Calculus page 511ff solutions

1) The expansion is of the form of IL centered at x =-5. The radius of convergence is 1, so this will be an
- X
identity for -6 <x <-4.

2) The expansion is of the form of L centered at x = 0. The radius of convergence is 1, so this will be an

I-x
identity for -1 <x < 1.
" (xX) L . o . . .
el =, which is the Taylor series term for e* , which converges for all x, so by direct comparison
nl+ n!
the original series must converge.
(X7 o . 2 : . .
) == which is the Taylor series term for e* , which converges for all x, so by direct comparison the
nl+ n!
original series must converge.
(cosx)” 1 D . i . . .
5) Tl =—, which is the Taylor series term for e', which converges to e, so by direct comparison the
nl+ n!

original series must converge.

2(sinx)" 2 L . . . .
6) ('—3) =—, which is the Taylor series term for e?, which converges to ¢, so by direct comparison the
nl+ n!

original series must converge.
7) Geometric Series: converges if [x| < 1. Radius of convergence is 1.
8) Geometric Series: converges if |x + 5| < 1. Radius of convergence is 1.

9) Geometric Series: converges if [4x + 1| < 1. Radius of convergence is 4.

3x-2) n
u < (3x - 2) ,which is geometric, and converges if |3x - 2| < 1. Radius of convergence is 1/3.
n

10)

x=2

11) Geometric Series: converges if < 1. Radius of convergence is 10.

n+l
12) Ratio Test: li (n ’ 1) > n+2|_ hn{M](M) = ‘X , which converges if x| < 1. Radius of
n—0 n+3 n n—>® n(l’l + 3)

n\x

convergence is 1.

X X

13) < 1. Radius of convergence is 3.

! x) . .
< 3 ,which is geometric, and converges if
n\n3"



2n+l1 n X "
14) = x(x—) = x{ ') }, which is xe*, and converges for all values of x. Radius of convergence is oo.
n! n

]
15) Ratio Test: 11 n+1 x+3 5 n{”+l)[‘x+3‘) ‘x+3‘
- x+3) ‘ R n

‘ < 1. Radius of convergence is 5.

converges 1f

n 1 X ] 2
16) Ratio Test: 11 ' )2 (n +1) =li w [‘ ‘] ‘ ‘ , which converges if [~
- n+1) al=)] | n((n+1) +1) 4 4

Radius of convergence is 4.

<l.

17) Fails the nth term test. Converges only if x = 4. Radius of convergence is 0.

n+1
Vn+ ( ‘ 3" lm(/ 1] ‘x‘ ‘x‘ ‘ x
1 =1li 1+ — || = |="=, which converges if |-
\n (X)n o "N\ } ’

—

18) Ratio Test: 11 <1. Radius of

3+

convergence is 3.

n + 2
19) Ratio Test: 11
n + 1

2 2x 49
_lim(n )(‘2 2x‘) ‘2 Zx‘ which converges if ‘2 2x‘<1 Radius of
2 2x A\l

convergence is Y.

+3

2n
4x5

3/2
n+13/2 ][ i /52)2 1]=1i_§g(n+) (‘4x 5‘) =(‘4x 5‘) which converges if

‘4x - 5‘ <1. Radius of convergence is Y.

x+rc
21) Ratio Test: 11
- \/n +1

of convergence is 1.

20) Ratio Test: 11

n = lin{ " ](‘x + n‘) = ‘x + n‘, which converges if ‘x + n‘ <1. Radius
(ean)]| AVns




2n+3
[=-+2)
22) Ratio Test: li

11—>00) 2n+1

=1l = , which converges if

-]

< 1. Radius of convergence is \/5 .

23) (x - 1)2n _ (x - l)zn _ (x - l)zn

2n
x-1 . . .
B ( ) . This is geometric, so the interval of convergence

4n (22)n 22;1 2
is—1<x—_1<1=—2<x—1<2=—1<x<3.Thesumis ! S = 4 5
2 x—l) 4-(x-1)
|
2
(x + l)zn (x + l)zn (x + l)zn 1V ‘ ‘
24) = =t = . This is geometric, so the interval of convergence
9" (32)" 3 3
is—1<x+1<1=>—3<x+1<3=>—4<x<2.Thesumis ! = 2

25) This is geometric, so the interval of convergence is

Vx Vx -2
2

-l<—-1l<l=-1< <1=>—2<\/;—2<2:0<\/;<4$0<x<16.
The sum is 1 = 2
-2 a-ix

2

. . . : _ 1
26) This is geometric, so the interval of convergence is -l <Ilnx<l=¢' <x<e=—<x<e.
e

The sum is

1-Inx

27) This is geometric, so the interval of convergence is
2

1< T il B3<x?—1<3=>2<x’<d4=>-D<x<2.
The sum is 12 = 32
x -1 4-x
1_
3

sin x

28) This is geometric, so the interval of convergence is —1 < <1= -2 <sinx < 2. This is true for all real x.

The sum is 1_ = 2,
1— sinx 2-sinx

2




29) lim—"

=1, so the series diverges by the nth term test.

=+
30) lim 2 - (L‘H) lim2 In2 = o, 50 the series diverges by the nth term test.
n—© 5 4 n—s00
n’ -1 er\ge 21 er)1s 2 . .
31) lim” = (L H) lim— = (L H) lim———— =0, so the series does not fail the nth term test.
n—sco n—=22"1n2 n—w 2"(ln2)

2 n 2
Ratio test: li (n+ 1y -1y 2 =1i (ntly -1 = 1 <1, so the series converges.
2on*-1) | 2

H—>00 2n+1

o L 1 .
32) The series is geometric, with » = 3 <1, so the series converges.

