Intro to AP Calculus BC Summer Packet

Since AP Calculus BC has two pathways into the course (Advanced
Precalculus/Calculus or AP Calculus AB), the requirements for this packet are
different depending on which course you have just completed. This packet is
designed to provide students coming from the Advanced Precalculus/Calculus
course with exposure to a few topics that students from AP Calculus AB have
already studied.

If you are coming from the Advanced Precalculus/Calculus course:

It is STRONGLY recommended that you complete this packet over the summer to
gain exposure to topics that will be needed for next year. That way you will have
fewer topics that you have never seen compared to those coming from AP
Calculus AB. The key word is exposure. It is NOT expected that you will have
complete mastery of these topics simply from completing this packet. Each of
these topics will be covered within the course next year. The next page will
provide more details.

If you are coming from AP Calculus AB:

This packet is optional. If you look at the topics covered (Basic Integration rules,
Riemann Sums, and Slope Fields) and you are confident that you have mastered
those topics, then you do not need to complete the packet. If there are one or
more topics in this packet that you struggled with in AP Calculus AB, then | would
strongly recommend completing just that portion of this packet. Either way | do
suggest that over the summer, especially in August, you look over your notes and
work from AP Calculus AB to prepare for AP Calculus BC.
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Congratulations! You’ve made it through the first year! Since you will now have to take
an AP exam by the end of this next year, it is VITAL that you let me know when you need
help as soon as you need it. Especially as we get towards the middle of the year, there
will be topics that may be more of a challenge for you than students who went through
the whole year of AB calculus. | cannot provide you the extra support you may need
UNLESS you let me know that you are struggling with the topic. So please do not be
afraid to ask. | want everyone to be successful in the BC course, regardless of the path

taken to get there. | cannot help you get past a struggle if | do not know you are
struggling.

Within this packet | have tried to focus in on a few key areas, as suggested by the first
few years of students to go through the program. These topics are not very difficult once
you get the hang of them, and as such we go through them relatively quickly within the
BC course. So hopefully with this added practice you will feel more comfortable with the
topics when you see them again in the BC course. For each topic, you can read through
the examples provided to see how the topic works, and then try the practice problems.

A few of the practice problems will have answers provided so that you can self-check
your steps before you complete the rest of the problems for that topic.

If you have any questions at all while you are working through the packet, feel free to
email me at aferreira@lowell.k12.ma.us . Towards the end of June, | will set up a

Google classroom with a slideshow that walks you through the examples step by step
with added visuals, so if you do not see that from me by July 1%, please email me to let
me know.

| hope you have a wonderful summer! To make your chances for success as high as
possible, in addition to completing this packet, in August you should also go over all of
your Calculus notes from this past semester and review your trigonometry and key
algebra skills (factoring, solving any type of equation, log rules, domain restrictions).
The predominant struggles in BC stem from not knowing trigonometry as well as one
should and algebra mistakes more than the actual calculus itself.
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This past semester we spent a lot of time looking at the topic of differentiation. One of the
first main new topics that you will see in the BC curriculum is antidifferentiation.

Antidifferentiation is the inverse process of differentiation. For instance, we know that the
derivative of y = x3 is 3x2. So it should make sense to say that an antiderivative of 3x? is
x3. However, it is important to say an antiderivative of 3x2 rather than the antiderivative
of 3x2 for the simple reason that the derivative of y = x3 is 3x2, but so is the derivative
ofy=x3+2,y=x3-5,andy = x3+ 6m (andsoonforany y = x3 + some
constant). So when we go backwards to the antiderivative it is impossible to determine
which exact function it came from without more information about the original function.

So to cover ourselves for whatever that constant may be, we say that the antiderivative of
3x2%isy = x3 4+ C, where Crepresents a constant. We call C the constant of integration.
[AP Exam note: one point in the free response questions involving antiderivatives is given

simply for writing the “+C”, and no other points are given after that if it is forgotten, so it is
VITAL to make sure you don’t forget it!]

