Review of First Semester Topics — AP Calculus AB 2016-17

Name: Date: Period:

Exercises - Rate of Change

Multiple Choice Questions

1. The traffic flow at a particular intersection is modeled by the function f defined by f(f) =25+ t:’&cos(%)

for0 =¢ =120 . What is the average rate of change of the traffic flow over the time interval 307 =40,

(A) 0.743 (B) 0.851 (C) 0.935 (D) 1.176

2. The rate of change of the altitude of a hot air balloon rising from the ground is given by y(r) = £ =37 +3t
for 0=¢t=10. What is the average rate of change in altitude of the balloon over the time interval 0=7 <10

(A) 56 (B) 73 (C) 85 (D) 94

Free Response Questions

f
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3. The table above shows the velocity of a car moving on a straight road. The car’s velocity v is measured
in feet per second.

(a) Find the average velocity of the car from ¢ =60 to =90.

(b) The instantaneous rate of change of f (See Ch. 2.1 for an explanation of instantaneous rate of change)
with respect to x at x =a can be approximated by finding the average rate of change of f near x=a.
Approximate the instantaneous rate of change of f at x =40 using two points, ¥ =30 and x=50.



Exercises - The Limit of a Function and One Sided Limits

Multiple Choice Questions

1. limsec’ x=
3 V3 4 23

Ay = e Cy —

a5 (B) ( ¥ @) 3
= 43 x=l :
2 Ifj"{x]={ . then lim f{x)=

1, x=1 x—+l

(A) 1 B) 2 (€3 D) 4
g

—=ll-x

(A) -2 (B) -1 )1 (D) nonexistent

|.3—x]_. if x<0
4. Iet f beafinction givenby fix)=+ 2—x. if 0=x«<2 .
Nx=1, i xn2

Which of the following statements are true about 7

L Hffx}=2

18 ].i:r._;h,l'"fx}=[+

I—d
I lim f(x)=lm f(x)
{A) Ionly (B) I only (Cy II and III only (D) 1.1 and ITT



Free Response Questions

Questions 5-11 refer to the following graph.

\\“::-.([—-d',! e
11 T T

The figure above shows the graph of v = f(x) on the closed interval [—4 9] :

5. Find lim cos{ f(x)).
x— -1

9. Find f(2).

6. Find lim f(x).

X—=d

10.Find lim arctan(f(x)).

7. Find lim f(x).

o

11.Find lim [xf(x)].

8. Find lim f(x).
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Exercises - Calculating Limits Using the Limit Laws

Multiple Choice Questions

®) 0 02 O 1

. Bin3x
lim — =
=0 gin 2x

(A <

(D) nonexistent

b |

(B) 1 (C)

3.

; 4+x-2
lim———
r—+{ X

1
@ 5

(B) (C) % (D) nonexistent

| =

4

|

1
(A) Bl

]J.mq'3+x—2

(B) % (€ f3 (D) nonexistent
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Free Response Questions

g Ty e
8 If ﬂm—m=ﬁ what is the value of a?
X

=0



9. Find MM if F(x)=2x+1.
h— hi

10. Find umM if lim f(x) =2 and limg(x) = 3.
ST

11. Find lim g(x),if Lm .;=
E = x"+g(x)

| =



Multiple Choice Questions

1. Let f beafimctiondefined by F{x)=4 x_g ~ e JIE f is confinuous for all real
|4 if x=a
mumbers x . what is the value of a7
1
(A) = B 0 (€)1 D) 2

S I
Ao
=9

2. The graph of a function [ is shown above. If lim f(x) exists and [ isnot confimmous at x=a .

then a =
(A) -1 (B) 0 (C) 2 (D) 4
’1..'31'—1—-.-"5 e
3 If 0= y—1 i AT cand if § 15 confinuons at x=1_ then a=
a. for x=1
1 J2 .
(A) i (B) i (C) V2 (D) 2



4. Let f be acontinwous function on the closed infterval [—2_, ?I_ If f{-2)=5and F{7)=-3.
then the Intermediate Value Theorem guarantees that
(A) f(c)=0 for at least one ¢ between —2 and 7
(B) f'(c) =0 for at least one ¢ between —3 and 5
(C) f(c)=0 for at least one ¢ between —3 and 5
(D) f(c)=0 for at least one ¢ between —2 and 7

Free Response Questions

if x<0

x

‘;Tsin.r
5. Let g be a finction defined by g[.‘-f)=r—bx, if 0=x<l.

arctanx. if x=1

If g is continuous for all real numbers . what are the values of 7 and 57

6. Evaluate hmw
a—+0 a
7. What is the value of @ if E%Mq?
r— X



Exercises - Limits and Asymptotes

Multiple Choice Questions

i
L Ij.ma . _i: X
—x 3y =5
" 1 1
(A) -2 ®) -3 © 5 D) 1
. it
2. Whatis lm ————=
= -m Iy 4 3xr-—1
1 1 =
@ — B) 0 © 5 ®) 2
3. Which of the following lines is an asympfote of the graph of [ {x}=x:+—}x—;f?
i -x-12
I x=-3
O x=4
II y=1
(A) I only (B) I onty (C) Dand M only (D) L II, and [T



4. Ifthe honizontal line y =1 is an asymptote for the graph of the function 7 . which of the following
statements must be true?

(A) P_{rl F(x)y=1

(®) lim f(x) =<
(C) f(1) 1s undefined
(D) fix)=1 forall x

5.If x =1 1s the vertical asymptote and y =—3 is the horizontal asymptote for the graph of the function 7.
which of the following could be the equation of the curve?

