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Density, Work, and Economics
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Objective:  to use integrals to calculate density, work, and economics.


Example 1:  Suppose the density of a rectangular prism varies with respect to its height according to the 


formula   4 – h  kg/ft .  Find the mass of the rectangular prism.




Example 2:  A 1000-lb  load of sand  hangs from a 50-ft cable, which weighs 10 
[image: image10.bmp].  Find the work to lift the sand 50 ft if a crane raising the sand winds the cable around a steel drum at the top of its arm.  

Example 3:  Using the information from Example 2, find the work if the sand leaks at a rate of 50 lbs per foot.  


Example 4:  A rectangular tank with a base of 10 ft by 4 ft and a height of 5 ft is full of water.  


Find the work to pump the water out to the top of the tank.  Hint:  Water weighs 62.4 lbs per cubic ft.
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1.
A 6 ft by 10 ft rectangular sheet of a particular substance has a density per square ft at a distance x ft from the side of length 6 ft of 
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.  Find the mass of the sheet.


(A)
55.049 kg


(B)
57.374 kg

(C)
60.195 kg


(D)
62.803 kg


(E)
66.872 kg

2.
Suppose the sheet in problem #1 is circular and the density varies from the center to the outer edge.  If the radius is 6 ft, find its mass.


(A)
66.947 kg


(B)
69.876 kg


(C)
70.249 kg


(D)
72.014 kg


(E)
73.736 kg


3.
The density of a cylindrical shaped substance varies with respect to its height h.  The density is given by 
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.  Find its mass if it is 8 ft tall with a base radius of 5 ft.



(A)
2181.853 kg

(B)
2264.318 kg


(C)
2479.381 kg


(D)
2643.199 kg


(E)
2764.334 kg


4.
A rectangular tank with a base of 12 ft by 20 ft and a height of 7 ft is full of water.  


Find the work to pump the water out to the top of the tank.  Hint:  Water weighs 62.4 lbs per cubic ft.

(A)
330,894 ft-lbs


(B)
349,007 ft-lbs


(C)
366,912 ft-lbs

(D)
384,803 ft-lbs


(E)
397,462 ft-lbs


5.   Using the same tank from #4, find the force exerted by the water on the 7 ft by 20 ft wall.

Hint:  Force on the side wall  =   Depth   x   Area   x   62.4  .

(A)
26,800 lbs


(B)
28,456 lbs


(C)
30,576 lbs

(D)
32,840 lbs


(E)
34,796 lbs


6.   Using the same tank from #4 and #5, find the force exerted by the water on the bottom.


Hint: the pressure at the bottom is constant; therefore, integrals are not needed.


(A)
101,316 lbs


(B)
102,645 lbs


(C)
103,799 lbs


(D)
104,832 lbs

(E)
105,940 lbs

7.
A 150-lb block of ice hangs from a 75-ft cable, which weighs 8 
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Find the work to lift the ice 50 ft if a crane is raising the ice where its cable winds itself around a steel drum at the top of its arm.  



(A)
20,250 ft-lbs


(B)
22,000 ft-lbs


(C)
23,750 ft-lbs


(D)
25,000 ft-lbs


(E)
27,500 ft-lbs




8.
Using the information from #7, suppose the ice melts at a rate of 2 lb per minute while it is being raised at a rate of 10 ft per minute.  Find the work done.


(A)
25,000 ft-lbs


(B)
27,250 ft-lbs

(C)
29,500 ft-lbs


(D)
31,250 ft-lbs


(E)
32,000 ft-lbs

9.
Suppose the ice melts at the same rate as #8, but now the ice is being lifted straight 


up without winding the cable.  Find the work done. 


(A)
30,750 ft-lbs


(B)
33,500 ft-lbs


(C)
37,250 ft-lbs

(D)
40,500 ft-lbs


(E)
43,750 ft-lbs

10.
The present value and future value formulas are given below.
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Explain how these two values are related.


11.
Find the present value of a constant income stream of $3000 per year over a period of 15 years, assuming a 6% annual interest rate compounded continuously. 


(A)
$27,150.50


(B)
$28,025.95


(C)
$29,671.52

(D)
$30,524.95


(E)
$31,741.08


12.
Find the future value of the constant income stream in #19. 


(A)
$72,980.16

(B)
$74,786.62


(C)
$75,352.33


(D)
$77,903.14


(E)
$78,264.00


13.
BE HONEST – DO THIS PROBLEM WITHOUT USING MATH 9.  How much money would you have to deposit per year for 20 years at 4% APR compounded continuously to reach a balance of $50,000?


(A)
$1420.16


(B)
$1631.93

(C)
$1836.95


(D)
$2003.54


(E)
$2219.25

14.
BE HONEST – DO THIS PROBLEM WITHOUT USING MATH 9.  How long will it take to accumulate $100,000 at 7% APR compounded continuously if you deposit $5000 per year? 


(A)
12.507 yrs

(B)
12.654 yrs


(C)
12.725 yrs


(D)
12.858 yrs


(E)
12.988 yrs

Challenge  Problems:


15.
The density of a cylindrical shaped substance varies from its “center line” to its outer edge.  The density is given by 
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.  If the radius is 5 ft then find its mass.    


(A)
2116.421 kg


(B)
2228.316 kg


(C)
2397.175 kg


(D)
2508.846 kg


(E)
2662.164 kg

16.
Suppose the same substance in problem #2 is spherical in shape and whose density varies from the center to its outer edge.  If the radius is 5 ft then find its mass.    
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(A)
1246.977 kg


(B)
1324.821 kg


(C)
1465.764 kg


(D)
1597.528 kg

(E)
1684.335 kg

17.
Suppose the same substance in problem #2 is conical in shape with its point up and whose density varies with respect to its height h.  If the radius is 5 ft and height is 8 ft, then find its mass.


(A)
1005.770 kg

(B)
1250.664 kg


(C)
1521.972 kg


(D)
1627.913 kg


(E)
1865.087 kg

18.
Find the work to build a stone pyramid with a square base of length 100 ft, height of 60 ft, and density of 200 
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(A)
600,000,000 ft-lbs

(B)
700,250,000 ft-lbs

(C)
800,101,010 ft-lbs

(D)
900,275,000 ft-lbs

(E)
1,250,000,000 ft-lbs


19.
BE HONEST – DO THIS PROBLEM WITHOUT USING MATH 9.  


How long will it take to accumulate $100,000 at 7% APR compounded continuously if you deposit $5000 per year and already have $10,000 in the bank?


(A)
10.635 yrs

(B)
9.213 yrs


(C)
9.965 yrs


(D)
8.556 yrs

(E)
11.497 yrs

20.
A rectangular shaped city lays alongside a straight river. Its population decreases as you move away from the river.  The population can be estimated as 20 - 3x  thousand per square mile.


a)
If the city is 10 miles in length along the river and 6 miles wide, then find its population.


b)
Suppose the city is semicircular in shape with a diameter of 10 miles.  Find its population if 



i)
the density varies as you move away from the center point along the river.



ii)
the density varies as you move away from the river.
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ANSWERS:





1 B	11 C	 				


2 E	12 A			


3 A	13 B	 	


4 C	14 A	 		 


5 C	15 A	 	 


6 D	16 D	 	 	


7 E	17 A	 				 		 


8 B	18 A		 			 	 	 


9 C	19 D	 		 


10 ????	  20a) 660,000


	              b)392,699
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