Introduction

Navigators and surveyors use the properties of similar
right triangles. Designers and builders use right triangles
In constructing structures and objects. Cell phones and
Global Positioning Systems (GPS) use the mathematical
principles of algebra, geometry, and trigonometry.
Trigonometry is the study of triangles and the
relationships between their sides and the angles
between these sides. In this lesson, we will learn about
the ratios between angles and side lengths in right
triangles. A ratio is the relation between two quantities;
it can be expressed in words, fractions, decimals, or as a
percentage.
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Key Concepts

« Two triangles are similar if they have congruent _;
angles.

 Remember that two figures are similar when they are
the same shape but not necessarily the same size;
the symbol for representing similarity is ~ .

« Every right triangle has one 90° angle.

* If two right triangles each have a second angle that is
congruent with the other, the two triangles are similar.
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Key Concepts, continued

« Similar triangles have proportional side lengths. The _;
side lengths are related to each other by a scale
factor.

« Examine the proportional relationships between
similar triangles A ABC and ApDEF in the diagram that
follows. The scale factor is k = 2. Notice how the
ratios of corresponding side lengths are the same as
the scale factor.
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Key Concepts, continued =3

Proportional Relationships in Similar Triangles ‘f

y X

c=26 D
b=10 oo f=13
-
C a=24 B F d=12 E
Corresponding sides Side lengths
a b c 24 10 26
d e f 12 5 13
(continued)
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Key Concepts, continued

Examine the three ratios of side lengths in AABC.
Notice how these ratios are equal to the same ratios Iin

ADEF.

Corresponding sides
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Key Concepts, continued

* The ratio of the lengths of two sides of a triangle is the _;
same as the ratio of the corresponding sides of any
similar triangle.

* The three main ratios in a right triangle are the sine,
the cosine, and the tangent. These ratios are based
on the side lengths relative to one of the acute angles.
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Key Concepts, continued

« The sine of an acute angle in a right triangle is the _t
ratio of the length of the opposite side to the length of
the hypotenuse;
length of opposite side

length of hypotenuse

the sine of 6 =sin 9 =

* The cosine of an acute angle in a right triangle is the
ratio of the length of the side adjacent to the length of
the hypotenuse;

length of adjacent side

the cosine of 8 = cos0 = .
length of hypotenuse
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Key Concepts, continued

« The tangent of an acute angle in a right triangle is the
ratio of the length of the opposite side to the length of
the adjacent side;

length of opposite side
the tangent of 8 =tanf =

length of adjacent side

« The acute angle that is being used for the ratio is
known as the reference angle. It is commonly
marked with the symbol (theta).

 Theta ( )is a Greek letter commonly used as an
unknown angle measure.
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Key Concepts, continued

Side opposite Hypotenuse

angle 6

Adjacent side
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Key Concepts, continued

« See the following examples of the ratios for sine, _j
cosine, and tangent.

length of opposite side

sine of @ =sin 0 =
length of hypotenuse

o opposite
Abbreviation:
hypotenuse
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Key Concepts, continued : _f

length of adjacent side

cosine of 6 =cos 0 =
length of hypotenuse

o adjacent
Abbreviation:
hypotenuse
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Key Concepts, continued : _f

length of opposite side
tangent of 6 =tan 6 =

length of adjacent side

o opposite
Abbreviation: —:
adjacent
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Key Concepts, continued

« Unknown angle measures can also be written using _j
the Greek letter phi ().

* The three main ratios can also be shown as
reciprocals.

* The reciprocal is a number that when multiplied by
the original number the product is 1.
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Key Concepts, continued

* The reciprocal of sine is cosecant. The reciprocal of _;
cosine is secant, and the reciprocal of tangent is
cotangent.

length of hypotenuse

cosecant of 6 =csc 6 = e
length of opposite side

length of hypotenuse

secant of 6 =sec 0 =
length of adjacent side

length of adjacent side

cotangent of 8 =cot 0 =
J length of opposite side
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Key Concepts, continued

« Each acute angle in a right triangle has different ratios _t
of sine, cosine, and tangent. !

* The length of the hypotenuse remains the same, but
the sides that are opposite or adjacent for each acute
angle will be different for different reference angles.

* The two rays of each acute angle in a right triangle
are made up of a leg and the hypotenuse. The leg is
called the adjacent side to the angle. Adjacent
means “next to.”
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Key Concepts, continued

 In a right triangle, the side of the triangle opposite the _;
reference angle is called the opposite side.

» Calculations in trigonometry will vary due to the
variations that come from measuring angles and
distances.

* Afinal calculation in trigonometry is frequently
expressed as a decimal.

* A calculation can be made more accurate by including
more decimal places.
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Key Concepts, continued

* The context of the problem will determine the number _t
of decimals places to which to round. Examples: b

« A surveyor usually measures tracts of land to the
nearest tenth of a foot.

* A computer manufacturer needs to measure a
microchip component to a size smaller than an atom.