@ 7@ -=%
x—1
@) fx) =D
X 1-3

© f() =%
—3(x* =1

©) 0=

6. What are all horizontal asymptotes of the graph of y = % inthe xy-plane?

(A) y=-1 only
(B) =2 only
(C) y=—1and y=2
() y=0and y=2

10



Free Response Questions

Ix-1

7 Let f =S

{a) Find the vertical asyvmptote(s) of /. Show the work that leads to your answer.

(b) Find the horizontal asymptote(s) of /. Show the work that leads to vour answer.

sinx
3

8 Let f()=———.

{a) Find the vertical asvmptote(s) of . Show the work that leads to your answer.

(1) Find the horizontal asymptote(s) of . Show the work that leads to your answer.

11



1.

Multiple Choice Questions

Ii!:ﬂ""lj 8+h-2 _

k-l h

1 1 i :
- D) 32 (E) 2

(A = (B) ] (©

12

2

E{sz—zz =

(&) £'(5), where f(x)=x"
(B) F(2). where f(x)=x"
(©) (5. where f(x)=2"
D) f'(2). where f(x)=2"

1-2x if x<1

-, ifx>1

x=-[
J(x) 1

Let / be the funchion given above. Which of the following mmst be true?
L ]m% fix) exists.
X—
II. f iscontinuous at x=1.

Ol f is differentiable at x=1.

(A) Tonly

(B} Iand II onty
(C) I and ITI only
(D) LI and OI

12



4. What is the instantaneous rate of change at x =—1 of the function f(x)=— il"1_2"

A 2 1 C 1 2
(A== (= © 3 @ 3
3
0 : : o
Graph of [

5. The graph of a function f is shown in the figure above. Which of the following statements must be false?

(A) f(x) is defined for 0<x <h.
(B) f(b) exists.

(C) f'() exists.

) bm ¢ '(x) exists.

6. If [ is a differentiable function then f'(1) is given by which of the following?

1 fia S+ -1
e ]

T i /=S
T—] X —l

I ]]I!lf{l-l-h;_f{x}
T—0

(A) Tonly (B) Il only (C) IandMonly (D) I and Il only

13
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Graph of

7. The graph of a function f is shown in the figure above. At how many points in the inferval a < x < j
1s ' not defined?

A3 (®) 4 (& D) 6

Free Response stions

2 -2 if x<1
8. Let f be the function defined by f(x)=\[ TS EESR If £ is differentiable at x =1 what are the
|Bx  ifx>1

values of & and m?

14



9. Let [ be afunction that is differentiable throughout its domain and that has the following properties.
M) Fx+y)=F@+Xy-207 - ()

@ timL® -1
X

=l )

Use the definition of the derivative to show that 7'(x)=x" —1.

10. Let ° be the function defined by
x+2 for x<0

7=

%tnzf for x>0,

(a) Find the left-hand dervative of f at x=0.
(b) Find the right-hand denvative of [ at x=0.
(c) Is the function f differentiable at x =0 7 Explain why or why not.
(d) Suppose the function g is defined by
[x+2 for x<0
g(x)=3 .,
la(x+8)y for x>0,

where a and » are constants. If g 1s differentiable at x =0 what are the values of @ and 57

15



Exercises - The Product and Quotient Rules and Higher Derivatives

Multiple Choice Questions

1 If F(0) =0 =2x+35)(x7 +x7). then F'(1)=

Pt | =1

(A) -10 (B) -6 (€ —% (D)

2 I ffx;=:g: then £'(x) =

Jx
A e 1T
N (Wx+1)?

¥

B T T
o (vx+1)

, 1
© Jx(x +1)?

'\"I; == ].

D —— =
) Jrx+1?

3. If 2(2)=3 and g'(?) =—1, what is the value of %L () ] at x=27
1°F )

(A) -3 ®) -1 (©) 0 ®) 2

16



X 1

4 If f(x)= 5 and f'(1)=—. what is the value of a?
"4
(Aa) -2 ®) -1 © L D) 2
A -3 - S i 2
I y=4x 16 3x . then 3" =
afr -
@) 73 B -Wr+3 ) =43 o 222
,{.-1-1_:- x.‘b‘;

; If}'=f -f(x).then y" =

(&) X 1 )+xf () +21(x)
B) ¥ (@) +xf()+1(x)
(C) ¥ f )+ 20 () + f(x)
@) X ") +4x () +21(x)

. Let f(x) =%x'5 —10x" +12x . What is the value of f(x), when f™(x)=07

23 3
(A) = (B) =g

©=

17

D)

[



Free Response Questions

8 Let i{(x)=x-f(x)-g(x).Find A'(1).if f()=-2. g)=3. f(I)=1. and g'{l}=%.

X .
9 Let X)=——_Find F4 3
glx) e ind g'(4)

18



Exercises - The Chain Rule and the Composite Functions

Multiple Choice Questions

1. If f(x)=+x++/x .then F'(x)=

1 Jx+1 . Afx 2x +1
A) ——= B) —F—= (C) =—x D) ———=
Wx+x Wx++x 4fx++x )% + xfx

2 If ()= (x*—3x)*? . then ['(4) =

5 7
@k ®) 9 oy = D) 15

3.If f. g.and A are functions that is everywhere differentiable, then the derivative of Lﬁ is

-

(A) B e 4T
gh

{B}ghf—fgh—fhg
Eh

(© ER=TEH -1 gh
g

ghf'—feghW+Fhg
gihl

D)

19



4. If f(x)=0G-+)" then F"(4)=

3 53
(A) 3] B) — (€) 7 (D)

4 | e

Lh

Free Response Questions
Questions 3-8  refer to the following table.

x Jix) gix) fixy | g
1 3 2 1 -1
2 -2 1 -1 3

3 1 4 2 3
4 5 2 1 -2

The table above gives values of . /. g.and g’ at selected values of x_

Find A'(1) . if A(x) = f(g(x))-

. Find A'(2). if h(x)=xf(x).