33) lim 2 = (L’H) lim2 In2 = (RW) li 2| In2 =0, so the series does not fail the nth term test.
n—s0 3 + 1 n—>o 3” 1n3 n— 3 1113

n—>0o0l

Ratio test: lim( 21’“ )( 3'1"'1): lim 2(3;11)_'_2 - (LvH) liml 2(31n)1n3
L) 20 ) e 3l »~+ 3"(In3)

RW lim| M = z
n—>0° ( 3

so the series converges.

) . (1 ) .
34) Direct comparison test: n s1n(—) < —n, which diverges (nth term test)
n

2

35) lim = (L'H) limz—n = (L'H) lim% =0, so the series does not fail the nth term test.

n—0 e n—° o n—° o

n—>o0l e

) ) (n+1)2 e ) (n+1)2 1
Ratio test: lim| ~——=— | — |= lim — <1, so the series converges.



10 |
36) limn—n = (L'H many times) lileo

=0, so the series does not fail the nth term test.
=10 "~*10"(In10)

10 10

IUER! 10" Cn+1 1

Ratio test: li ( ) ( ) =li u = — <1, so the series converges.
n

1100 10n+1 10 o0 10(1’110) 10

37) lim 2 (RW) lim(n #3)(n+2)(n+1) = (L'H 3 times) 1im% =0,
»== 3lnl3" v 3(3") " 3(3)(n3)

so the series does not fail the nth term test.

Ratio test: li (n * 4)! 33" =i M L <1, so the series converges.
A 3(n+ 13 | (n43)) A (n+1)(3)) 3

38) lim(1+ l) = (RW) lim(ﬂl) = (logarithms) limnln(ﬂl) = (RW) limfn

n—>ool n n—>ool n n—o n n—o 1
n
n ( n- (n + 1)
n+1 n
= (L'H)lim = (RW)lim—"— = 1= 0
n—>e 1 =+
)
n
so the series diverges, as it fails the nth term test.
. . L 2
39) The series converges, as it is geometric with » = 3 <L
40) I tried the nth term test, but couldn’t make anything of it, so I tried the
1\ e” n+l
Ratio Test: li w)(e_ = (RW) lim(—) = o0, so the series diverges.
noe et n! n—e e
. ! . "1 .
41) lim :j -~ = (L'H) lim 3'In3 nth term test seems to be going nowhere....
n=® 2 e n3(2” ln2) +3n°2"

n+l 3An 3
Ratio Test: li 3 2 =lim 3n = é >1, so the series diverges.
3yntl 3 g
=\ (n+ 172N 3 ) (e 1P(2) 2



n|—|(+1Inn 1
. nlnn ) 1 ( n ) er\ n . .
42) lim = (L H) lim———= (L H) lim—"— =0, so the series does not fail the nth term test.

ne s 2"In2 =2 (1n2)

n+1)In(n+1 " n+1)n(n+1
Ratio Test: lim( ) ( ) 2 = lim( ) ( ) = 1 <1, so the series converges.
nlnn| === 2nlnn

=00 2n+1

43) lim (2 n 1)' = 7?77?77 No clue where to take this. Try the ratio test.
n==(2n + 1)
Ratio Test: lim (n+D)! (Zn * 1)! = lim (n * 1) =0 <1, so the series converges.
= (2n+3) ! == (2n+3)(2n +2)
. D! () . (] o '
44) Ratio Test: }1me(£1”++1)3+1 (% - lewEn+ 1;”” = (RW) ’1112010(”4- 1)" = iﬂ(%)

(logarithms) lim = (RW) lim—2 = _1
n—ow 1 n—so0 _i n*>00n+1
n l’l2
) o1
limy=e =-<1
n—so e
so the series converges.
4 4 __ A B
) (4n=3)(4n+1) 4n-3 4n+l
4= A(4n+1)+ B(4n-3) n=—i:4=0A+—4B=>B=—1 n=%:4=4A+OB=>A=1
5-1-1
5
R A T O B
5)° 5 9 9
Sz=r1-61\+l—=i41—+liB
2n21)(2h+1) 2n-1"2n+1
49) §,=1 | )
6=A(2n+1)+ B(2n-1) n=—5:6=0A+—ZB:B=—3 n=5:6=2A+0B=>A=3
S1=3-3=3-1
3
3 3 3
S, =(3-1)+>-2=3-=
2 ( ) 5 5






4 A B
50) On _

@n-1f(2ns1) (2n-1)  (n+1)

40n=A(2n+1)2+B(2n—1)2 n=—%:—20=0A+4B=>B=—5 n=%:20=4A+0B=>A=5

112(11+1)2 o ' (n +1)2

2n+1=A(n+1)2+Bn2 n=-1:-1=04+B=>B=-1 n=0:1=14+0B= A=1

51) 2n+1 A B

S =1-—
4
R LA DAL S
4) 4 9 9
R LA DA S
9] 9 16 16
S, =1
52) 11
n \n+l
5-1-L
2
1 1 1 1
S, ={1-——|+——-—F—=1-—1
’ ( 2) V2B
S3=(1_L)+L_l=1_l
3] A3 2 2
S, =1
53) 1 1

In(n+2) In(n+1)
11

""In3 1In2

1 1 1 1 1 1
S, = - + - =- +
In3 In2) In4 In3 In2 In4
1 1 1 1 1 1
S =|- + + - =- +
( In2 ln4) In5 1n4 In2 In5
5oL




54)

tan” 1(n) tan” (n +l)
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—tan” ()

—tan™!
—tan~

)+tan (2)- tan‘1(3)=§—tan'l(3)
)+tan (3)- tan_l(4)=%—tan‘l(4)



