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 Standardized Test Practice

Short Response/Gridded Response

Record your answers on the answer sheet provided 16. GRIDDED RESPONSE The pattern of squares below
by your teacher or on a sheet of paper. continues infinitely, with more squares being added
at each step. How many squares are in the tenth

11. The speed a tsunami, or tidal wave, can travel is step?

modeled by the equation s = 356\/d, where s is the

speed in kilometers per hour and d is the average OO0 aod o

depth of the water in kilometers. A tsunami is == od oo

found to be traveling at 145 kilometers per hour. Oogd Vi

What is the average depth of the water? Round to OO

the nearest hundredth. Step 1 Step 2 Step 3

12. GRIDDED RESPONSE Suppose you deposit $500 in "
an account paying 4.5% interest compounded Xtended Response s

semiannually. Find the dollar value of the account

rounded to the nearest penny after 10 years. Record your answers on a sheet of paper. Show
{ your work.

13. In order to remain healthy, a horse requires .
10 pounds of hay per day. 17. Amanda’s hours at her summer job for one week are

listed in the table below. She earns $6 per hour.
a. Write an equation to represent the amount of hay

needed to sustain x horses for d days. Amanda’s Work Hours

b. Is your eg)t.}zatic;n a direct, joint, or inverse Sunday 0
tion? in,

variation? Explain Monday 6

¢. How much hay do three horses need for the Tuesday 4
month of July?

Wednesday 0

14. GRIDDED RESPONSE What is the radius of the circle Thursday 2

with equation x% + y> + 8x + 8y + 28 = 0? Friday 6

15. Anna is training to run a 10-kilometer race. The oy 8

table below lists the times she received in different
races. The times are listed in minutes. What was her
mean time in minutes for a 10-kilometer race?

a. Write an expression for Amanda’s total weekly
earnings.

b. Evaluate the expression from part a by using the

7.25 | 810 Distributive Property.
740 | 6.75 : ;i
= |5 ¢. Michael works with Amanda and also earns

: : $6 per hour. If Michael’s earnings were $192 this
210 | 7.25 week, write and solve an equation to find how
8.00 | 7.45

many more hours Michael worked than Amanda.

Need Extra Help?

If you missed Question...

Go to Lesson or Page...
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- PR Trigonometric Identities

Then

In Chapter 13, you
graphed trigonometric
functions and determined
the period, amplitude,
phase shifts, and vertical
shifts.

Now,
In Chapter 14, you will:

= Use and verify
trigonometric identities.

= Use the sum and
difference of angles
identities.

= Use the double- and
half-angle identities.

= Solve trigonometric
equations.

& ELECTRONICS Many aspects of electronics can be modeled by
trigonometric functions. Radio, television, cellular telephones, and wireless
Internet all communicate through radio waves that are modeled by
trigonometric functions. The amount of power in an electronic gadget can
be found by using a trigonometric equation.

» Math in Motion, Animation glencoe.com
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Get Ready for Chapter 14

Diagnose Readiness You have two options for checking Prerequisite Skills.

g sanee s

Text Option ,.'/ Take the Quick Check below. Refer to the Quick Review for help.

QuickCheck §

Factor completely. If the polynomial is not
factorable, write prime. (Lesson 6-5)

1. —16a% + 4a 2. 5x2—-20
3. X*+9 4 2 —y—15

5. GEOMETRY The area of a rectangular piece of
cardboard is x> + 6x + 8 square inches. If the
cardboard has a length of (x + 4) inches,
what is the width?

Solve each equation by factoring. (Lesson 5-3)
6. > +6x=0 7. ¥ +2x—-35=0
8. x*-9=0 9. x»—7x+12=0

10. GARDENING Peyton is building a flower bed
in her back yard. The area of the flower
bed will be 42 square feet. Find the possible
values for x.

su

Rt
s

- : q . P Y L
o
Bese og W'.;;’? 6?$ﬂ"'3 %

ot

Find the exact value of each trigonometric
function. (Lesson 13-3)

11. sin 45° 12. cos 225°
13. tan 150° 14. sin 120°

15. RIDES The distance from the highest point of
a Ferris wheel to the ground can be found
by multiplying 90 feet by sin 90°. What is the
height of the Ferris wheel when it is halfway
between the tallest point and the ground?

-

Factor x3 + 2x? — 24x completely.
23+ 2x% — 24x = x(x? + 2x — 24)

. The product of the coefficients of the x terms
must be —24, and their sum must be 2. The
| product of 6 and —4 is —24 and their sum is 2.

| (3% + 2x — 24) = x(x + 6)(x — 4)
|

LEXAWPLE 2,
| Solve x% + 6x + 5 = 0 by factoring.
L X+ 6ex+5=0
| e+ 51 =0

Original equation

Factor.
| x+5=0 or x+1=0
| x=-5 xr=-—1

The solution set is {=5, —1}.

. EXAMPLE 3
Find the exact value of cos 135°.

The reference angle is 180° — 135° or 45°.
V2

cos 45° is = Since 135° is in the second
quadrant, cos 135° = -—\gz.

_ Onlme Option Take a self-check Chapter Readiness Quiz at glencoe.com.
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Get Started on Chapter 14

You will learn several new concepts, skills, and vocabulary terms as you study
Chapter 14. To get ready, identify important terms and organize your resources.
You may wish to refer to Chapter 0 to review prerequisite skills.

.

Trigonometric Identities and Equations Make this
Foldable to help you organize your Chapter 14 notes about
trigonometric identities and equations. Begin with one sheet
of 11" x 17" paper and four sheets of grid paper.

() Fold the short sides of =
the 11" x 17" paper to o
meet in the middle. |

&) Cut each tab in half
~as shown.

@; Cut four sheets of grid
paper in half and fold
the half-sheets in half.

