 ) =
N —b5x3 —2x +4
LRPL S
Solution:

. —bad—2x+4 ) —5x3 -2 4 ) -5 2 4
lim = lim +—+—=)=lm|(———+—]=0

T—00 x4 T—00 x4 x4 14

. Compute each of the following limits.
a) lim (—22°%— 82" + 723 — 10)

Solution: The first term, —22° approaches infinity and the secomd term, —8z* approaches negative
infinity. This does not give us enough information about the entire polynomial. A limit like this is
called an indeterminate. We will bring this expression to a form that is not an indeterminate. In
this case, factoring out the first term does the trick.

In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term. Recall that the leading term is the highest degree
term.

xEmoo (—2x5 — 8z* 4 72 — 10) = xgmoo (—2x5)

Here is the computation showing why this is true. We first factor out the entire leading term.

: . 4 7 5
= Jim () (145 5 )

= lim (-22°)-1= lim (—22°)

T——00 T——00

We can now easily determine that this limit is co. (See problem number 1.)

(© copyright Hidegkuti, Powell, 2009 Last revised: May 21, 2011
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b) lim (—2z° — 8x* + 723 — 10)

Tr—00

Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term. Recall that the leading term is the highest degree
term.

lim (—22° — 8z* + 72° — 10) = lim (—22°)

r—00 Tr—0o0

Here is the computation showing why this is true. We first factor out the entire leading term.

(205 — 80t 4 70— 10) = T (—2%) (104 L2
Jim (0% =8t 72t —10) = i (-207) (145~ 5+ )
— lim (—24%) - i AL
= xh_{&( 2x) JHEO(“% x2+x5>
= lim (-22°)-1= lim (—22°)

We can now easily determine that this limit is —oo. (See problem number 1.)

c) lim (—2x°+ 8x9)

r——00

Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term.

xl_i)r_noo (—2x5 + 8x6) = xligloo 82°% = 0o because
IEIPOO (—22° +82°%) = IEIPOO (82° — 22°) = IEIPOO (82°) (1 - %) = xEIPOO (82°) -IEIPOO (1 - %)
= Igrjloo (89&6) 1= xEIPoo 820
We can now easily determine that this limit is co. (See problem number 1.)
d) lim (—22° + 825)
Solution: In case of a polynomial, the limits at infinity and negative infinity are
completely determined by its leading term.
gﬁlggo (—2x5 + 8x6) = 1113)10 82% = 0o because
Jim (20" 5a%) = Jim (80~ 20%) = fim (50%) (1 ) = i (00) - i (1 )

= lim (8:176) -1=00

r—00

We can now easily determine that this limit is co. (See problem number 1.)

(© copyright Hidegkuti, Powell, 2009 Last revised: May 21, 2011
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4. Compute each of the following limits.
r+122—-6
a) lim =0
) z——o00 6 + Hr? + 223
Solution: The numerator approaches infinity and the denominator approaches negative infinity. This
does not give us enough information about the quotient. A limit like this is called an indeterminate.
We will bring this expression to a form that is not an indeterminate. Let us rearrange the polynomials

in the rational function given. Then we will factor out the leading term in the numerator and

denominator.
2?1+ E
2 4+x—6 r oz

s 5 ror 6
B L 002x3(1+5+—)
e

We now express the limit of the product as the product of two limits

1 6 1 6
21422 1+- -2
I(+m xQ)_ x? <+x :v2>

lim 5 lim 53 - lim 5
T T

The first expression can be simplified and thus has a limit we can easily determine its limit. The
second expression, although looks unfriendly, is always going to approach 1.

1+1 0
x? r oz

1
LN L 6\ oimeg, 1E01=0
145+ —
T

The entire computation should look like this:

22 1—1—1—6 1—1—1—6
2?4+ x—6 ) r oz ) x? . x a2

lim 925 1527 1 6 = lim N lim 2.5 lim 5
x
= lim —-1=0-1=0
T——00 L

7249 1

b) lim ——m—— = =

) v 5z + 202 — 3 2

Solution: Both numerator and denominator approach infinity. This does not give us enough

information about the quotient. A limit like this is called an indeterminate. We will bring this
expression to a form that is not an indeterminate. Let us rearrange the polynomials in the rational
function given. Then we will factor out the leading term in the numerator and denominator.