J(x)

Jex)

Find #'(3) . if h(x) =

20



8. Find K'(2). if h(x)=[f(2x)]".

0. Find X'(1) . if A(x) =(X + 70~

10.Let f and g be differentiable functions such that f(g(x))=2x and f'(x)=1+ Ef[x]} 1

)
Show that #'{x) = = .
A e ) = et

{b) Show that g'(x)= > —.
1+4x°

21



Exercises - Derivatives of Trigonometric Functions

Multiple Choice Questions

T 1
1 cos{g + ) =
i h B
1 B 1 3
(A 3 (B) -5 (C) 3 D) £
2 i sin 2(x+A)—sin 2x _
P A
(A) 2sin2x (B) —2sin 2x (C)y 2cos2x (D} —2cos2x
3. If f(x)=sin{cos2x) . then f’{%}=
(A) 0 (B) -1 (© 1 D) -2
4 If y=asinx+hbcosx then y+1"=
(4) 0 (B) 2asinx (Cy 2bcosx (D) —2asinx

22



N
5 —sec (Wx) =

] “ I
@) hsec{dr.‘«_f)?tan{w}

2sec? (V) tan ()
Jx

) sec’ (vx Ea.ﬂ{ﬁ}

Jx

sec(yx) tan(y/x)

Jx

(B}

(

D)

6. i.’ x° cos Ex] =
drl
(A) —2xsin2x
(B) 2x(—xsin2x +cos2x)
(C) 2x(xsin2x—cos2x)

(I 2x(xsin2x—cos2x)

L Ef{ﬂ:m’r_zcosfmln& e fr{%)=
@ = ®) 1 2 ) 13
2 NG

23



x | f@ | g | f@ | 2@

x4 s 1 2 3

8. The table above gives values of /. /. g.and g’ at selected values of x_
Find J’:’(%}, if A(x)y= f(x)- gltanx) .

0. Find the value of the constants 4 and & for which the function
5 [, [ R
Fey=4"" 0 TS T i differentiable at =7
m+b xEx

24



Exercises - Derivatives of Exponential and Logarithmic Functions

Multiple Choice Questions

Litnte+my-1]
i '2— 15

T ksl h
(A) f'(D).where f(x)=In+x
(B) '(1). where f(x)=Invx+e

(C) f'(e). where f(x)=In+x

(D) £'(e) . where f(x)=In(%)

2. If f(x)=€™" then [ '{E} =

@A) = ®) ¢ (©) 2e @) =
. If y=Ifcosx)_then y'=
(A) —tanx (B) tanx (C) —cotx (D) cscx
4. If y=x".then y'=
(A) x¥"lnx (B) X (1+Inx) (C) X (x+lnx) () X 1nx
X

25



5 If }'=e"|”:+1_rhf:n V' =

&) Y41

6. If y=(sinx)' ™. then ¥'=

(@) (sin r}r l“':sfl""

(B} (sin T) ‘

B h{smx}}

(©) (sinx)* .—‘ e 1“‘:“’”}}

[ xcotx—In(sinx) |

(D) (sin ur -

7. If f(x)=In[sec(lnx)]. then f"(e)=

cosl ginl taml cotl

(A — (B) — Q) — D)

26



8. If y =¥ then y' =

IJn,.'I i

&) 2x

T
x Inx
(B) ———

© 272 Iny

o) Ny o Inx)

Free Response stions

0. Let f(x)=xe" and f™(x) be the nth derivative of / withrespectto x . If 7% (x)=(x+n) & .
what is the value of n 7

10.Let f and / be twice differentiable functions such that A(x)=e’™ If A"(x) =/ [1+x .
then '(x)=

27



Exercises - Tangent Lines and Normal Lines

Multiple Choice Questions
1. The equation of the line tangent to the graph of y=xv3+ x~ atthe point (1.2) is

3 1 1 5 1 5 1
R S S L ey e v R T o Tt
(A) ¥roie (B) » I+ (C) » 55 D) ) SXs

2. Which of the following is an equation of the line tangent to the graph of f(x)=x" —x at the point
where f'(x)=37

(A) y=3x-2
(B) y=3x+2
(©) y=3x—4
{0} y=3x+4

3. Acurve has slope 2x+x™" at each point (x.)) onthe curve. Which of the following is an equation for
this curve if it passes through the point (1.3) 7

@) y=202+2
-

B) y=x'-2+3
-

(C) y=x" o
X

(D) y=x —E,+4
x.l’.

28



4. An equation of the line normal to the graph of ¥ =tanx. at the point (%,%} is
W

1 1, =z
@ y= ===

5. If 2x+3y =4 is an equation of the line normal to the graph of J at the point (=12}, then f'(-1)=

© V2 ® 3

=i

Ay =3 ®)

6. If 2x—y=Fk isan equation of the line normal to the graph of f{x)=x* —x . then k=

23 13 15 g
(4) 16 B) I () % D) 3

29



Free Response stions

R /{
R 2
—
5 5 120
.
v
~15.00]0 (120,0)
/ R
line of symmetry

7. Line { 15 tangent to the graph of y= x—% at the pomnt P and tersects x-axis at (—15.0) as shown in
the figure above. i
(a) Find the x-coordinates of point P .
(b) Write an equation for line (.

k! oo
{c) If the line of symmetry for the curve y = _1'—1"2—0 mtersects line £ at point R . what 1s the length of QR ?