Q; Insert two folded half-
~ sheets under each of the
four tabs and staple along
the fold. Label each tab
as shown.

v

[Math Online > glencoe.com ;

.

= Study the chapter online

Explore Math in Motion

Get extra help from your own Personal Tutor
= Use Extra Examples for additional help

Take a Self-Check Quiz

= Review Vocabulary in fun ways

New Vocabulary A

English Espaﬁul
trigonometric identity = p. 891 + identidad trigométrica

quotient identity = p. 891+ identidad de cociente
reciprocal identity «p. 891+ identidad reciproca
Pythagorean identity < p. 891 « identidad Pitagorica

cofunction identity « p. 891 ¢+ identidad de funcién
conjunta

negative angle identity «p. 891+ identidad negativa de
angulo

trigonometric equation *p. 919+ ecuacion trigométrica

Review Vocabulary

formula + p. 6 = formula a mathematlcal sentence that
expresses the relationship between certain quantities

identity « p. 229 = identidad an equality that remains true
regardless of the values of any variables that are in it

trigonometric functions = p. 808 « funciones trigonométricas For
any angle, with measure 8, a point P(x, y) on its terminal side,

r =\/x? + y2, the trigonometric functions of 6 are as follows.

sing =2 s == tang ="
I r X
sco=1L sech="L cotp==
Y X ¥
y
Iy .
(0] =¥

'r_l
/
P(x, y) |

J

890 cChapter 14 Trigonometric Identities and Equations
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Then

You evaluated
trigonometric functions.
(Lesson 13-7)

Now/

New, Vocabulary,
trigonometric identity

Math Online

glencoe.com

Use trigonometric
identities to find

trigonometric values.

Use trigonometric

identities to simplify
expressions.

Extra Examples
Personal Tutor
Self-Check Quiz
Homework Help

'.
‘Trigonometric Identities

Why?

The amount of light that a source provides to a surface
is called the illuminance. The illuminance E in foot candles
on a surface is related to the distance R in feet from the

light source.

The formula sec 8 =

R

light source measured in candles and @ is the angle
between the light beam and a line perpendicular to the
surface, can be used in situations in which lighting is
important, as in photography.

where [ is the intensity of the

Find Trigonometric Values The equation above can also be written as E = ———

This is an example of a trigonometric identity. A trigonometric identity is an equation
involving trigonometric functions that is true for all values for which every expression

in the equation is defined.

If you can show that a specific value of the variable in an equation makes the equation
false, then you have produced a counterexample. It only takes one counterexample to
prove that an equation is not an identity.

Key Concept

P Basic Trigonometric Identities

For Your

FoLD;

Quotient Identities

cot @)= 958
sin 6
sin8+#0

tan 6 = S5

cos A+ 0

Reciprocal Identities
sin 0 =—1— csc 640
cosf):ﬁ, sec @£ 0
tan 6 =—— cot 6% 0

S
CSCG-—SinS,SInﬁ’#O

sec 6 = cosa,cos.‘):ﬁo
1
cot@-m,tanﬁi:#o

cos2 0+ sin26=1

Pythagorean Identities

tan2 9 + 1 =sec? 4

cot2 0+ 1 =csc? 0

Cofunction Identities

sin (12"- . 9) = cos 0

cos (E -6

)=sin9

tan (%— 9) = cot @

sin (—0) = —sin 6
.

Negative Angle Identities

cos (—#) = cos 6

tan (—6) = —tan 6

o

The identity tan 0 = sin 0
cos

90° + k180°, where k is an integer. The cosine of each of these angle measures is 0, so tan 6

is true except for angle measures such as 90°, 270°, ... ,

is not defined when cos # = 0. These identities are sometimes called quotient identities.

An identity similar to this is cot # = —.
sin ¢

cos 6

Lesson 14-1 Trigonometric |dentities
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You can use trigonometric identities to find exact values of trigonometric functions. You
can find approximate values by using a graphing calculator.

mUse Trigonometric Identities

a. Find the exact value of cos 0 if sin 8 = % and 90° < 0 < 180°.
cos? @ +sin2 @ =1 Pythagorean identity
cos?@=1—sin’?@  Subtract sin? @ from each side.
cos?f=1-— (:1;_)1 Substitule%fur sin 0.
- . 1 )
cos=@=1-— T3 Square .
24 _ 15 P [
cos- 8 = 1 Subtract: TR T T
cos B = i—“i5 Take the square root of each side.
; o . : V15
Since f is in the second quadrant, cos 6 is negative. Thus, cos 6 = =g

CHECK Use a calculator to find an approximate answer.

! Step1 Find Arcsin %

sin~! % =~ 14.48° Use a calculator.
Because 90° < 0 < 180°, 0 = 180° — 14.48° or about 165.52°,

Step2  Find cos 6.
Replace 6 with 165.52°.
cos 165.52° = —0.97

Step3 Compare with the exact value.

—@ £ 0.97

—0.968 = 097 v

b. Find the exact value of csc 8 if cot @ = _% and 270° < @ < 360°.

co? @+ 1=csc? 6 Pythagorean identity

studyTip T SO R substte — forcot 0

Quadrants Here is 9 5 3
a table to help you s tl=csc? o Square —.
remember which ratios
34 28 . 35 34
are positive and which %5 = csc? 6 Add: o= + 35 = 35
are negative in each
quadrant. i—‘scl =csc @ Take the square root of each side.
Function | + | — Since 6 is i j - : V34
, ince 6 is in the fourth quadrant, csc 6 is negative. Thus, csc 6 = — =
sing | 1,234 r :
—1— . Check Your Progress
w0 |1al23| & CheckYour Progr S
T ] B 1A. Find sin 6if cos 6 = £ and 270° < 6 < 360°.
e | L2)34 1B. Find sec 0if sin § = —Z and 180° < § < 270°.
sec 1,4 1273
e p—
ol 0 1.3 | 2,4 D Personal Tutor glencoe.com

Simplify Expressions Simplifying an expression that contains trigonometric functions
means that the expression is written as a numerical value or in terms of a single
trigonometric function, if possible.