The process of taking antiderivatives is called integration, specifically indefinite integration
because of the constant of integration C. For the differentiation process we have the

. d : : - I
notation — (f(x)) to derive some function f(x). For the antidifferentiation process we

use the f symbol to integrate. The antidifferentiation process has the notation ff(x)dx
to integrate some function f(x). The dx tells you what the important variable is when you
are integrating — what you are integrating in terms of.

Just as we had differentiation rules to memorize, we have corresponding integration rules
that MUST be MEMORIZED.

Differentiation formula Inteoration formula

dr .
—lcl-0 Joax-c
k] -k Jrkdx=ke+C

d
ol
di[/\'f(\’)] = kf’(.\')a constant can be “factored out” f/\'f(\’) dx = /\'f f(x)dx+C - factor out constant
X
ol

o flx)= g(.r)] = fl(x)=g(x) f[f(r) + g(.r)] dx = ff(x) dx + fg(x) dx+C
the derivative of a sum is the sum of derivatives integral of a sum is the sum of the integrals
n+l
E[.\”"] = nx"" - the power rule f.\‘"d.\’ = ;+ + C - the power rule reversed
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Differentiation formula Integration formula
dr . . .
—[sm \‘] =COSX fcos.\' dx=sinx+C
dx
d . . .
—[cos \] =—sinx fsm.\‘ dx =—-cosx+C
\
[ an \] =sec x fsec' xdx=tanx+C
[csc \] = —cscxcotx fcsc xcotxdx=—-cscx+C
[sec \] =secxtanx f secxtanx dx=secx+C
[cot \] —_cscix fcsc‘ dx=—-cotx+C

Within the BC course we’ll take a look together at compensating for Chain Rule with
integrals, and learn the other methods of integration for when it does not match one of

these basic rules from the charts. But all of that work will seem easier if you can get extra
practice with the basic rules to start.

Example #1 — Indefinite integration

) [ 7dx (b) [ x°dx (c) J(3x* —3x%)dx
x© 3x°
= 7x+C =Z4cC =¥ _x+c
6 5
d) f=dx (e) [ ¥x2dx () [ (F—x%*)dx
= [x73dx = [x?/3dx = [(x7Y2 — x3/%)dx
=§+C=—x—12+c =§x5/3+C =%x1/2—§x7/4+6
=§3\/x5+C =; x——x7/4+C

NOTE: You should ALWAYS be able to check your integration answers by taking the
derivative of your answer and making sure you get what’s in the integral you started with.
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Until we learn some of the other methods and how to compensate for Chain Rule,
here are a few tricks to get back to basic rules:

Example #2 — Indefinite integration tricks

2 x +3x+1 (2x-5)(3x+2)

(a) [f(2x —3)2%dx (b) [ dx (c) f—ﬁ dx

Multiply it out. Split into individual fractions and integrate.

1 3 1 6x2-11 10
=f(4x2—12x+9)dx =f(;+x—3+x—4)dx —f ad xl/f
-1 3 3 1 _1
=i —6x?+9x+C =———5-—+C =[(6x2—11xz —10x72)dx
3 X 2x 5x

12 5 22 3
—?xZ——x2—20x2+C

Example #3 — Indefinite integration with trigonometric functions

(a) [4sinxdx (b) f_zzosxdx (c) fcosz
= —4cosx +C =f—§COSXdX = [ 5sec’ x dx
2
=—§sinx+C =5tanx +C
(d) [(4cosx —9sinx)dx (e) f;os:zlxdx (f) f(x* —2csc? x)dx
sinx 1 x3
=4sinx +9cosx +C =[-—— o —dx =T +2cotx+C

= [ —tanx secx dx

= —secx +C
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Indefinite Integration PRACTICE

ora
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2. f—Sxdx
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%
=
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oy
-
wn

: f(x4 T .rz) dx 6. f(3x3 —4,\’2) dx

10. [5+x dx 1. [5(3x) ax 12. [ (x%—xi%) dx

13. [3x* ax 14. [(x-5) dx 15. [4(3x-2) dx
S _4x-1 , 2 3x-2)’

16. f% dx 17. [©*(3+1) dr 18, f( :;) dx
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3cosx 1 :
19. f dx 20. f(l—écosx) dx 21. f — —sinx | dx
5 x°
. 2 2 sin.x
22. sec’t+cost+1) dt 23. sin” x + cos” x| dx 24, | ——— dx
2
l-sin”x
Hint: What trig identity can Hint: Use a trig identity to
make this MUCH easier? eliminate subtraction in denom.

