AP Calculus AB
Chapter 1
1.1 A Preview of Calculus

1.2 Finding Limits Graphically and
Numerically

1.3 Evaluating Limits Analytically

1.4 Continuity and One-Sided Limits

1.5 Infinite Limits



What 1s Calculus?

Calculus 1s the mathematics of change:

velocity, acceleration, tangent lines,
slopes, areas, volumes, and many other
concepts

that have enabled scientists, engineers, and
economists to model real life situations.

See p. 43 of the book.



A moving body's average speed during an
interval of time 1s found by dividing the distance
covered by the elapsed time. The unit of
measure 1s length per unit time.

Recall: Vertical Motion Formula on Earth

h(f) =—161* + v, (sin 0) t + h, (in feet)
or
h(f) =—4.9F + v, (sin 0) t + h, (in meters)

where /(1) 1s the height of the object at time 7 1n
seconds, v, 1s the 1nitial vertical velocity, 6 1s the
initial angle counterclockwise from the
horizontal, and A, 1s the nitial height.



Example 1: A ball 1s dropped from a 10,000 foot
building. What 1s the ball's average speed during
the first 3 seconds?

h(f) =—16£ + v, (sin 6) { + h, (in feet)
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Now, this 1s actually velocity. It's negative
because the ball's height 1s decreasing. Speed 1s
the absolute value of velocity. So the answer 1s

48 ft/sec.



Example 2: Find the speed of the ball at time 7 = 3.
h(f) =—161F + v, (sin 0) t + h, (in feet)

Let's look at the height of the ball at time 7 = 3
and the height of the ball at some time a teensy

weensy bit (b) later, say, 1=3 + b.
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Why 1s this negative? Because velocity
includes direction, and the ball is going down.

Its speed is: CW@/S%\ . qui\*/éw@



What are limits of functions?

The limit of a function 1s the height (y-value) a
function gets closer and closer to as you
approach a specific x-value. It does not matter
if the function actually gets there or not. All
that matters 1s that the function's y-values close
in on that value as you approach the given x-
value.






Properties of Limits

If L. M, ¢, and k are real numbers and
!‘i_q:f(x) =L and !;EE g(x) = M, then

1. Sum Rule: Jl&nr (flx) +gx)=L+M

The limit of the sum of two functions is the sum of their limits.
2. Difference Rule: ll_'n}‘ (f(x) —gx))=L—-M

The limit of the difference of two functions is the difference of their limits.
3. Product Rule: ]Il_l’l‘lr (flx)sg(x)) =LM

The limit of a product of two functions is the product of their limits.
4. Constant Multiple Rule: I;_l:'lr (k+f(x))=k-L

The limit of a constant times a function is the constant times the limit of the
function.

. , . flx) _ L
5. Quotient Rule: .l:!:“c o) M’ M=0

The limit of a quotient of two functions is the quotient of their limits, provided
the limit of the denominator is not zero.

6. Power Rule: If r and s are integers, s # 0, then
1 ris — Jris
lim (f(x)) L
provided that L is a real number.

The limit of a rational power of a function is that power of the limit of the func-
tion, provided the latter is a real number.



Polynomial and Rational Functions

L If f(x) =ax"+a, x" '+ --- + a; is any polynomial function and ¢ is any
real number. then

lim f(x) = f(c) = a,c" + a,_1c" ' + - + aq.
X3

2. If f(x) and g(x) are polynomials and ¢ is any real number, then

Iim-JM-m

) B provided that g(c) # 0.

In other words, you can find the limit of /(x) as x
approaches ¢ by substitution (finding #(¢)), as
long as you don't end up with 0 in the
denominator. If the denominator 1s 0, you'll need
to mvestigate further.



Find:
L. llm(x +6x -3)
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o = undefined
0 . . : :
0= mdeterminate: We need more mmformation.

http://fox8.com/2015/06/30/siri-gets-a-little-snarky-when-asked-whats-zero-
divided-by-zero/

“Imagine that you have zero cookies and you

split them evenly among zero friends. How many
cookies does each person get? See? It doesn’t
make sense. And Cookie Monster 1s sad that there
are no cookies, and you are sad that you have no
friends.”



Let's investigate #3 on the calculator. Notice the
hole in the graph at (5, .6). If your calculator
doesn'f“é‘h@g that, then use ZOOM 4:ZoomDecimal
and 1t shouldxs\hewxpp.

x2—4x—5 (x S)(x+1) _lim (x+1)

lim=—

5 x" =25 H5 (x=5)x+5) = (x+5)
E\Y1B(X2-4X-5)/(X2-25) X b i Y2
ENY28(X+1)/7(X+35) 4.8 .5918Y4 | .5918Y4

4.9 .59596 | .59596
Notice that the two expressions 2.1 _?:;:5 :29395
are 1dentical, except when x = 3. 5.2 .6078Y4 | .6078Y
Even though Y1 1s not defined at g.al :giégg :giégg

x =35, it does appear to get closer
and closer to 0.6 as x approaches 5.



f(x)_xz—4x—5_ (x=5)x+D) _G+D .
1 X255 (x-5(x+5 (x+5)]

Let's review rational functions and their points of
discontinuity.