892 cChapter 14 Trigonometric Identities and Equations



Simplifying Itis often
easiest to write all
expressions in terms of
sine and/or cosine.

& Math History Link
Aryabhatta (476-550 A.0.)
Among Indian
mathematicians, Aryabhatta
is probably the most
famous. His name is

closely associated with
trigonometry. He was the
first to introduce inverse
trig functions and spherical
trigonometry. Aryabhatta
also calculated
approximations for pi and
trig functions.

Simplify Sinfocscd

cot @
i 1
sin @csc B _ _sin csc0=—1—andcot 9 = ——
cot®# —  _1 " sin @ el
tan @
= 3 sin ¢
1 sin 0
tan #
_ 1 tan@ .0
=73 1 or tan 6 hge ok
&4 Check Your Progress;
Simplify each expression.
2 28 _
tan® A csc” 6 — 1 7B, S€C 9(1 — cos? 6)
= wlE sin 6

R D Personal Tutor glencoe.com

Simplifying trigonometric expressions can be helpful when solving real-world problems.

Simplify and Use an Expression
LIGHTING Refer to the beginning of the lesson.

a. Solve the formula in terms of E.

sec § = —L = Original equation
ER=
ER?secf =1 Multiply each side by ER?.
- G : -
ER cosH“I s = Seco
E__ I = .
sl R Divide each side by R
F, = %‘3 Multiply each side by cos 6.

b. Is the equation in part a equivalent to R? = %—cﬁ? Explain.

R? = w Original equation
ER?=1tan @ cos @  Multiply each side by E.
E= .ftang—zmc;fi Divide each side by R%.
sind
E= -Iﬂ_"ﬁﬁ tan = 310
=928 Simplify.

Noj; the equations are not equivalent. R? =
E= I su:: 9_
R-

M simplifies to

4 check Your Progress;

3. Rewrite cot? # — tan? # in terms of sin 6.

[> Personal Tutor glencoe.com
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& cCheck Your Understanding

Example 1 Find the exact value of each expression if 0° < 8 < 90°.

p- 892 . . .
1. Ifcot # =2, find tan A. 2. Ifsinf = =% find cos 6.

3. [eos = %— find sin 6. 4 Ifcos 0= % find csc 6.

Example 2  Simplify each expression.

. 893
d 5. tan @ cos? @ 6. csc? @ — cot? B y & _mstafifzc 4

Example 3 8. OPTICS When unpolarized light passes

p. 893 through polarized sunglass lenses, the
intensity of the light is cut in half. If the
light then passes through another -
polarized lens with its axis at an angle 2 §
of 0 to the first, the intensity of the T /Q\MS 9
light is again diminished. The intensity \X‘Axis 1

of the emerging light can be found by

0

’

using the formula I = [, — —;
csc- @

where I is the intensity of the light ‘___ﬂ

incoming to the second polarized lens,

I is the intensity of the emerging light,

and 6 is the angle between the axes of polarization.

Unpolarized light

a. Simplify the formula in terms of cos 6.

b. Use the simplified formula to determine the intensity of light that passes through a
second polarizing lens with axis at 30° to the original.

= = : . = Step-by-Step Solutions begin on page R20.
Practice and Problem SﬂlVll’lg / Extra Practice begins on page 947.

Example 1  Find the exact value of each expression if 0° < 6 < 90°.

p. 892 3 . ; 1 .
9, Ifcosf= 3 find csc 6. 10. Ifsin 6= 5 find tan 6.
11. Ifsin @ = g find cos 6. 12. Tf tan 6 = 2, find sec 6.

Find the exact value of each expression if 180° < 8 < 270°.

13. If cos 6= —2, find csc 6. 14, If sec 0 = —3, find tan .
@ If cot 6 = % find csc 6. 16. If sin 0 = -—%, find cos 6.

Find the exact value of each expression if 270° < 6 < 360°.

17. Ifcos 6 = %, find sin 6. 18. If tan @ = —1, find sec 8.

19. If sec 6 =2, find cos 6. 20. Ifcsc 0= —2, find cos 6.

Example 2  Simplify each expression.
p- 893

21. sec Otan? @ + sec 6 22. cos (% = 9)cot 7]

23. cot Osec 6 24. sin & (1 + cot® 0)
T cos (—6)

25. sm(2 B)SEC 0 26. Sin (—0)

894 chapter 14 Trigonometric Identities and Equations



Example 3
p- 893

dReal-World Link -

Research has shown that
skin cancer is related to
Sun exposure. If current
trends continue, 1in 5
Americans will develop
skin cancer during their
lifetimes.

Source: Skin Cancer Net

Q ELECTRONICS When there is a current in a wire in a magnetic field, such as in a
hairdryer, a force acts on the wire. The strength of the magnetic field can be determined

using the formula B = £¢¢ \vhere F is the force on the wire, I is the current in the

wire, £ is the length of the wire, and @ is the angle the wire makes with the magnetic
field. Rewrite the equation in terms of sin 8. (Hint: Solve for F.)

Simplify each expression.

1 —sin® 6@ 1 cos?
28, —— 29, tan @ 0 . e ————
sin? @ an gese sin2f  sin? 4

31. 2(csc? 8 — cot? 6) 32. (1 + sin 6)(1 — sin 6) 33. 1—2sin? @

~134. SUN The ability of an object to absorb energy is related to a factor called the
emissivity e of the object. The emissivity can be calculated by using the formula
o= Wsect

AS
the Sun, S is the energy from the Sun in watts per square meter, A is the surface
area exposed to the Sun, and 6 is the angle between the Sun’s rays and a line
perpendicular to the body.