30



Exercises - Implicit Differentiation

Multiple Choice Questions

1. If 3xy+x" —2y" =2. then the value uf% at the point (L1) is
3
i 7 1 7
(A) 3 (B) - © —= @) —
2. If 3x* —x’ —y" =0. then the value uf% at the poinf (L +/2) is
X
V2 32 5\2 72
) &5 Q= 2
3. If ¥+ 20" =5x_ then tﬁ;=

dx

S—4w -4y
r +4xy
5—2xy—2y°
X’ +4xy

(B)

31



4. If xy+tan(xy) = 7. then %=

(&) -ysec’ () (B) —-yeos’(w)  (C) —xsec’(m) (D) _i

5. Anequation of the line tangent to the graph of 3y° —x° —x* =7 at the point (L2) is

3 3 i 1 7 3 79
Ay y="x—= I=—X+— C) y=—x+— D) y==x+=
(A y=7%-3 (B) y=7x+3 Q y=—gx+3 ) y=g%+g

6. Anequation of the line normal to the graph of 2x* +3y* =35 at the point (L1) is

3 3 1 2 5 2 3
Wy=3x+1 @ y=3x-5  ©y=-33+3 O y=-3x+3
7. If x+siny=y+3.then d Y _
e
—sin —siny —sin y —sin y
(4) - 3 - 3 C 3 - 3
{1—cos1) (1+cosv) 1-cos V) (1+cos v)

32



Free Response Questions

8. Consider the curve givenby ¥’ —xy+y° =3.

_dy
(a) Find —.

{b) Find all points on the curve whose x-coordinate 15 1. and write an equation for the tangent line at
each of these points.

(c) Find the x-coordinate of each point on the curve where the tangent line 1s horizontal.

0. Consider the curve x* + 3" —xy=7.

. dy
Find =2 .
G e ==

(b} Find all points on the curve whose x-coordinate 15 2, and wrife an equation for the tangent line at
each of these points.

{c) Find the x-coordinate of each point on the curve where the tangent line is vertical.

33



Exercises - Derivatives of an Inverse Function

Multiple Choice Questions

1. Let f and g be functions that are differentiable everywhere. If g is the inverse finction of f and
; ; 3 ;
if g(3)=4 and f'(4)==_.then g'(3)=

1 1 2 4
@ 5 ® 3 ©3 L&
2. If f(-3)=2 and f'{—3}=%= then (f7'Y(2)=
1 3 3
(&) = (B) % © 3 g
3. If fi(x)=x'—x+2. then (f71)(2)=
1 2
@ ®) = (© 4 @) 6
4. If fix)=sinx. then ( f‘l}'{ﬁk
ey -
@l ®) % (©) 43 @) 2

34



5. If f(x)=1+Inx.then (F1Y(2)=

1 1
@) — ®) _ ©) —e (D) e
Free Response stions

x fx) | f | g g'(x)

-1 3 -2 2 6
0 -2 -1 0 -3
1 0 1 -1 2
2 -1 4 3 -1

The functions [ and g are differentiable for all real numbers. The table above gives the values of

6.
the functions and their first derivatives at selected values of x .

(2) If £ is the inverse function of f . write an equation for the line tangent to the graph
of y=F'(x) at x=—1.

(b) Let i be the function given by A(x) = F(g(x)) . Find k(1) and A'(1).

(c)Find (h™Y'(3).if 47! is the inverse function of 4 .

35



Exercises - Derivatives of Inverse Trigonometric Functions

Multiple Choice Questions

d I
1. —farcsmx )=
dx( )

(A4) - 2x ®) 2x i 2x 2x

V1-x? yx' -1 Y

2. If f(x)=arctan(e™™). then f'(-1)=

—£ e . =2 -1
« l+e & 1+e © 1+¢* o l+e
3. If f(x)=arctan(sin x) . then _f'[’%} e
2 1 ﬂﬁ J3
@ 5 ®) 5 © W

36



4 If _1:=s_":::5[sin'E x).then y'=

1 X © x _

4) - = B) ——7—
1-x 1—x" V1-x°

D) -

e

e |

Free Response Questions

5. Let f be the finction givenby f(x)=x™ *_
(2) Find £'(x).

{b) Write an equation for the line tangent to the graphof f at x=1.

37



Exercises - Approximating a Derivative

Multiple Choice Questions

1. Some values of differentiable function [ are shown in the table below.
What is the approximation value of 7'(3.5)7

X 0 i3 38 42 49

fixy | 218 26:1 | 325 382 | 487

(A)8 (B) 10 (C) 13 (D) 16

Free Response Questions

Month 1

[
3
b
L#

(=41

[}
Lt

(]

=

1

.}

Temperature | —3 0 72 28

2. The normal daily maximum femperature F for a certain city is shown in the table above.
(a) Use data in the table to find the average rate of change in temperature from t=1to r=6.
(b) Use data in the table to estimate the rate of change in maximum temperature at 7 =4 .

{c) The rate at which the maximum temperature changes for 1=+ 26 is modeled
by F(t)=40-52 sm{%— 3) degrees per munute. Find F'(4) using the given model.

38



Exercises - Related Rates

Multiple Choice Questions

1. The radius of a circle 1s changing at the rate of 1/or mches per second. At what rate. in square inches
per second, is the circle’s area changing when r=51in7

@2 ®) 10 © = D) 15

"

3

2. The volume of a cube is increasing at the rate of 12 in’ /'min . How fast is the surface area increasing.
m square inches per minute. when the length of an edge is 20 in?

(A1 (®B)

U||G\

4 12
(g

{D}E

300 &

3. Inthe figure shown above. a hot air balloon rising straight up from the ground is tracked by a television
camera 300 ft from the Liftoff point. At the moment the camera’s elevation angle is 7/6 . the balloon is

rising at the rate of 80 fi/min . At what rate is the angle of elevation changing at that moment?

(A) 0.12 radian per mimute
{B) 0.16 radian per mimite
(C) 0.2 radian per minute
(D) 0.4 radian per numite

39



4.