9 9

214+ = i

2 +9 . v ( +£L‘2) oz 1+x2
im ——— = lim = lim — - lim ———%
z—o0 202 + 5 — 3 a:%oo2 2 (1 5 3 z—00 212 IH°°1_|_3_ 3
T\ T T e 20 20

9
— lm - lim 2?2 Z =
20 2x2

(© copyright Hidegkuti, Powell, 2009 Last revised: May 21, 2011
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. 3 —9r+1
c) lim ——— = -
z——o0 322 — 22 — 15
Solution:
3 1— = _
m3_9x_|_1 IL’< l‘2 $3) ] 3 1 ;4‘?
lim lim = lim — - lim
T——00 3332 — 25(3 — 15 Tr——00 3 9 1 2 5 T— —00 xz T——00 2 5
l‘ _— —— —_— _— —— —_—
RE 3r 12
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Limits at Inﬁnity - Part 2 page

Sample Problems

Compute each of the following limits. Show all steps, using correct notation.

22z+1 1
1.) lim 2” 7.) lim 13) lmaz |- ———
T—00 z—oo 321 T—00 1
5 =
x
: - 22 cos
n 1
AN L
3.) lim (5) 9.) lim (3°t! —37) 15.) lim 915
r—00 T—r00 r—00 r— =
T
2\" 3T + 2 2T 4277
4 li = 10.) lim ——— 16.) lim ———
) Am (3) ) ) lm o=
2x+3
5.) Zo71 11.) lim (V22 —1—v2x) 17.) lim (V3z—1—+3z+1)
2z+3
6) 1 : 12) tim Y7
@——o0 3*F =00 \/x + 1 — 21

Practice Problems

Compute each of the following limits. Show all steps, using correct notation.

23171 22x+3 €T
1.) lim 6. lim 11.) lim
) z—o0 HT~1 ) z——o0 471 ) z—oo \/x — 1+ o+ 1
93z—1 9u+3 | gu—1 NS
2. lim 7. lim — 12. lim
) z——o00 HT—1 ) T—00 Tr—2 ) r——00 \/x +1 — 2z
) 22:c+3 ) 22x+3 . 3:(:—1 ) 1
) e S AT RS
a/ _
T
92x+3 0.5 +0.57*
22w+3 1 1 sinz — cosx
5.) lim 10.) lLim - — 15.) lim —————
) z—o0 471 ) T—00 (\/iL‘ +1 \/5) ) T—00 241

(© copyright Hidegkuti, Powell, 2010
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Sample Problems - Answers

i 8
—_

1) oo 2) 0 3)0 4) oo 5)32 6)32 7.)0 8)oco 9)0

10.) 0 11.) oo 12.) undefined 13.) —— 14.) -1 15.) 0

Sample Problems - Solutions

Let a > 0. Then the limit of the exponential function f (z) = a” is as follows.

Casel. If a > 1,then lima“"=0c0 and lim a* =0

Ir—00 Tr——00

Case2. If 0 < a<l1,then Ilima®*=0 and lim a® =00

r—00 Tr——00

5 4 -3 -2 -1 0 1 2 3 4 5 5 4 -3 2 -1 0 1 2 3 4 5

a>1 O<axl1

1.) lim 2* and 2.) lim 27

Tr—00 Tr——00

Solution: Since 2 > 1, these limits are oo and 0, i.e. lim 2 = co and lim 2% = 0.

r—00 Tr——00

(© copyright Hidegkuti, Powell, 2010 Last revised: August 15, 2010
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2\ " 2\
3.) xh_}r{)lo (5) and 4. xl—l>r—noo (i)

2 2\° 2\°
Solution: Since 3 < 1, these limits are 0 and oo, i.e. lim (5) =0and lim (5) = 00.
z+3
5) lm

Solution: We start by re-writing the exponential expressions. The goal is to bring it into a form where
there is only one exponential expression involving x.

23 gz.23  2r.8 8 (2)9;

Jetl 3w.31 3.3 3\3
Thus zlggo zii’ = }Lralog (%)m = 221520 (;)w =0 since ; <1
6) [Jim §I‘°’
Solution: xEIPm 32—:)) = xl_i)r_noo 3i—j = xl_l)r_noog <§>x = 2361_12100 <§>’U =00
7.) lim 2233:1

Solution: We start by re-writing the exponential expressions. The goal is to bring it into a form where
there is only one exponential expression involving x.