The integral of a function represents the area between the curve and the x-axis, and finding
this area is another common problem in calculus. A way to estimate the area under the
curve is by Riemann sums and Trapezoidal sums. This is especially helpful when you

cannot find the expression for the integral and/or you only have the graph of the function
or a table of a few values.

As a common example, this next topic will use this problem: find the area under the
function f(x), given in the picture below to the left, from x =1 to x=5. What we are
looking for is the picture below on the right.

* |~

pg. 7



Intro to AP Calculus BC Summer Packet

We will look at four techniques to estimate this area: right rectangles, left rectangles,

midpoint rectangles, and trapezoids. You can use any number of rectangles or trapezoids

to estimate the area, and the more of them you use the more accurate your approximation

will be. [AP Exam Note: Any Riemann sum calculated is an approximation and, like the

derivative approximations, will require the = symbol to earn your answer point on the AP

exam.] The first step in any Riemann sum problem is to figure out how many rectangles or

trapezoids you will be using to break down and approximate the area. The next step will
be to figure out the width of each of the rectangles or the height of each trapezoid. Then

depending on which type of sum you are setting up, you can find the lengths for each

rectangle and the bases for each trapezoid.

For the problem given to start, we will first approximate the area by using four rectangles

or four trapezoids. This makes our work easier, because if we break down from x =1 to

4

x = 5 into 4 pieces (n = 4), each piece will be one unit wide: (xz;xl) = (5_1) =1.

RIGHT RECTANGLES

& LR

Rs3

) R,
S m
(4

LEFT RECTANGLES

L L Ly |
Ly
/) 1
2
SN

MIDPOINT RECTANGLES
Mi, M,

@I@\

Each rectangle has height that
corresponds to the right endpoint of
the interval. In this instance, you can
see that more of the actual area is
missing than what extends over the
curve — so this would be an
underestimate. NOTE: NOT all right
sums are underestimates.

Each rectangle has height that
corresponds to the left endpoint of
the interval. In this instance, you can
see that more of the estimate area
extends over the curve than actual
area missing — so this would be an
overestimate. NOTE: NOT all left
sums are overestimates.

Each rectangle has height that
corresponds to the midpoint of the
interval. This is the closest rectangle
approximation to the actual area.

TRAPEZOIDAL SUMS

>l

Each trapezoid has height along the x-axis and
one base is the length up to the left endpoint
and one base the length up to the right endpoint
of each interval. You can see that clearly this is
4 the closest (best) approximation.
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RIGHT RECTANGLES
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o Each height is the function value, f(x), of each right endpoint.

O\

4

- l

Each width=1

LEFT RECTANGLES

A=R;= Areaofl + Areaof2 + Areaof3 + Areaof4
A=Rs=w;- hy + wy,- hy + w3 hy + wg- hg

A=R,=(D(f(2) + (B + M(f®) + (D(f ()
A=Ry=f(2)+fB)+ f(4)+ f(5)

Each height is the function value, f(x), of each left endpoint.

MIDPOINT RECTANGLES

A=Ll,= Areaof 1 + Areaof2 + Areaof3 + Areaof4d
AzLl,=w;- hy + wy,- h, + w3 hy + wy- hy
A=L=M( M) +M(F@)+W(F3) +W(f@)
A=L=f(D+f2)+f(3)+f(4)

/Each height is the function value, f(x), of the midpoint of each interval.

A=M;= Areaofl

e

1 2 2 a4 I

I

TRAPEZOIDAL SUMS

+ Areaof2 + Areaof3 + Areaof4d

AzM4=W1'h1 +W2'h2 +W3'h3 +W4'h4

A=M;=(D(f(15) + D(F2.5) + W(f3.5) + (D(f4.5)
A=M,=f(1.5) + f(2.5) + f(3.5) + f(4.5)

Each base is the function value, f(x), on either side of each interval.