A car is approaching a right-angled intersection from the north at 70 mph and a truck is traveling to the
east at 60 mph. When the car is 1.5 miles north of the intersection and the truck 1s 2 miles fo the east. at
what rate, in miles per hour, 15 the distance between the car and truck is changing?

{A) Decreasing 15 miles per hour
(B) Decreasing 9 mules per hour
(C) Increasing 6 miles per hour
(D) Increasing 12 miles per hour

The radins » of a sphere is increasing at a constant rate. At the time when the surface area and the
radius of sphere are increasing at the same numerical rate, what is the radius of the sphere?

(The surface area of a sphere is § =417 )

1 1 1
) o ® 4 © 3 D)

S

If the radius » of a cone is decreasing at a rate of 2 centimeters per munute while its height & is increasing
at a rate of 4 centimeters per minute, which of the following nmst be true about the volume 77 of the cone?

1
V=—arh
( 3 )

{A) V' 1s always decreasing.
(B) 7 is always increasing.
(C) V' 1s increasing only when r > h .
(D) ¥ 1s increasing only when r < & .

40



(x.x)

7. A particle moves along the curve y = X . When y=2 the x~component of its posifion 15 increasing
at the rate of 4 units per second.

{a) What is the value of % when y=27

(b) How fast is the distance from the particle to the origin changing when y =27

() What 15 the value of % when y=27

8. As shown in the figure above, water is draining at the rate of 12 ft* /min from a hemispherical bowl
of radius 25 feet. The volume of water in a hemispherical bowl of radius B when the depth of the water

_ . T
15 ymetersis givenas V= 3 V(3R-y).

{a) Find the rate at which the depth of water is decreasing when the water 15 18 meters deep. Indicate
units of measure.

(b) Find the radius # of the water’s surface when the water is v feet deep.

() At what rate is the radins r changing when the water 15 18 meters deep. Indicate units of measure.
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9. Inthe figure shown above, the top of a 20-foot ladder is sliding down a vertical wall at a constant rate
of 2 feet per second.

{a) When the top of the ladder is 12 feet from the ground, how fast is the bottom of the ladder moving
away from the wall?

{b) The triangle is formed by the wall, the ladder and the ground. At what rate is the area of the triangle
15 changing when the top of the ladder is 12 feet from the ground?

{(c) At what rate is the angle & between the ladder and the ground is changing when the top of the ladder
15 12 feet from the ground?

10. Consider the curve given by 2y° + 30 =1.
(a) Find @ :
dx
(b) Find all points (x, y) on the curve where the line tangent to the curve has a slope of —% :

(c) Let x and y be functions of time ¢ that are related by the equation 2_1-*] +3xy=1 Attime r=3.

the value of y island%=—2finﬂthfvalue0f% attime =3

42



Exercises - Position, Velocity, and Acceleration

Multiple Choice Questions

1. A particle moves along the x-axis so that at any time ¢ = 0, its position is given by x{i) = —%&:05!— 3t.

What is the acceleration of the particle when f = % ?

N

3
@ -

=&

1 1
L © 7 D)

2. A pomnt moves along the x-axis so that at any time 7 . its position is given by x(f) = Jx Inx . For what
values of ¢ is the particle at rest?

(A) No values ®) é © é D) e

3. A particle moves along the x-axis so that at any time . its position is given by x(f)=3sint+1° +7.
What 15 velocity of the particle when its acceleration 15 zero?

(A) 1.5 (B) 1.847 (C) 2.965 (D) 3.696

4 Two parficles start at the ongin and move along the x-axis. For 0 =7 =8 | their respective position
functions are given by (1) = sin” ¢ and x; (f) =¢~ . For how many values of ¢ do the particles
have the same velocity?

(A) 3 (B) 4 (€ 3 D) 6
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. A particle moves along a line so that at time ¢ where 0=¢ =5 _ its velocity is given by
HE —F +6¢° —15t+10 . What is the minimum acceleration of the particle on the interval?

(A) -30 B) -15 (©) -3 D) 0

. A particle moves along the x-axis so that at any time 7 2 0. its velocity is given by w(r) = e’
At what value of ¢ does v attam its mininmm?

(A) 3 e (B) 3 © 0 D) Ve

. The position of a particle moving along a line is given by s{f) =+ —12¢* + 21t +10 for 120 For
what walue of ¢ is the speed of the particle increasing?

(A) 1<¢t<7 only

(B) 4<t<7 only
(C)0<t<land 4<t<T
M 1<t<4 and r>7

Free Response stions
. A particle moves along the x-axis so that its position at any time ¢ =0 is given by x{f) = (f— 1}3 (t—8).

(a) Find the velocity and acceleration of the particle at any time =0

(b) Find the value of ¢ when the particle is moving and the acceleration 15 zero.
(c) When 15 the parficle mowving to the right?

() When 15 the velocity of the particle decreasing?

(e) When 15 the speed of the parficle increasing?
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Exercises - Roll's Theorem and the Mean Value Theorem

Multiple Choice Questions

1. Let f be the function given by f(x) = sin{7x). What are the values of ¢ that satisfy Roll’s Theorem
on the closed interval [0,2]7

5
bt | =
[

| =

1 1 :
G B iy (©)

2. Let f be the function givenby f(x)=—-x" +3x+2 . What are the values of ¢ that satisfy Mean Value
Theorem on the closed interval [0.3]?

(A) -3 only B) =3 amd 3 ()3 only (D) 1.5 and 3
I.l}I
y=Fx) B(b. f(B))
Ala, flap
0 m

3. The figure above shows the graph of . On the closed interval [a.b] . how many values of ¢ satisfy
the conclusion of the Mean Value Theorem?

(A) 2 (B) 3 (C) 4 D) 3
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4. Let f Dbe the function given by fix) = Lﬁ What are the values of ¢ that satisfy the Mean Value
x+2

Theorem on the closed interval [-1,2]?