, where W is the rate at which a person’s skin absorbs energy from

a. Solve the equation for W. Write your answer using only sin 6 or cos 6.

b. Find Wife = 0.80, 6 = 40°, A = 0.75 m2, and S = 1000 W/m?. Round to the nearest
hundredth.

35. MAPS The map shows some of the
buildings in Maria’s neighborhood that she
visits on a regular basis. The sine of the
angle # formed by the roads connecting
the dance studio, the school, and Maria’s

house is %

a. What is the cosine of the angle?
b. What is the tangent of the angle?

¢. What are the sine, cosine, and tangent
of the angle formed by the roads
connecting the piano teacher’s house,
the school, and Maria’s house?

36. %:1 MULTIPLE REPRESENTATIONS In this problem, you will use a graphing calculator
to determine whether an equation may be a trigonometric identity. Consider the
trigonometric identity tan? § — sin? § = tan? 6 sin? 6.

a. TABULAR Complete the table below.
R o B

tan? 6 — sin?

tan? fsin? @

b. GRAPHICAL Use a graphing calculator to graph tan? 6 — sin? 6 = tan? f sin® 6 as
two separate functions. Sketch the graph.

¢. ANALYTICAL If the graphs of the two functions do not match, then the equation is
not an identity. Do the graphs coincide?

d. ANALYTICAL Use a graphing calculator to determine whether the equation
sec? ¥ — 1 = sin? x sec? x may be an identity. (Be sure your calculator is in
degree mode.)

Lesson 14-1 Trigonometric Identities 895



@ Real-World Link

Compact fluorescent
lights, or CFLs, typically
have a lifespan of between
6000 and 15,000 hours,
whereas incandescent
lights are usually
manufactured to have

a life span of 750 to

1000 hours.

Source: Osram

37. SKIING A skier of mass i descends a #-degree hill at
a constant speed. When Newton'’s laws are applied
to the situation, the following system of equations is
produced: F,, — mg cos 6 = 0 and mg sin @ —p, F, =0,
where g is the acceleration due to gravity, F,, is the
normal force exerted on the skier, and 1y is the
coefficient of friction. Use the system to define p,
as a function of 6.

Simplify each expression.

tan (% - 9)562(.‘ (2] 5

cos(ﬁ—ﬂ)—1

38. | — =28 @ 1 + sin (—6)
- §sin B+ cos (X — @
i sec A sin 8 + cos (2 J al. cot 6 cos 6
1+ sech tan (—6) sin ('121— 9]

H.O.T. Problems /™ Higﬁer—Order Thinking Skills

42. FIND THE ERROR Clyde and Rosalina are debating whether an equation from their
homework assignment is an identity. Clyde says that since he has tried ten specific
values for the variable and all of them worked, it must be an identity. Rosalina argues
that specific values could only be used as counterexamples to prove that an equation
is not an identity. Is either of them correct? Explain your reasoning.

43. CHALLENGE Find a counterexample to show that 1 — sin x = cos x is not an identity.

'44. REASONING Demonstrate how the formula about illuminance from the beginning of

2
the lesson can be rewritten to show that cos 8 = %

45. WRITING IN MATH Pythagoras is most famous for the Pythagorean Theorem. The
identity cos? 0 + sin? § = 1 is an example of a Pythagorean identity. Why do you
think that this identity is classified in this way?

46. PROOF Prove that tan (—a) = —tan a by using the quotient and negative angle
identities.

47. OPEN ENDED Write two expressions that are equivalent to tan  sin 6.

48. REASONING Explain how you can use division to rewrite sin? 8 + cos? 8 = 1 as
1+ cot? f = csc? 6.

49. CHALLENGE Find cot 8if sin 8 = %and 90° < 0 < 180°,

sin” ¢

50. FIND THE ERROR Jordan and Ebony are simplifying o
cos?  + sin’

correct? Explain your reasoning.

. Is either of them

Jovdom E&tmy
sin” 0 _sw? sl i’ " sin* b
cost 0+ s 0  cost B st @ cos? O +sin 0 ‘ 29
= tom? 0 + | g
= sec? 0

896 Chapter 14 Trigonometric Identities and Equations



Standardized Test Practice V/ .

51. Refer to the figure below. If cos D = 0.8, what is 53. ACT/SAT Ella is 6 years younger than Amanda.
the length of DF? Zoe is twice as old as Amanda. The total of their
ages is 54. Which equation can be used to find
F Amanda’s age?
A x+(x—6)+2(x—6)=54
B x—6x+(x+2) =54
C x—6+2xr=>54
D x+(x—6)+2x =054
-
E 4 D
A5 C &
:12 54, Which of the following functions represents
B 4 D = exponential decay?
52. PROBABILITY There are 16 green marbles, 2 red F y=02(7)
marbles, and 6 yellow marbles in a jar. How G y = (05"
many yellow marbles need to be added to the jar - o 4(0)"
in order to double the probability of selecting a y =40) "
yellow marble? J y= 5(%)
F 4 H 8§
G 6 J 12
N -
Spiral Review S -
Find each value. Write angle measures in radians. Round to the nearest
hundredth. (Lesson 13-9)
-1(.1 in-11& Vva
5. Cos! (1) 56. Sin~' 2 57. Arctan
58. tan (Cos_] %) 59. sin (Arctan ?) 60. cos (Arcsin %)
61. TIDES The height of the water in a harbor rose to a maximum height of 15 feet at
6:00 p.m., and then dropped to a minimum level of 3 feet by 3:00 A.m. Assume that the
water level can be modeled by the sine function. Write an equation that represents
the height h of the water f hours after noon on the first day. (Lesson 13-8)
Evaluate the sum of each geometric series. (Lesson 11-3)
5 7 8
1, 9k-1 1)1 1,5k-1
62. ,{;1 12 63. AZI 81( 3) 64. kgl 35
Skills Review / B
Solve each equation. (Lesson 9-6)
= 2 __i-4.1 5 _1_x+2
Bt l= Ll g R R oy
Lesson 14-1 Trigonometric Identities 897