)
blu 2

9 ©e

Each trapezoidal height =1

A=T,= Areaofl + Areaof2 + Areaof3 + Areaof4
AxT, = hq(by+by) hy(bz+b3) h3(b3+b,) h4(bsy+bs)

4 2 2 2 2
AxT,= (1)(f(12)+f(2)) n (1)(f(22)+f(3)) n (1)(f(32)+f(4)) n (1)(f(42)+f(5))

A=Te= Z[f(1) +2f(2) + 2f(3) + 2f (4) + f (5)]
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Ex. 4 — Riemann sums using equation

Let f(x) = x? — 3. We want to estimate the area under the curve using 8 rectangles/
trapezoids from x = 2 to x = 6. Although it’s not necessary, we can take a look at the graph.

yi

/

/

/

/

/

//

Pl I

So we know to start we want 8 rectangles or

trapezoids. If they are to be evenly spaced, next we
Xa=X1 _ 672
T8

can figure out the width of each one:

g = % So each rectangle will have width of % Each

trapezoid will have height of %

From here it can be helpful to make a list or table of values so we know the heights for
the rectangles and the bases for the trapezoids. For the x-values, we start at 2 and go by

% until we reach 6. Then fill in the corresponding y-values using the function. (You may

use fractions or decimals, whichever seems easiest to you.) Note: If you use decimals, it
must be AT LEAST 5 decimal places used so that FINAL answer is accurate to three

decimal places.

X 2 2.5 3 3.5 4 4.5 5 5.5 6
fo |1 325 |6 9.25 |13 17.25 |22 27.25 |33
RIGHT RECTANGLES
hOle hOfRz hOfR3 hOfR4 hOfR5 hOfR5 hOfR7 hOng
X 2 2.5 3 3.5 4 4.5 5 5.5 6
foo |1 3.25 6 9.25 13 17.25 |22 27.25 |33

A=Rs=(3)F23) +(5) @ + (5) B9 + () f@ +(5) Fas) + (5) r& +(3) FG3) + (5) £(6)

A=

A= R8= 65.5

Rs = (%) (3.25) + (;) (6) + (%) (9.25) + (%) (13) + (g) (17.25) + (g) (22) + (%) (27.25) + (%) (33)
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LEFT RECTANGLES
hOle hOsz hOfL3 hOfL4 hOfL_r, hOfLs hOfL7 hOng
X 2 2.5 3 3.5 4 4.5 5 5.5 6
foo |1 3.25 6 9.25 13 17.25 |22 27.25 |33

Axl=(3)f@)+(5) @5 +(5) ) +(5) G5 +(5) FW +(5) F@5) + (5) FGB) + (5) F5.5)

AxL=(-) W+ (3) 325+ (3) © + (5) 925 + (5) 13) + (5) 17:25) + (3) 22) + (5) (27.25)

A= Lg=495

MIDPOINT RECTANGLES

Midpoint rectangles are more complicated because we must make a new table with
the midpoints of each interval from the original table. For instance, for the first

. e 242.5 2.5+3
midpoint it will be +2 = 2.25, the next 2+ = 2.75, and so on.
hOfMl hOsz hOfM3 hOfM4 hOfMS hOst hOfM7 hOfMg
X 2.25 2.75 3.25 3.75 4.25 4.75 5.25 5.75
f(x) | 33716 | 73716 | 121716 | 177/16 | 241/16 | 313/16 | 393/16 | 481/16

)Ge) +(

)Ge)+

A2L3=

57.25

)G+ G )+

BE) 06

() r@25) + () £275) + () £(3:25) + (3) F3.75) + () F(4.25) + (5) F(4.75) +
2) £(5.25) + (3) £(5.75)