2l o2l ()72 476 <4>x

S U 3
3t 3
22wl 4\" 4\" 4
Thus xhj& 31 = 2711_{{)106 (5) = 63:11_{20 (§> =00 since 3 > 1

2237—0—1 4 z 4 z
Solution: lim = lim 6(5) =6 lim (—) =0

z——00 3r—1 T——00 T——00

9.) lim (37+! — 37)

Solution: lim (3! —3%) = lim (3”-3—3") = lim (3-3°* —3%) = lim (2-3%) =2 lim 3" = ¢
3 2
10.) VIt

im ———
1
Solution: Since lim /z = oo, clearly lim — = 0. We will use this fact; we factor out \/x from both
T—00 T—00 xr
numerator and denominator.

\/E(SJF%) L 3+

A

(© copyright Hidegkuti, Powell, 2010 Last revised: August 15, 2010
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11.) lim (v2z —1— v21)
Solution: We will transform this expression by multiplying it by 1, written as a fraction with numerator
and denominator both being the conjugate of the expression.

V2r —1—+/2 V2r —1+4+2
lim (\/Zx —1— 2x) = lim m L. x TV
@00 z—00 1 V2r— 142z
. (2z—-1)—(22) , -1
= lim = lim =0
v—00 \/2r — 1+ 2z 10020 — 1+ 22

12.) lim Ve
=00 \/x + 1 — /2%
Solution: We factor out v/z from both numerator and denominator.
1
lim \1/5 NGTS = lim \/Lxl = lim :
Vi x
. 1 1 1 1+v2 1442
— 1m = — . —
@00 1 1-v2 1—-+v2 1 2 —1
Y V2 V2 1+V2
x
= —1—-V2
1 1
13) limz |- - ——

x
Solution: We just need to simplify the complex fraction. As it turns out, this problem boils down to a
type we have already seen.

1 1 1 1 1 T (bx — 1) — bz
rT| - ——= = x|l c———|=x|-— =X | —F——
5 1 5 or — 1 5 br—1 5(bz —1)

Thus
1 1 . —x . z(-1) 1

lmz | -— —— = lim———=1im —-- = ——
T2

(© copyright Hidegkuti, Powell, 2010 Last revised: August 15, 2010



Lecture Notes Limits at Infinity - Part 2 page 5

14.) lim 227
Tr—00 T 1
Solution: This problem can be solved by the sandwich principle. Consider the limits lim — and
x—00 I
1
lim <——). These limits are both zero. Furthermore, since
T—00 €T
-1 < cosz <1 for all z, we also have
1 cosx 1 "
—— < < = for all positive x
x x x
. coszT 1 1 .
Our function f (z) = is ’locked’ between ¢ () = — and h () = ——. Since these both approach
x x x
cos T cos &

. Thus lim

r—oo I

= 0.

zero, so must the function f (z) =

1

T+ —

15) Jm
x__

x

1
Solution: We will factor out = from both numerator and denominator, and use the fact that lim — =0
r—0o0 U

for all positive integers k..

1 1
T+ — z <1 + ;) 14 )
lim T = lim T = Jim T =1
z—oo 1L T—00 L T—00 1— —
. T (1 x2) 2
2T 277
Solution: First, lim 2 = oo (and so 27 is large) and lim 27 =0 (and so 277 is small). With that in
1
T+ =
mind, this limit is similar to lim f . The solution also will be similar. We will factor out 2% from
T—00 r— =
x
both numerator and denominator.
1
1 o (1 N 1
B —x 2"+ — 2 14+ —=
2% + 2 27
lim ﬁ = lim 2" = Jim ( 1) = Jim —2 =1
2% 25 (1= — 1= om
2 (27) 2

17.) lim (V3z—1—+3Bz+1)

Tr——0Q
Solution: When x — —o0, then we may assume it is negative. Then the expressions under the square
root are negative and the function is not defined. Thus, there is no limit at negative infinity. The
answer is: undefined.
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Two-sided Limits

page

Sample Problems

Compute each of the following limits.

1.) lim (322 — 5z + 2)

r—2

vr+4-—-3

2.) lim
T—5 r—5
1 1
) acli% z—06

1
1 lim
) =8 Jr+1—3
1
2 lim
) -8t \/xr+1—3
1

(© copyright Hidegkuti, Powell, 2010

2 —4r —5
9) i
) Jim 5
2 _ _
10) lim L4 0

Practice Problems

22 + 3z
8. i
) Jim s

x? 4 3z
9. i
) m

2
3
10)  lim Z 27

12)  lim

13.) lim

14.) lim

13.) lirri 2V —1

14.) lim ————

15.) lim ———

15.) lim

z—15+t /1 — 1

16.) lim

r—15— xr — 1

I 1-

Last revised: December 29, 2010
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Sample Problems - Answers

Compute each of the following limits.