(A) —4 only (B) 0 only (C) 0 and (D) -4 and 0

o |

Graph of f

5. The continuous function [ is defined on the inferval —3 = x = 6. The graph of f consists of
two quarter circles and two line segments, as shown in the figure above. Which of the following
statements must be true?

I. The average rate of change of f onthe interval 32 x 26 is —%.
II. There is a point ¢ on the interval —3 < x < §, for which f'(c) is equal to the average rate of
change of f onthe interval -32x=<6.

I If j is the function given by A(x) = f{% x) ., then A'(6) = —% :

(4) T and II only
(B) 1 and III only
(C) II and TII only
(D) L IL. and TIT
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Free Response stions

1 (min) D5 ]10)15 202530354435

() (kmmin) | 15 | 18|23 (24 (18| 13|08 (03| O |-04(-12

6. A car drives on a straight road with positive velocity v(f) . in kilometers per minufe at time / nunutes.
The table above gives selected values of wr) for 0=¢ =50 . The function wi(f) is a twice-differentiable

function of 7.

(a) For 0 <t <50. nmst there be a time ¢ when w(t) =1 7 Justify your answer.

(b) Based on the values in the table, what is the smallest number of instances at which the acceleration
of the car could equal zero in the open interval 0 < ¢ < 50 7 Justify your answer.
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Exercises - The First Derivative Test and the Extreme Values of Functions

Multiple Choice Questions

1. At what values of x does f(x)=(x—1)(3—x) have the absolte maximum?

@ 1 ®) 2 © 2 )

2

b | wn

2. At what values of x does f(x)=x- 2x*? have a relative mininmm?

m% mg m; D) 2

3. What is the mininmm value of f(x)=x"Inx?

{A) —
1
®) -5
=t
é
1
(D) _E
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4. The graph of a function f is shown above Which of the following statements about f are true?

I Im f{x) exists.
I—a

II. x=a isthe domainof [ .
II. 7 has arelative minimum at x=a.

(A) I only

(B) Iand IT only
(C) Iand IT only
(D) LIL and ITI

5. A polyoomual f(x) has a relative nunimum at (—4.2) , a relative maximum at (-1 3) , a relative
muninmim at (3,—3) and no other crifical points. How many zeros does f(x) have?

(A) one (B) two (C) three (D four

6. At x=2_ which of the following is true of the function f defined by f(x)=1x"e?

(A} / has a relative maxinmm.
(B} f has a relative mininmm.
(C) f isincreasing.

(D) [ is decreasing.

49



y=fix)
WAVaW
a \_./ o V

7. The graph of f'. the derivative of 7. is shown in the figure above. Which of the following describes
all relative exirema of  onthe open interval (a.b)7

{A) One relative maxinmm and two relative minima
{B) Two relative maxima and one relative minimum
(C) Two relative nuaxima and two relative numima

(D) Three relative maxima and two relative minim

3sin(

5

8. The first derivative of a function f is givenby f'(x) = 2x) . How many critical values does [

have on the open interval (0,10)7

(A) four (B) five (C) six (D) seven

9  The finction [ is continous on the closed mterval E—l_ S} and differentiable on the open interval (-1.53).
If f{-1)=4 and f(5)=-2. which of the following statements could be false?

(A) There exist ¢, on [-L5]. suchthat f(c) < f(x) forall x on the closed interval [-1.5].
{B) Thereexist c.on (—L5), suchthat f(c)=0.
{C) There exist ¢, on {—L3), suchthat f(c)=0.

(D) There exist ¢.on (-1.5), suchthat f(c)=2.
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x 4| 3|=2|-=L|D[1]|2|3]|4]|35

fay | |l=2l0olal2]1] 0|23

10. The derivative, . ofa function f is continuous and has exactly two zeros on {—4 5] . Selected values
of f7(x) are given in the table above. On which of the following intervals is [ increasing?

{A) 3=x=0or4=x=35
(B) 2=x=0or4=x=5
{C) -3=x=2 only
(D) 2=x<2 only

11. The height & . in meters, of an object at time ¢ is given by A(r) = — 627 + 20¢ . What is the height of
the object. in meters. at the instant it reaches its maximum upward velocity?

(A) 24 (B) 28 (C) 33 D) 42

12, Which of the following is an equation of a curve that intersects at right angles every curve of
the family y= x’ +¢ ., where ¢ is a constant?

: ! L .
A== (B) y=—x © y=3— (D) y=—7lnx

51



Free Eesponse estions

4 y=1@
b

N
2

13. The figure above shows the graph of 7. the derivative of the function f_ for -4 <x =7 . The graph
of /' has horizontal fangent lines at x=-1, x=3_and x=5.

(a) Find all valves of x_ for 4 =x =7 atwhich f attains a relative moninmom. Justify your answer.
(b) Find all values of x . for 4 =x <7, at which f attains a relative maxinmm. Justify your answer.

{c) At what valueof x. for 4=x=7 does [ aftamn its absolute maximmm. Justify your answer.
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Exercises - The Second Derivative Test

Multiple Choice Questions

. The graph of y=x*—2x" has a point of inflection at

(4) (0,0) only
(B) (0.0) and (L-1)
(C) (L-1) only

©) 0.0) nd .~

[

If the graph of y =ax® —6x" +bx—4 has a point of inflection at (2.—2) . what is the value of a+5?

(A) =2 B) 3 (C) 6 (D) 10

. At what value of x does the graph of f(x)= Jx +% have a point of inflection?
x

@ = ®) 1 © 3 ®)

bed | =

4. The graph of y=3x" —40x" —21x is concave up for

{A) x<0
(B) x>2
(C) x<0orlcx<?