Then

You used identities to find
trigonometric values and
simplify expressions.
(Lesson 14-1)

Now,

= Verify trigonometric
identities by
transforming one side of
an equation into the
form of the other side.
Verify trigonometric
identities by
transforming each side
of the equation into the
same form.

g_léncoe.cum

= Extra Examples

= Personal Tutor

= Self-Check Quiz
= Homework Help

Verifying Trigonometric Identities

Why?
While running on a circular track, Lamont notices
that his body is not perpendicular to the ground.
Instead, it leans away from a vertical position. The
nonnegative acute angle @ that Lamont’s body
makes with the vertical is called the angle of incline
o
v

and is described by the equation tan 6 = oK

Z =

This is not the only equation that describes the angle
of incline in terms of trigonometric functions. Another

2
such equation is sin 8 = cos ;;RB’ where 0 < 6 < 90°.

Are these two equations corr;p]ete]y independent of
one another or are they merely different versions of
the same relationship?

Transform One Side of an Equation You can use the basic trigonometric identities
along with the definitions of the trigonometric functions to verify identities. If you wish
to show an identity, you need to show that it is true for all values of 8.

For Your

Key Concept
! ¥ FoLDABLE

Verifying Identities by Transforming One Side

Step 1 Simplify one side of an equation until the two sides of the equation are
the same. It is often easier to work with the more complicated side of
the equation.

Step 2 Transform that expression into the form of the simpler side.
- /

mﬁansform One Side of an Equation
Verify that —S7 0

sp = 1tcos 0 is an identity.

sin? 8

T—cos® T+ cos @ Original equation
1+cosf _sin’6 <1+ cos b Multiply the numerator and denominator by 1 + cos 6.
14+cosf 1—cosb ’

sin® 8(1 + cos 6)

=14 cosb
1 —cos? 8

(1+cosO)(1 —cos ) =1 —cos? 0

sin? 8(1 + cos 6)
sin? @

1+cosf@=1+cosb /

<14 cos 8 sin? @ =1—cos? @

Divide the numerator and denominator by sin? 6,

(.'_f Check Your, Progress
1. Verify that cot? @ — cos? 6 = cot? A cos? 0 is an identity.

N

D Personal Tutor glencoe.com
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:

Simplify Separately
Verifying an identity
is like checking the
solution of an
equation. You must
simplify one or both
sides separately until
they are the same.

Test-TakingTip

Checking Answers
Verify your answer by
choosing values for 6.
Then evaluate the
original expression
and compare fo your
answer choice.

When you verify a trigonometric identity, you are really working backward. In
Example 1, consider the last step 1 + cos @ =1 + cos 6 . Since that step is clearly true,
you can conclude that the next-to-last step is also true, and so on, all the way back to
the original equation.

STANDARDIZED TEST EXAMPLE 21

| cosBcsc _
tan 0

'

|

|

! | A cotf B cscf C cot? @ D csc2 6 |

Read the Test ltem

Find an expression that is always equal to the given expression. Notice that all of the
answer choices involve either cot @ or csc 6. So work toward eliminating the other
trigonometric functions.

Solve the Test ltem
Transform the given expression to match one of the choices.
1
cos 00—
cos Besc ! _ sin 6 | _ sin@
tanfl sin 0 Bl sinBa"d el cos 0
cos 6
cos #
_ sinf .
| = Multiply.
' cos i
== 8. £05 g Invert the denominator and multiply.
sin @ sin @
= cot 8- cot 8 cot9=%
= cot? § Multiply.
The answer is C.
&4 check Your Progress;
2. tan? @ (cot? O — cos? f) =
| F cot?f G tan’ @ H cos? f ] sin?@

_ - D Personal Tutor glencoe.com

Transform Each Side of an Equation Sometimes it is easier to transform each side of
an equation separately into a common form. The following suggestions may be helpful
as you verify trigonometric identities.

Key Concept

suggestions for Verifyiﬁg Identities Fo

« Substitute one or more basic trigonometric identities to simplify the expression.

« Factor or multiply as necessary. You may have to multiply both the numerator
and denominator by the same trigonometric expression.

« Write each side of the identity in terms of sine and cosine only. Then simplify
each side as much as possible.

- The properties of equality do not apply to identities as with equations. Do not
perform operations to the quantities from each side of an unverified identity.
o _/
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Verify by Transforming Each Side

Verify that 1 — tan* 8 = 2sec? @ — sec* 0 is an identity.

1 —tan* 8 £ 2sec? A — sec? 6 Original equation
(1 —tan? 0)(1 + tan2 0) = sec? 0 (2 — sec? 6) Factor each side.

‘ [1— (sec? @ — 1)] sec? 0 £ (2 — sec? 6) sec? ¢ 1 + tan? 0 = sec @
(2 —sec? B) sec®> 6 = (2 — sec? @) sec2 @ /'  Simplify.

&4 Check Your Progress;
’ 3. Verify that csc? 6 — cot? @ = cot 6 tan @ is an identity.
— e D Personal Tutor glencoe.com

\ Check Your Understanding 4

Examples 1 and 3 Verify that each equation is an identity.