« A carpenter often measures angles in whole

degrees.
* An astronomer measures angles to ——— of a degree
3600
or smaller.
17
g8 Analytic Geometry — Instruction WALCHEN% EDUCATION

=4 2.1.1: Defining Trigonometric Ratios extending and snhancing leaming



Common Errors/Misconceptions

« confusing the differences between the trigonometric j _t
ratios

 forgetting to change the adjacent and opposite sides
when working with the two acute angles

* mistakenly trying to use sine, cosine, and tangent ratios
for triangles that are not right triangles

» mistakenly thinking that trigonometry will find the exact
length of a side or the exact measure of an angle
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Guided Practice
Example 1 _f

Find the sine, cosine, and tangent ratios for ZA and £ZB

in the triangle AABC. Convert the ratios to decimal
equivalents.

A
C
b=3
-
C a=4 B
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Guided Practice: Example 1, continued

1. Find the length of the hypotenuse using 4
the Pythagorean Theorem.

a’+b’=c’ Pythagorean Theorem
42 + 3% = g2 Substitute values for a and b.
16+ 9 = ¢? Simplify.
25 =¢?
/25 = c?
c=1b5
Since c is a length, use the positive value, ¢ = 5. 20
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Guided Practice: Example 1, continued

2. Find the sine, cosine, and tangent of ZA. _;

Set up the ratios using the lengths of the sides and
hypotenuse, then convert to decimal form.

_ opposite 4
SINA = == —188
hypotenuse 5
adjacent 3
COSA= =—=0.6
hypotenuse 5
opposite 4 -
tan A= p_p =—-=1.333
adjacent 3

A
o -\_F -‘
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Guided Practice: Example 1, continued

3. Find the sine, cosine, and tangent of ZB . _;

Set up the ratios using the lengths of the sides and
hypotenuse, then convert to decimal form.

: opposite 3
sSinB = == =G
hypotenuse 5
adjacent 4
cosB = =—=0.8
hypotenuse 5
opposite 3 V
tanB = p_p =—=0.75
adjacent 4
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Guided Practice: Example 1, continued

“ t

"

! 1
| SeS— S S—

™

23

Analytic Geomelry — Instruction

_ 2.1.1: Defining Trigonometric Ratios




’]IIPT
Guided Practice

Example 3 _;

A right triangle has a hypotenuse of 5 and a side length of
2. Find the angle measurements and the unknown side
length. Find the sine, cosine, and tangent for both angles.
Without drawing another triangle, compare the
trigonometric ratios of AABC with those of a triangle that
has been dilated by a factor of k = 3.
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Guided Practice: Example 3, continued :i

1. First, draw the triangle with a ruler, and
label the side lengths and angles.

A
c=5am
b=2cm
C a=7cm B
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Analytic Geometry — Instruction WALCH B9 EDUCATION

2.1.1: Defining Trigonometric Ratios extending and snhancing leaming



Guided Practice: Example 3, continued s
2. Find a by using the Pythagorean Theorem. _i

a’+b°=c* Pythagorean Theorem

g 2 =5° Substitute values for b
and c.

a’+4=25 Simplify.

a’ =21

a = 4.5826 centimeters
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Guided Practice: Example 3, continued

3. Use a protractor to measure one of the _j‘
acute angles, and then use that
measurement to find the other acute angle.

m/A = 66.5°
We know that m~ZC = 90° by the definition of right
angles.

The measures of the angles of a triangle sum to 180°.
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Guided Practice: Example 3, continued
Subtract mZA and m£C from 180 to find m«£B.

msZB=180-m£ZA-m«C
m«B =180-(66.5)—(90)
m/B=180-156.5
ms/B=23.5

(P
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4. Find the sine, cosine, and tangent ratios
for both acute angles. Express your
answer in decimal form to the nearest
thousandth.

Guided Practice: Example 3, continued :i
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Guided Practice: Example 3, continued

ZA /B 4

_ 4.5826 | 2
SiNn66.5° = 5 ~0.916 sSin23.5° = 5 ~0.4
2 4.5826
00366.50z5z0.4 C0S23.5° = 5 ~0.916
tan66.5° 4.5826 2.291 tan23.5° 2 0.436
an066.5° = 5 =% an23.5° = 15826 " -
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Guided Practice: Example 3, continued

5. Without drawing a triangle, find the sine, _j:
cosine, and tangent for a triangle that has
a scale factor of 3 to AABC. Compare the
trigonometric ratios for the two triangles.

Multiply each side length (a, b, and c¢) by 3 to find a’,
b', and c'.
a =3ea=3e(4.5826)=13.7478
b’=3eb=3e(2)=06
c’'=3ec=3¢(5)=15
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Guided Practice: Example 3, continued __
Set up the ratios using the side lengths of the dilated _;

triangle.
_ 13.7478 _ 6
SIN66.5° = ~0.916 sin23.5°=-—=04
15 15
6 13.7478
c0s66.5°=-—=04 C0S23.5° = ~0.916
15 15
13.7478 6
tan66.5° = ~ 2.291 tan23.5° = ~0.436
6 13.7478
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Guided Practice: Example 3, continued

The sine, cosine, and tangent do not change in the _;
larger triangle. Similar triangles have identical side

length ratios and, therefore, identical trigonometric
ratios.
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Guided Practice: Example 3, continued
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