1

1 1
1.) 4 2.) 8 3.) ~35 4) 14 5. ~F 6.) oo 7.) —oo  8.) undefined
3 3 3
9.) 5 10.) R 11.) 5 12.) undefined 13.) undefined 14.) —o0 15.) oo

Practice Problems - Answers

1
1) —o0 2.) o 3.) undefined 4) 2 5) oo 6.) —oo 7.) undefined 8.) —5
1 1 1 1 1 1
J)o—= 10.) —= 11.) —— o= )o—= )o—= . .
9.) 5 0.) 5 ) 198 12.) 1 13.) 1 14.) 1 15.) oo 16.) undefined

Sample Problems - Solutions

1) lim (322 — 5z + 2)

T—2
Solution: Let us first substitute © = 2 into the expression.
3:22-5.24+2=12-10+2=4
Since the result is a well-defined number, we have a two-sided limit:

lim (32 =5z +2) = 4 is the left-hand side limit, and

rx—2~
lirgl+ (Sx2 — 5z + 2) = 4  is the right-hand side limit, and thus
liné (3x2 —bxr + 2) = 4 is the two-sided limit.
vVr+4-—3

2.) lim
z—5 r—5

Solution: Let us first substitute = 5 into the expression.

Vvo+4-3 3-3

5—-5 0

= % undefined

(© copyright Hidegkuti, Powell, 2010 Last revised: December 29, 2010
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This is not the end of the problem. Our result does not indicate that the limit doesn’t exist. This
expression is an indeterminate. In case of an indeterminate, we have to manipulate the expression
until it is in a form so that we can evaluate the limit. The methods of manipulation depends on the given
problem. In this case, we will use the conjugate of the numerator. We will multiply both numerator

and denominator by v/z 4+ 4 + 3.
. VT +4-3 Vo +4-3 Vr+4+3 . (Voe+4-3)(Vz+4+3)
lim ——— = lim . = lim
=5 X — D =5 —9 Ve+4+3 25 (z-5)(Vz+4+3)
= lim ( :13—1—4)2—32 = lim vrd-9 = lim r—5
=5 (x—5) (Ve +4+3) 5 (x—5)(Vo+4+3) -5 (x—5)(Vr+4+3)

1
m —
=5 \/x +4+3
Although we did not change the value of this expression (after all we only multiplied it by 1), this is no
longer an indeterminate. We substitute £ = 5 into this new expression:

1 1 1 1
V5+4d+3 V943 3+3 6

Since the result is a well-defined number, we have a two-sided limit:

1 1 = 1 is the left-hand side limit, lim —— ! = 1 is the

lim =
mﬂ5—\/g:+ +3 V5t+4+3 O+3 6 a—5t \/z +4+3 6
1 1 WV +4 1

right-hand side limit, and thus glcl_)né NZEw IR =5 is the two-sided limit. Thus chl_)II% x——5 =5
1 1
3) limZ b6
) Ea x—06

Solution: Let us first substitute © = 6 into the expression.

1 1
6 6 _0
S = undefined
6-6 0
This expression is an indeterminate. We only simplify this complex fraction.
1 1 6 x 6—x
P 6r 61 6 — 1 —(z—6 1 -1
lim 26 — iy 62 62 _ 62 _ T = lim (z ) = lim —
z—6 r — 0 z—6 1 —0 r—6 L — z—6 Ox xr—6 z—6 ox x—0 z—6 01
We substitute £ = 6 into this new expression:
-1 -1 1
lim—=—=——
a—6 6xr 66 36
Thus we have a two-sided limit:
1 1 1 1 1 1
- 6 1 - 6 1 - 6 1
lim £ 6 _— _ * im £ 6 _ _ ~ d lim&_ 6 _ _
o6 w—6 36" soerx—6 360 00 26w —6 36
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4.) lin% 2z — |z —T7]|)

Solution: Recall the definition of f (z) = |z| first.

| = z if z>0
TI=Y —¢ if <0

We will compute the left limit, lim (2x — |x — 7|) first. As = approaches 7 from the left, z is less than
T—T7"
7. Thus x — 7 is negative and so |z — 7| = — (x — 7).