. 898-900 2
o 1. cotf+tan 0 = %‘ﬁ 2. cos? = (1 + sin B)(1 — sin 0)
np=__5S€8 29— 1—cos’f
3. sinf = e etl 4. tan- 0 = o~
5 tan?fcsc2§ =1+ tan? @ 6. tan? # = (sec # + 1)(sec 6 — 1)

Example 2 () MULTIPLE CHOICE Which expression can be used to form an identity

2
p. 899 with tan* # + 1?
tan? 6
A sin @ B cos? 8 C tan? 6 D csc? 8
. - . = Step-by-Step Solutions begin on page R20.
Practice and Problem Solving 4 Extra Practice begins on page 947,
Example 1  Verify that each equation is an identity.
. 898
4 8. cos? 6 4 tan? B cos? 6 = 1 9. cot O (cot 8 + tan 0) = csc? 6
10. 1+ sec? Osin? O = sec? 9 11. sin @sec fcot B =1
1-c058 ;..o 2 1—2cos?8 _ _
12. Ty (csc @ — cot ) 13. P Sy e U 0 —cot @
14, tan&:s'?‘:ﬂ 15. cos 6 = sin @ cot 6
csc @
16. (sin 8 — 1)(tan 0 + sec §) = —cos 8 17. cos 6 cos (—0) — sin fsin (—6) = 1
Example 2  18. LADDER Some students derived an expression for the 7t
p. 899 length of a ladder that, when carried flat, could fit
around a corner from a 5-foot-wide hallway into a
7-foot-wide hallway, as shown. They determined
that the maximum length £ of a ladder that would
g ; _ 7sinf+5cos -
fit was given by £(6) = e A . When their
teacher worked the problem, she concluded that 2
£(0) = 7 sec 8 + 5 csc 6. Are the two expressions
equivalent?
5ft
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Example 3  Verify that each equation is an identity.

p- 900 = ;
19, ;sec b~ tan § = 1800 T
cos @ sin 6 + cos 6
i
21. sec @csc @ =tan € + cot B 22. 5h19+c059=M
sin 8 — cos #
71 o 24secfcsch cosf _ 1+sinf
23. (sin 6 + cos B) o 24, e g

4
25. csc -1 = ot 8 26. cos #cot 8 = csc O — sin 0
csc B+ 1

27. sin fcos B tan 6 + cos? § =1 28, (csc O — cot 62 = 1=c0s 8

1+ cos#f
29, csc? 0 =cot? 8+ sinfBesch 30, SecO—cscb _ 9 —cos B

csc fsecd

31. sin® @ + cos? @ = sec? 6 — tan? 0 32. sec O — cos 0= tan @sin 0

33. TETHERBALL The diagram at the right represents
a game of tetherball. As the ball rotates around
the pole, a conical surface is swept out by line
segment SP. A formula for the relationship
between the length L of the string and the

angle 6 that the string makes with the pole is

i ; g sec gtan @
ven by the equation L = - IsL=
given by the equ e s o g

also an equation for the relationship
between L and 6?

~134. RUNNING A portion of a racetrack has the shape
of a circular arc with a radius of 16.7 meters.
As a runner races along the arc, the sine of her

angle of incline @ is found to be 1. Find the

speed of the runner. Use the Angle of Incline Formula given at the beginning of the
2 ;

lesson, tan 8 = ;—R where ¢ = 9.8 and R is the radius. (Hint: Find cos 6 first.)

When simplified, would the expression be equal to 1 or —1?

35. cot (—#) tan(—6) 36. sin fcsc (—6) 37. sin? (—6) + cos? (—6)

dReal-World Link  + 38. sec (—6) cos (—6) sec (—0) — tan? (—6)  40. cot (—6) cot (= — 0
2
E?;anlj?zge g?;“:ﬁ:?:;f gt Simplifyﬁthe expression to either a constant or a basic trigonometric function.
as early as 3800 B.c. The tan (— = U)CSC f
- . 2 1+ tan 0
first marathon race, which N— 5 2. e
was 24 miles long, was il i
held during the 1896 43, (sec? 0 + csc? 6) — (tan? 0 + cot® 6) qq, XA
Olympic Games in cos* x + sin“x
Athens, Greece. 45. tan 6 cos 0 46. cot ftan 6
. s AT 1 + tanZ f
47. sec fsin (2 B) 48 =~

49, PHYSICS When a firework is fired
from the ground, its height y and
horizontal displacement x are
related by qI:l'ua' equation

—8* xsin @
¥= 202cos?d  cosf’ W
the initial velocity of the projectile,
6 is the angle at which it was fired, and g is the acceleration due to gravity. Rewrite
this equation so that tan @ is the only trigonometric function that appears in
the equation.

here v, is
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50. ELECTRONICS When an alternating current of frequency fand peak current I, passes
through a resistance R, then the power delivered to the resistance at time t seconds is

P = I,?R sin®27ft.
a. Write an expression for the power in terms of cos? 27 ft.

b. Write an expression for the power in terms of csc? 27 ft.

@ THROWING A BALL In this problem, you will investigate the path of a ball

' g F ok
@ Real-World Career — represented by the equation /i = I“—Z;—H, where 6 is the measure of the angle
Electrician between the ground and the path of the ball, v is its initial velocity in meters per
An electrician specializes second, and g is the acceleration due to gravity. The value of g is 9.8 m/s?.
in the wiring of electrical o
components. Electricians a. If the initial velocity of the ball is
serve an apprenticeship 47 meters per second, find the height of
lasting 3-5 years. the ball at 30°, 45°, 60°, and 90°. Round to
Schooling in electrical the nearest tenth.

theory and building codes

is required. Certification b. Graph the equation on a graphing calculator.

requires work experience vy tan? 0 ) .
anf:la pfs:ting e ¢. Show that the formula i = 2gsec? B is equivalent to the one given above.
written test.