Common factors in numerator and denominator
create holes in the graph.

Vertical asymptotes are created when a factor in the
denominator is unmatched by a factor in the
numerator after removing common factors (filling
mm holes). x+5=0=>x=-5

Even though it's not necessarily a point of
discontmuity, a zero (x-intercept) 1s created when a
factor in the numerator is unmatched by a factor n
the denominator after removing common factors
(filling m holes).

(x — zero)(x—hole)
(x — v.a.)(x —hole)




-J £ = x ;4x~5 _ (x=5)x+D) _ (x+1) s
i x°—-25 x—5x+3) (x+5)

—t i b bl b bl ——— T L |

Horizontal asymptotes can be found by
comparing the degree of the numerator () to
the degree of the denommator (d).

pe<d=>yp=0 _ .
leading coefficient of numerator
n=d=>y=

~ leading coefficient of denominator
n>d=> none

In this function,n=d,soy=1/1=11sa
horizontal asymptote.




One- and Two-Sided Limit Notation

right-hand:  lim_f(x) JhT»’w limit of f as x approaches c from the right.

X =

>4

left-hand: =~ lim f(x)  The limit of f as x approaches c from the left.

X—C

4

‘“{, " L. .
We sometimes call im /(X) the two-sided
limit of / at ¢ to distinguish it from the one-
sided right-hand and left-hand limits of fat c.



THEOREM 3 One-sided and Two-sided Limits

A function f(x) has a limit as x approaches c if and only if the right-hand and left-
hand limits at ¢ exist and are equal. In symbols,

limf(x) =L & l_i_l)'ll flx)=L and li_l)l‘l_ f(x) = L.

In other words, the one-sided limits have to
match for the two-sided limit to exist.
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Find the requested limits for the following function.

x| @lmf)=_| DHlmf@)=_"
fay=— % | :
Olim f(x)=__ d)limf(x)=c /1*

x—0"




Find the requested limits for the followmg function.

sinx @) hmf (x) =" b) hm 1 f(x) = ‘

J(x)=

Qlimf@=__ dlimfx)=_1
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Find the requested limits for the function.

(3x,x <=2
f(x)=<3x+4,-2<x<3
10,x >3
1. lim f (x) 2. lim j (x) 3.1im f (x)

x—>— - x—)—

. x—>3

hm f (x) | 5 hm f (x) 111’1’1 f (x)

hm f (x) 11m f (x) hm f (x)

7 x> 0 ;8. x—o—0 Q. XX

g0 =
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The Sandwich Theorem

If g(x) = f(x) = h(x) for all x # ¢ in some interval about ¢, and

lim g(x) = lim h(x) =L,

A—C —C

then
lim f(x) = L.

X—=C

Note: This theorem 1s sometimes called the
Squeeze Theorem. ;

Sometimes we have | ,
trouble finding a limat L —_\U\\a/?
directly, but we can find

it indirectly using the

Sandwich Theorem. 0 :

Figure 2.7 Sandwiching fbetween g
and h forces the limiting value of fto be
between the limiting values of g and A.

» X




Example: Find the limit graphically. Use the
Sandwich Theorem to confirm your answer.

1 T

li Q
lim VT cos (r+ L) t
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It looks like the function approaches 0 from the right.
Using the Sandwich (or Squeeze) Theorem, we
know that —1 <cos(x + 1/x) <1. So

llfg}\/_ ( 1) = hm \/_cosa(tJr )<llf51\/;1 :

P

. 1
Therefore, 0 < lim /z cos (l‘ + ;) =

So lim /zcos (1 - 1) 0.

r—0+

1 NORMAL FLOAT AUTO a+bi RADIAN CL
Graphically, P Lt W10 n i .
NORMAL FLOAT AUTOD o+bi RADIAN i

Plotli PlotZz Plot3

IN\NY1BR(X)cos(X+1,X | I it
I\NY2B7(X)(-1)
ENY3BT(X)1




Find the requested limits for the function.

(3x,x <=2
f(x)=<4x+4,-2<x<3
0,x >3
Clim f(x) 2 Im f(x) 31lim f(x)
x——2 x—-2" Xx—>—2

4, hl?_ f(x) s Hl’g} f(x) ¢ mf(x)

x—3

hm f(x) Iim f(x)