)G+

)
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4

4

4

4

b, b, bs by bs bs b, bs bg
X 2 2.5 3 3.5 4 4.5 5 5.5 6
0 |1 3.25 6 925 |13 1725 |22 2725 |33
~ 1. _(W(bi+by) | (W(ba+b3) | (W)(b3+bs) | (W)(bg+bs) | (W(bs+bs) | (W) (be+by) | (W)(b7+bg) | (h)(bg+bo)
A= Ty =1 2tb) 4 (Berby) (e 4 Wlexby) 4 +
1 1 1 1 1 1
5)F(2)+5(2.5) ;) (2.5)+1(3) 5)F3)+f(3.5) 5)FB5)+7(4) 5)F(@)+1(4.5) 5)f(4.5)+1(5)
G)rE+r63) | ()FE5)+f(6)
AT, J(¥325) | (325+6) | (6+925)  (925+13) | (13+1725)  (1725+22) | (22+27.25) | (27.25+33)
= |g=

A:T8= 575

Ex. 5 — Riemann Sums using table of values

Cedarbrook golf course is constructing a new green. To estimate the area of the green,
the caretaker draws parallel lines 10 feet apart and then measures the length of the green
along that line. Determine how many square feet of grass sod must be purchased to
cover the green if:

(a) The caretaker is lazy and uses 4 midpoint rectangles to calculate the area.
(b) The caretaker uses 8 left rectangles to calculate the area.

(c) The caretaker uses 8 right rectangles to calculate the area.

(d) The caretaker uses 8 trapezoids to calculate the area.

Length (ft) | O 28 50 62 60 55 51 30 3

Just so you get the basic idea, you can imagine the golf green
sliced into strips 10 feet apart. The 10 feet apart will be one
dimension for our estimate and we’ll use the distance at
each line measured as the other dimension for our
estimates. The first right rectangle is drawn in the diagram
(width 10, height 28).
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(a) For the midpoint sum, since we are only using 4 rectangles, each width will be 20 ft.

h of M, h of M, h of M3 h of M,

Length (ft) | O 28 50 62 60 55 51 30 3

A~ M, = (20)(28) + (20)(62) + (20)(55) + (20)(30) = 3500 ft2
A ~ 3500 ft2

(b) For the left sum, we are using 8 rectangles, each width will be 10 ft. (The 10 feet
marker lines split the area into 8 rectangles.)

hofL;|hoflL, |[hofLs|hoflLy, |hoflLs| hofLg | hofl;| hoflLg

Length (ft) | O 28 50 62 60 55 51 30 3

A~ Lg = (10)(0) + (10)(28) + (10)(50) + (10)(62) + (10)(60) + (10)(55) + (10)(51)
+ (10)(30) = 3360 ft2

A ~ 3360 ft?

(c) For the right sum, we are using 8 rectangles, each width will be 10 ft.

hof Ry |hof R, hof R3 | hof R4/ hof Rs | hof Rg| hof R; | h of Rg

Length (ft) | O 28 50 62 60 55 51 30 3

A ~ Rg = (10)(28) + (10)(50) + (10)(62) + (10)(60) + (10)(55) + (10)(51) + (10)(30)
+ (10)(3) = 3390 ft2

A ~ 3390 ft?

(d) For the trapezoidal sum, we are using 8 trapezoids, each height will be 10 ft.

by b, bs by bs be b; bs by

Length (ft) | O 28 50 62 60 55 51 30 3

_(10)(0 +28) s (10)(28 + 50) . (10)(50 + 62) s (10)(62 + 60) . (10)(60 + 55)

~ Tg 5 2 2 2 2
LAOE5+51)  A0GEL+30)  ANGBO+3) _oc o
2 2 2
A ~ 3375 ft?
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Riemann Sums PRACTICE

25. For each problem, approximate the area under the given function using the specified number of rectangles/
trapezoids. You are to do all 4 methods to approximate the areas.