Skills

H.O.T. Problems _/Egher-ﬂrder Thinking

52. WHICH ONE DOESN'T BELONG? Identify the equation that does not belong with the
other three. Explain your reasoning.

sin2 0 + cos?2 0=1 | 1 + cot? §=csc? 6

sin? § — cos? =2 sin2 @ tan2 0 + 1 =sec?2 @

53. CHALLENGE Transform the right side of tan” § = &;g to show that tan? 6 = sec? 6 — 1.
COs

54. WRITING IN MATH Explain why you cannot square each side of an equation when
verifying a trigonometric identity.

55. REASONING Explain why sin? @ + cos? 8 = 1 is an identity, but sin # = \/1 — cos @
is not.

56. WRITE A QUESTION A classmate is having trouble trying to verify a trigonometric
identity involving multiple trigonometric functions to multiple degrees. Write a
question to help her work through the problem.

57. WRITING IN MATH Write about why you think terms of a trigonometric identity are
often rewritten in terms of sine and cosine.

58. CHALLENGE Letx = %tan 6, where —-% <0< % Write f(x) = -;: in terms of a

single trigonometric function of 6.

59. REASONING ]ustify the three basic Pythagorean identities.
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Standardized Test Practice 4 '

60. ACT/SAT A small business owner must hire 62. GEOMETRY The perimeter of a right triangle is
seasonal workers as the need arises. The 36 inches. Twice the length of the longer leg
following list shows the number of employees minus twice the length of the shorter leg is
hired monthly for a 5-month period. 6 inches. What are the lengths of all three sides?

5,14,6,8,12 A 3in,4in, 5in.
If the mean of these data is 9, what is the B 6in., 8in., 10 in.
population standard deviation for these data? C 9in., 12in., 15 in.
(Round your answer to the nearest tenth.) D 12in,; 16, 20
A 26 C 86
B 57 D 123 "

61. Find the center and radius of the circle with 63. Simplify 128,
equation (x — 4)? + y> — 16 = 0. F 2v2 H 4
F C(—4,0); r = 4 units G 2v8 ] 4V2

G C(—4,0); r = 16 units
H C(4, 0); r = 4 units
] C(4,0); r =16 units

Spiral Review /4 '

Find the exact value of each expression. (Lesson 14-1)

64. tan A, if cot 6 =2;0° < 8 < 90° 65. sin 0, if cos 9=%;0°5 g < 90°
66. csc @, ifcos 6= —%; 90° < 8 < 180° 67. cos B, if sec B = %; 270° < 6 < 360°

68. ARCHITECTURE The support for a roof is |
shaped like two right triangles, as shown 18 ft ot 18 ft
at the right. Find 6. (Lesson 13-9) ] - 0

69. PROBABILITY An administrative assistant has 4 blue file folders, 3 red folders, and
3 yellow folders on her desk. Each folder contains different information, so two
folders of the same color should be viewed as being different. She puts the file
folders randomly in a box to take to a meeting. Find each probability. (Lesson 12-3)

a. P(4 blue, 3 red, 3 yellow, in that order)
b. P(first 2 blue, last 2 blue)

Find the coordinates of the vertices and foci and the equations of the asymptotes for
the hyperbolas with the given equations. Then graph the hyperbola. (Lesson 10-5)

r_2_, n WS -1
18 20 20 23

Simplify. (Lesson 7-5)
- 2+V2 241 x—1 - 243

5-V2 Ve " Vr-1 "1V

70. 1 72. x* —36y* =36
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Then

You found values of
trigonometric functions
for general angles.
(Lesson 13-3)

Now,

= Find values of sine and
cosine by using sum
and difference identities.

= Verify trigonometric
identities by using sum
and difference identities.

g!encoe.com

= Extra Examples
= Personal Tutor
= Self-Check Quiz
= Homewaork Help

‘'Sum and Difference of
Angles Identities

Why?

Have you ever been using a wireless Internet provider and
temporarily lost the signal? Waves that pass through the same
place at the same time cause interference. Interference occurs
when two waves combine to have a greater, or smaller,
amplitude than either of the component waves.

I
2

y=sinA
y =sin (4—
y=2sin [%(2A+ BJ]

Sum and Difference Identities Notice that the third equation shown above involves the
sum of A and B. It is often helpful to use formulas for the trigonometric values of the
difference or sum of two angles. For example, you could find the exact value of sin 15°

by evaluating sin (60° — 45°). Formulas exist that can be used to evaluate expressions
like sin (A — B) or cos (A + B).

For Your

1y Key Concept

Sum Identities Difference Identities
* sin (A+B) =sinAcosB + cosAsin B * sin (A — B) = sin A cos B — cos A sin B
» cos (A + B) = cos A cos B — sin A sin B *cos (A—B)=cosAcosB+sinAsinB
_ tanA+tanB . _py_ tanA—tanB
I LA = 1 —tan A tan B tan A B)_1+tanAtanB J
o

Find Trigonometric Values
Find the exact value of each expression.
a. sin 105°

Use the identity sin (A + B) = sin A cos B + cos A sin B.

sin 105° = sin (60° + 45°) A = 60° and B = 45°
= sin 60° cos 45° + cos 60° sin 45° Sum identity
= (ﬁ - ﬁ) + (l . ﬁ) Evaluate each expression.
2 2 B Z
= g + % or L@%ﬁ Multiply.

b. cos (—120°)
Use the identity cos (A — B) = cos A cos B + sin A sin B.

cos (—120) = cos (60° — 180°) A =60° and B = 180°
= cos 60° cos 180° + sin 60° sin 180° Difference identity
- % o(=1) + ? -0 Evaluate each expression.
= —% Multiply.
& Check Your Progress,
1A. sin 15° 1B. cos (—15°)
—_— [) Personal Tutor glencoe.com
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Make a Model Make
a model to visualize a
problem situation. A
model can be a
drawing or a figure
made of different
objects, such as algebra
tiles or folded paper.