M 2<x<0orx>2
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3. Let f bea twice differentiable function such that F1)=7 and F(3=12_.If f(x) >0 and F{x) <D
for all real mumbers x, which of the following 1= a posaible value for F({5)7

(L) 16 ®) 17 (C) 18 (D) 19

T — L
7 B O c d /¢

Graph of §"

6. The second derivative of the fimction f is gven by 7 (x)=x{x+a¥x—¢) and the graphof #7 1
shown above. For what values of x does the graph of f have a pomt of mflection”

(&) b and ¢ B)b,cande (C) b, candd D) a amd 0

7. The first derivative of the finction f is grren by F'(x) =(x° +2) ¢ . What 1= the x-coordinate of
the inflaction point of the graph of §7

[A) —3.1946 (B) —1.260 ) -1 0

8. Let f bea twice differentiable function with F(x} >0 and F{x) >0 for all x, n the closed
mterval [2,8]. Which of the following could be a table of values for f 7

Wl ®[:lrm] ©O[xlm] P [
2 | a1 2| a1 2 | -1 1 | s
4 | 3 4| 2 4|1 4| 4
& fi & 5 4] 4 & 1
g 3 B & ] g g -1
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9. Let f be the function given by f(x) =35m{;—x}— 4:95(3—:} For 0=x <7, f isincreasing most

rapidly when x =

(A) 0.823 (B) 1424 (©) 1.571 (D) 3.206

\ y=f®
oy
0 ;\"

10. The graph of a twice differentiable fonction f is shown in the figure above. Which of the following
15 true?

Q) Q=< f2<r2)
B) (<MD < ()
©) F@D<f@<f(D)
D) fA<f D=1

]

11. At which of the five points on the graph in the fizure above is %» 0and Z2 00
o

() 4 ®) 3 ©cC @) D
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Free Response Questions

3.2 (7.2)

(L0
-2.0) (6.0)
(-1-1)

4.4
Graph of f*

12. The figure above shows the graph of [, the derivative of the function [, on the closed interval [—3. _."] ;
The graph of ' has honzontal tangent hnes at x=-1, x=1_and x=4_ The function f is twice

differentiable and f(~2) =

[t | b

{a) Find the x-coordinates of each of the points of inflection of the graph of f . Justify your answer.

(b) At what value of x does f attain its absclute minimum value on the closed interval [-3.7].

{c) Let h be the function defined by hix) = xzj'r:x} . Find an equation for the line tangent to the graph

of h at x=-2_

56



13.1Let f be a twice differentiable funetion with f(1)=-1. f{1)=2,and f*{1)=0.Let g be a fonction
whose dervative is given by g'{x) = X [2f{r}+ _,f“’["_rj] for all x.

(a) Write an equation for the line tangent to the graph of f at x=1.
(b) Does the graph of f have a point of inflection when x =17 Explain.
(c) Given that g(1)=3. write an equation for the line tangent to the graph of g at x=1.

(d) Show that g"(x) = 4x f(x)+ 2x(x+1) ' (x)+ x° F"(x). Does g have a local maximmm or minimum
at x =17 Explain your reasoning.
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Exercises - Curves of ', [, f" and Curve Sketching

Multiple Choice Questions

1. If f isafunctionsuchthat ' >0 fora<x<c, f"<0 fora<x<b.and >0 for b< x<c which
of the following could be the graph of 7

(A) B ¥
[ i
I 1
I 1
| I
| | I |
| | I |
| | | |
| | | I | |
[ a b c * (2] I b i
© ¥ ®
I 1
| I
| I
| | I |
| | | |
| | | |
| | | I | |
[ a b e (2] b o
2. The graph of f{x)= xe™™ is symmetric about which of the following
I. The x-axis
II. The y-axis
I The origin
(A) Tonly (B) I only (C) I onty (D) IT and I only
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3. Let f be the fanction given by f(x)=——u

3 +1

- Which of the following is the equation of herizontal

asymptote of the graph of 7

|_u-|

(&) y=-3 B) y=—3 (€) y=+ D) y=3

4. Let f be afunction that is continuous on the closed interval [a.c]. such that the derivative of
fianction f has the properties indicated on the table below.

X a<x<b| b |[bcx<l| 0 | Q<x<ec
@ - | o | + 3| +
ix + + 4 ] -
Which of the following counld be the graph of 7
(A) ¥ B 3
| :
: |
! |
a b I i €
- : -
: ) e a h O :
! |
| |
|
© W @) y
: |
i |
a b I ] : I ©
Lo 7] £ g a &9 : ¥
I |
I |
I |
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i ] C / —

o i -
|

/ y=£1)

3. The graphof f'. the derivative of function [, is shown above If f iz a twice differentiable fonction,
which of the following statements mmst be true?

L fle)>fla)
II. The graph of f is concave up on the interval b< x < e

I f has arelative ninimum at x =c.

{A) Tonly (B} II only (C) II only (D) II and IIT only

b=t

N

!

[
[
I

6. Three graphs labeled I IT. and 11T are shown above. They are the graphz of f, (. and " Which of
the following correctly identifies each of the three graphs?

F . F
(AT W O
@ O 1 I
¢c) of 1 H
@)1 m [
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¥=fx)

7. The graph of [ iz shown in the figure above. Which of the following could be the graph of ' 7

(A)

G

(<€)

x

(B)

D)
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Free Response Questions

T y=f
\\

e

]
R
[

(¥ 5]

41

=iy

. The figure above shows the praph of [, the derivative of a function f . The domain of { is the set of
all real oumbers x suchthat 0 <x=<§.

{a) For what values of x does the praph of {7 have a horizontal tangent?
() On what intervals is  increasing?

(c) On what mtervals is f concave upward?

{d) For what values of x does the graph of f have a relative maximmum?