lim 2z —|z—7)=lim 2z —[-(x—7)])= lim 2z 4+2—-7)= lim Bz —-7)=3-T—-7=14

r—T7~ r—T7" r—T7~ r—T7~

We will now compute the right limit, lim+ (2x — |z — 7|). As x approaches 7 from the right, z is greater
=7
than 7. Thus o — 7 is positive and so |z — 7| =2 — 7.

lim 2z —|z—7])=lim 2z —(z—7))= lim 2z —z+7) = 111%(33—1—7):7—1—7:14

T—T7t T—7t z—7t

Because the left-hand side limit equals to the right-hand side limit, there is a two-sided limit and it is 14.
lim 2z — |z —7|) = lim 2r—|z—-T7)=14 = lirr%(Zx—|m—7|) =14
=7~ x—7 T—

) 1
5) xligl* I‘Q -9

Solution: Let us first substitute z = 2 into the expression.
1 1 1 1

2_-9 4-9 -5 5

1
Thus lim — 5= & (although the problem did not ask us to find them, our computation shows
T—2- T° —

1 1
that the right-hand side limit is also —E and thus the two-sided limit also exists and is _3)

1
0. li
) Jm

Solution: Let us first substitute = 3 into the expression.

1 1 1
= = — undefined
32-9 9-9 0

This is not a case of an indeterminate. If we divide 1 by a very small number, the result is a very large
number. Thus, the answer is either —oo or co. The ambiguity results from the fact that if a number
is very close to zero, it may be a small negative or a small positive number. We just have to find out
which one it is. * — —3~ means that x is very close to —3, and that x is less than —3.

7?2 —9=(z+3)(x—3)

r <=3 add 3 r <=3 subtract 3
r+3<0 r—3<—6
the factor x 4 3 is negative the factor x — 3 is negative (since less than —6)

As z approaches —3 from the left, 2> —9 = (z + 3) (x — 3) is positive since both factors are negative.
Thus the limit is oo.
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1
7.)  lim

t——3+ 22 —9

1
Solution: When we substitute x = 3 into the expression (see previous problem) we get —. This means

that the answer is either —oo or oco; and we only have to figure out which one. Keep in mind that
x — —3" means that z is very close to —3, and that z is greater than —3.

2° —9=(z+3)(x—3)

x> =3 add 3 x> -3 subtract 3
r+3>0 xr—3>—6
the factor x + 3 is positive the factor x — 3 is negative. Although

x — 3 is greater than —6, but is also close

to —6 and so must be negative.
As  approaches —3 from the right, 2 —9 = (z + 3) (z — 3) is negative since one factor is positive and
the other is negative. Thus the limit is —oo.

. 1
8) :pli>n}3 [L‘2 —_ 9

Solution: We have worked out the one-sided limits in the previous problems. Our results were

1 1
lim 5 =00 and lim 5 = —00
r——3— T4 — z——3+t 1% —9

Since these limits are not equal, the two-sided limit does not exist. lim

5 = undefined
z—-3 12 —90

2 —4x—5
9. im ———
) Jim —s s

Solution: Let us first substitute = 5 into the expression.

52—4.5-5 25-20—5 0
- —  undefined
52 — 25 25-25 0 oo¢

This expression is an indeterminate. In case of a — indeterminate in a rational function, we must

factor both numerator and denominator and cancel common factors. If a polynomial takes a zero at
x = b, it is then divisible by x — 5. Thus both numerator and denominator are divisible by x — 5. Once
we cancelled all common factors, the expression will no longer be an indeterminate.

. (x=5)(z+1) r+1

lim & T2 S
oo 22— 25 oos- (@ —5) (2 4+5) aos- 245

We can now substitute x = 5 into this new expression

5+1 6

6 _3
5+5 10 5
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2?2 —4x —5
10.) lim —
R e

Solution: We actually have the answer to this question. In the previous problem, the expression was

first an indetermiate. After cancellation, we were able to substitute z = 5 and that indicates a two-sided

?—4x -5 3
limit. Thus lim ~— —— 2 =2,
e

2 4y -5
11.) lim— " 7°
x—5 12— 25

Solution: Since the left-hand side limit and right-hand side limit (worked out in the previous problems)
both exist and they are equal, we have a two-sided limit

I 2 —4r—5 3 4 1 2 —4r—5 3 . l.mx2—4x—5 3
——————— = — an im ——m—m8m8M8 = — —_— =
eise 22— 95 5 eost 22— 25 5 o5 22 — 25 5

Solution: Let us first substitute x = —5 into the expression.