# | Fuaction Interval | Number | F2£ Right Midpoint Trapezoids

V| flx)=x*-3x+4 [[14] 6
2 | flx)=+x 26 |8
31 f(x)=2 e1 |5
4 | f(x)=sinx [0.n] 8

Answers are below:
# | Left Rectangles Right Rectangles Midposnt Rectangles | Trapezouds
1 19.125 12.125 10.438 10.625
2 [7.650 8.168 7.914 7.909
3 |1.345 1.545 1.442 1.445
4 |1.974 1.974 2.013 1.974

26. Roger decides to ma a marathon Roger’s foend Jeff ndes behind him on a bicycle and clocks his pace every 15
minutes. Roger starts out strong, but after an honr and a half he is so exhansted that he has to stop. The data
Jeff collected is summaszed below. Assnming that Roger’s speed is always decreasing, estimate the distance
that Roger fan in a) the first half hour and b) the entire race. (Trapezoids)

Time spent maning (min) 0 15 30 45 60
Speed (mph) 12 11 10 10 8

90
0

e
w

27. Coal gas is prodnced at a gasworks. Pollutants in the air are removed by scrubbers, which become less and less
efficient as time goes on. Measucements are made at the stact of each month (although some months weze

neglected) showing the rate at which pollutants in the gas are as follows. Use trapezoids to estimate the total
number of tons of coal removed over 9 months.

Time (months) 0 1 3 B 6 7
Rate pollntants are escaping 5 7 8 10 13 16 20
(tons /month)
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Another way to get information about our original function, especially if we cannot
integrate to get the actual function, is to use the derivative to draw the slopes at various
points on the graph and create what is known as a slope field (or direction field). We can
then start at an initial condition and follow the slope pieces to approximate the solution
curve. For now, we'll just focus on creating the slope field. To create a slope field, you
use the differential equation given (derivative of the function) and calculate the slope at a
number of (x, y) values. At each of those points on the graph you will draw a small
segment with that slope value. So, for instance, if at (1, 1) you calculate that your slope is

— %, at the point (1, 1) on the slope field graph you would draw a small segment with a

slope of — %, and so on until you fill the slope field. This can be a time consuming process,

and usually you are not asked to complete this process for more than 10 points on the
exam.

Ex. 6 — Making a slope field.

av ’ av 1 av
(a) L . Fillin the chart for{ﬁ— (b)) Z_2 Fill in the chart for @
av ar dr x av
(%v) |-3 -2 -1 0 1 2 3 (x,v) |-3 -2 -1 0 1 2 3
3 3 3 3 3 3 3 3 3 =33 |-5 -1 oo 1 5 333
2 2 2 2 2 2 2 2 2 =33 1-5 |-1 0 1 5 333
1 1 1 1 1 1 1 1 1 =33 1-5 -1 o0 1 5 333
0 0 0 0 0 0 0 0 0 =33 1-5 |-1 0 1 5 333
-1 -1 -1 -1 -1 -1 -1 -1 -1 =33 |-5 |-1 0 1 .5 333
-2 -2 -2 -2 -2 -2 -2 -2 -2 =33 1-5 -1 e 1 5 333
-3 -3 -3 -3 -3 -3 -3 -3 -3 =33 1-5 |-1 0 1 5 333
A A A A A = 2w % If 4 -
A A A R A = [ R % | £ 2 F
- ,// e //J / // // g b R \ \ : 1' // / il
— —_— —_— —_— o '--—‘ —_ --—" , ~ . \ \ 0 ' /
> U N wg ™Y N \\ 064 ( / S
LN N N N N NN S~ ™ o N S 2
L N N N A N N N % % % N | £ 2t F
A N U N | N N N w ™ % % I £ o
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Slope Fields PRACTICE

8. D_X Ejinthe chac for D 29. ¥_r y Flinthedusfor?
dx y dx
(xy) |3 |-2 |-1 |0 1 2 3 (xv) |3 [-2 |-1 |0 1 2
3 3
2 2
1 1
0 0
1 -1
-2 -2
-3 -3
R R
! !
| |
| |
| |
cew R
30. ﬂ=sin.x Fiﬂmﬁechmfo:ﬂ. 31. ﬂ=J((l+ y)(?.-y) Fill in the chart for ﬂ
dx dx dx dx
xy) |3 |-2 (-1 |0 1 2 3 =v)(3 |-22 (-1 |0 1 2
3 3
2 2
1 1
0 0
1 -1
-2 -2
-3 -3
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