(2) Find the x-coordinate of each inflection point on the graph of f .
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fol 1 + 0 - 1 - 0 +
fo] -4 - 0 - DNE + 1 -
) 2 - 0 - DNE - 0 -

9. Let f be a function that is continnous on the interval —1 = x < 3 . The function is twice differentiable
except at x =1. The fonction § and its derivatives have the properties indicated in the table abowve.

(a) For —1<x <3 find all values of x at which § has a relative extrema. Determine whether [ has
a relative maxinmum of a relative nuninmm at each of these values. Justify your answer.

(b) On the axis provided, sketch the graph of a function that has all the given characteristics of 1.

(c) Let i be the function defined by h'(x) = f(x) on the open interval —l<x <3 For —1<x <3

find all values of x at which b has a relative extrenmm. Determine whether h has a relative
maxinum or a relative mininum at each of these values. Justify your answer.

(d) For the function & . find all values of x . for —] < x <3 . at which ki has a point of inflection.
Justify your answer.
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Exercises - Optimization Problems

Multiple Choice Questions

1. The point on the curve _1'=2—:r: nearest to (3.2) is

17 3 23
(A) (0.2) (B) E;-I} (C) EE'E} @) (.1}
V7 y=6-x"
i
Vi
S i_____ _ __xlr (x, ¥}
|'|l I‘IIII'
I~ o T

2. What is the area of the largest rectangle that has its base on the x-axis and its other two vertices on
the parabola y=6 =)

(A) 82 (B) 62 (€ 43 @) 342

1
3 B yp=-—=- W . what is the maximum value of the product of xp 7

VX
1 V3 23 2
A) — C 2,
Ay B3 €1 e
4. If the maximum value of the fimction 1;=ms_ﬂ isat x=___what the value of m?
' 510X 4
(A) 2 ®) ¥2 © -1 @) 1
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Free Response Questions

l'}.

f{x}=q16—xl

-
T )

b
4

|
0 k0

3 Let f{x)= V16—x7 . An isosceles triangle, whose base is the line segment from (0.0) to (k.0
where k=0, has its vertex on the graph of f as shown in the figure above.

{a) Find the area of the triangle in terms of I .

{b) For what values of k does the triangle have a maxinmm area?

(03—

6. The fisure above shows the graph of the function f(x) =3-x . For D<z<+3.let A(z) be the area of
the triangle formed by the coordinate axes and the line tangent to the graph of £ at the point (z.3—z7).

{a) Find the equation of the line tangent to the graph of f at the poimnt [:_3—_:33_

(b} For what values of = does the triangle bounded by the coordinate axis and tangent line have
a minintom area?
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Exercises - Tangent Line Approximation and Differentials

Multiple Choice Questions

1. For small values of h, the function h(x)=1+/8+h isbest approximated by which of the following?

X o . L.
LT ®) 25 @244 ® 345

2. The approximate value of y=+/1—sinx at x=-0.1. obtained from the line tangent to the graph
at x=0._1s

(A) 09 (B) 095 (Cy1.m (D) 1.05

3. Let J'=I21:le. When x=¢ and dr=0.1_ the value of dy is

) 35 ®)

3e
35 (©) 10 (D)

ml'@;’

4. Let [ be a differentiable function such that f{E'}:% and f'f2}=%. If the line tangent to the graph

of fat x=2 isused to find an approximation of a zero of f . that approximation 15

(A) -3 (B) —24 ) =18 By =12
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5. The approximate value of y -1 at x=4.1, obtained from the line tangent to the graphat x=4 is

Vx

39 79
= ® ©

81
160

[ e
C

6. Let [ be the fenction given by f(x) = x* —4x+5.Ifthe line tangent to the graphof [ at x=1 is
nsed to find an approximate value of [, which of the following is the greatest value of x for which
the error resulting from this tangent line approximation is less than 0.57

(A) 1.5 (B) 16 (©) 1.7 D) 1.8

1
- The linear approximation to the function f at x=a is y=_—x—3_ What is the value of Fla)y+ f'{a)

in terms of a?
(A) a-4
(B) a--

(C) —a—4

@) a-3
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Free Response Questions

8. Let f be the function given by fi(x)=

e
(a) Write an equation for the line tangent to the graph of f at x=10.

(b) Using the tanzent line to the graph of f at x =0 approximate f{0.1}).

(c) Find f(x).
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fxa] 4 —4 -3 0

=1

9 Let f beatwice differentiable function such that f'(3) =Ei . The table above gives values of f
>

for selected points in the closed interval —2=x=6.

(a) Estimate f(0). Show the work that leads to your answer.

(b) Write an equation for the line tangent to the graph of f at x=3.
(c) Write an equation of the secant line for the graphof ff on 1=x<6.

(d) Suppose f"(x) >0 forall x in the closed interval 1= x = 6. Use the line tangent to the graph

of f at x=3 to show fl:i:lf%

(e) Suppose f"(x)>0 for all x inthe closed mterval 1< x < 6. Use the secant line for the graph
of fonl1=x=6 toshow f(3)=5 .
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10. Let f be twice differentiable function on the interval —1< x <5 with f{I)=0and f{2)=3.
The graph of f', the derivative of [ is shown above. The graph of ' crosses the x- axis at

x=—035 and x=4_Let h be the funetion given by hix)= f(J/x+1).

{a) Write an equation for the line tangent to the graphof h at x=3.

(b) The second derivative of h is h"(x)= ["&*lf ‘j”ll}}: f{"f”lﬂ _Is W'(3) positive,
x+1)7"

negative, or zero? Justify your answer.
(c) Suppose h"(x) <0 forall x in the closed interval 0= x <3 Use the line tangent to the graph of &

at x=3 to show ﬁ(z]ﬁ%.Uﬁfﬂlﬂ secant line for the graphof h on 0=x =3 to show h(2)22 .
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