(=52 —4(=5)—5 25+20—5 40
pr— = — ﬁ
(_5)2 s T 0 undefined

This is not a case of an indeterminate. If we divide 1 by a very small number, the result is a very large
number. Thus, the answer is either —oo or oo on either sides of —5. We have to compute the left-hand
and right-hand limits separately. Let us first simplify this expression:

2 _ _
lim w:hm (x 5)(1:—}—1): im z+1
t—-52 45

Let us now compute the left-hand side limit. = — —5~ means that z is very close to —5, and that x is
less than —5.

T < =5 add 5 r < =5 add 1
r+5<0 r+1< -4
the factor x + 5 is negative the factor x + 1 is negative

As x approaches —5 from the left, is positive since both numerator denominator are negative.

2 _4x -5
Thus the left-hand side limit is oo, i.e. lim % = 00.
r——5— xre —
Now for the right-hand limit: = — —57 means that z is very close to —5, and that x is greater than

—9.

T > =5 add 5 x> =5 add 1
r+5>0 r+1>-4
the factor x + 5 is positive the factor x + 1 is negative. Although

x + 1 is greater than —4, but is also close
to —4 and so must be negative.
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: r+1, o . . .
As z approaches —5 from the right, 3 is negative since the numerator is negative and the denominator
x
: . . o : . a®—4dr -5
is positive. Thus the right-hand side limit is —oo, i.e. hm+ — o = —00. Because of the two
r——5 xre —
N N . e
one-sided limits are not equal, the two-sided limit does not exist. lim ————— = undefined.

z——5 2 — 25

13.) lin% 2vr —1
Solution: When we substitute = = 1, the result is zero. However, we do not have a two-sided limit. As
x approaches 1 from the left, v/ — 1 is undefined since x — 1 is negative. Thus

lim 2v/x — 1 = undefined and lim 2vz—1=0

r—1— r—1t

thus lin% 2v/x — 1 = undefined .

. T+ 2
W) I E e

Solution: Let us first substitute = 0 into the expression.

0+2 2
—— = — undefined
03—-5-0 0
The one-sided limits are oo or —oo. Let us bring the expression first in a more convenient form, where
both numerator and denominator are factored. Also, if there is cancellation, that makes the problem

easier.
. T+ 2 . T+ 2
m-——=Ilim ———
2—0 13 — br?  2—0 22 (x — b)

We compute first the left-hand side limit. As z approaches 0 from the left, it is very close to zero,
and it is also less than zero. Then x + 2 is positive, x — 5 is negative, and 22 is positive. ~Thus

) x+2 . .. o
lim ﬂ = —o0. As x approaches 0 from the right, it is very close to zero, and it is also greater
a—0— 22 (r —
. . : . 9 . . T+2
than zero. Then z + 2 is positive,  — 5 is negative, and x* is positive. Thus lim ——— = —o0.
e—0+ 22 (x — b)
. . . . T+ 2
Thus the two-sided limit exists and lim ———— = —o0

2—0 22 (z — 5)

x
15.) lim ——
5 220 53 — g
Solution: Let us first substitute = 0 into the expression.
0

0
m = 6 undeﬁned

This expression is an indeterminate. In case of a — indeterminate in a rational function, we must

factor both numerator and denominator and cancel common factors. Both numerator and denominator
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are clearly divisible by x. Once we cancelled all common factors, the expression will no longer be an
indeterminate.

L -1
im ———
=0 22 (bx — 1)

lim ——— =lim ———— = lim ———— =
2—0 5x3 —zt a—0 —xt + 523 2—0 —23 (x 4+ 5)

We substitute £ = 0 into this new expression:

_—1 — —— undefined
02(5-0—1) 0

This is no longer an indeterminate, the one-sided limits are co or —oco. We separately compute these
limits. First, the left-hand side limit: If x is less than zero and close to zero, then —1 is negative, 2

— x
is positive, and 5x — 1 is negative. Thus ————— is positive, and so lim ——— = oo. For the
22 (br — 1) z—0- 53 — ot
right-hand side limit: If x is greater than zero and close to zero, then —1 is negative, 22 is positive, and
— x
5r — 1 is negative. Thus ———— is positive, and so lim ——— = oo. Then the two-sided limit
22 (5x — 1) z—0+ B3 — ot
is also oo.
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