ReadingMath g

Greek Letters The
Greek |etter phi, ¢, is
used in Check Your
Progress 2 to represent
latitude.

You can use the sum and difference of angles identities to solve real-world applications.

GBI EES GRS Sum and Difference of Angles Identities

A geologist measures the angle between one side of a rectangular lot and the

line from her position to the opposite corner of the lot as 30°. She then measures
the angle between that line and the line to the point on the property where a
river crosses as 45°, She stands 100 yards from the opposite corner of the property.
How far is she from the point at which the river crosses the property line?

Understand The question asks for the distance between the geologist and the point
where the river crosses the property line, or y.

Plan Draw a picture that labels all the [] 30°
things that you know from the y
i ion i 157 8 it
information given. i R 60 .
Solve Solve for x.
; & X i i 30°
sin 30° = 100 Definition of sine ‘H ]
x = 100 sin 30°
x =50 Since the lot is rectangular, opposite sides are equal.

Now look at the triangle on the far left and solve for y.

cos 15° = EyQ Definition of cosine
cos (45° — 30°) = Ei?— 15=45-130
cos 45° cos 30° + sin 45° sin 30° = % Difference identity
. V2 V3 V2 1_50
T-T -+ T‘E—]—’ Evaluate,
V6+V2 _ 50 oy,
4 y
(V6 +V2)y =200  Cross products
200 (V6 —V2)

T Ve+VD) -V
y =50(V6 —V2)
y =50V/6 — 50V2 or about 51.8
The geologist is about 51.8 yards from the point where the river crosses

the property line.

Check Use a calculator to find the Arccos of % s 159

& Check Your Progress

2. Use the expression E sin (113.5° — ¢), where ¢ is the latitude of the location,
and E is the amount of light energy. Determine the amount of light energy
in West Hollywood, California, which is located at latitude of 34.1° N.

—— D Personal Tutor glencoe.com
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W Verify Trigonometric Identities You can also use the sum and difference identities to

verify identities.
Make a List Make a

list of the trigonometric
values for the angles
between 0° and 360° - = - sgs
S i et Verify Trigonometric Identities
difference identities Verify that each equation is an identity.
can be easily used. Use
your list as a reference. a. cos (90° — 6) =sin @
cos (90° — #) = sin 6 Original equation
cos 90° cos @ + sin 90° sin @ = sin 4 Sum identity
0-cos@+1-sinf<sinf Evaluate each expression.

sin @ =sin @ / Simplify.

b. sin (9+-12“) = cos 0

sin (B 4 %) < cos 0 Original equation
sin 6 cos % + cos 6 sin % L cos 6 Sum identity
sinf-0+4+cosf-1=cos¥d Evaluate each expression.
cos B=cos 8 v Simplify.

& Check Your Progress;

| Verify that each equation is an identity.

3A. sin (90° — 0) = cos 8 3B. cos (90° + ) = —sin 6

— : [> Personal Tutor glencoe.com

_ Check Your Understanding 4 |

Example 1 Find the exact value of each expression.
. 904
P © co: 15 2. o5 105° 3. cos 75°
4. sin (—30°) 5. sin 135° 6. sin (—210°)

Example 2 7. ELECTRONICS Refer to the beginning of the lesson. Constructive interference
p- 905 occurs when two waves combine to have a greater amplitude than either of the
component waves. Destructive interference occurs when the component waves
combine to have a smaller amplitude. The first signal can be modeled by the
equation y = 20 sin (36 + 45°). The second signal can be modeled by the equation
y = 20sin (30 + 225°).

a. Find the sum of the two functions.

b. What type of interference results when signals modeled by the two equations
are combined?

Example 3  Verify that each equation is an identity.

. 906
4 8. sin (90° + 6) = cos # 9. cos (I - )=—sin 0
10. tan (9+%) = —cotf 11. sin (6 + w) = —sin 0
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= 5 = . = Step-by-Step Solutions begin on page R20.
Practice and Problem Solving Extra Practice begins on page 947.

Example 1 Find the exact value of each expression.

. 904
d 12. sin 165° 13. cos135° 14. cos 7%
15. sin% 16. tan 195° 17. cos(—%)

Example 2  18. ELECTRONICS In a certain circuit carrying alternating current, the formula
p- 905 ¢ = 2 sin (120¢) can be used to find the current ¢ in amperes after t seconds.

a. Rewrite the formula using the sum of two angles.

b. Use the sum of angles formula to find the exact current at t = 1 second.

Example 3  Verify that each equation is an identity.

p- 906 T ; .
19. cos (T + 9) = —sin # 20. cos (60° + ) = sin (30° — 6)
g ° 4 6)=— oy 1+tan @
21. cos (180° + A) = —cos @ 22, tan (6 + 45°) = T tand

~123. WEATHER The monthly high temperatures for Minneapolis, Minnesota, can be
' modeled by the equation y = 31.65 sin (%\ - 2.09) + 52.35, where the months x are
represented by January = 1, February = 2, and so on. The monthly low temperatures
for Minneapolis can be modeled by the equation i = 30.15 sin (-6711 - 2.09) + 32.95.

a. Write a new function by adding the expressions on the right side of each equation
and dividing the result by 2.

b. What is the meaning of the function you wrote in part a?

@Real-World Link - Find the exact value of each expression.

The most snow that 24, tan 165° 25. sec 1275° 26. sin 735°

Minneapolis, Minnesota, 237 57 1137w

received in one year was 21. tan 5= 28. csc Ty 29. ot =55

101.5 inches in 1983.

On average, Minneapolis 30. FORCE In the figure at the right,

receives 40 inches of the effort F necessary to hold a [ =

REY Ty safe in position on a ramp is SA

Source: Minnesota Climatology i W(sin A + L cos A) I
givenby F = ;

cos A — pusin A
where W is the weight of the
safe and |L = tan 6. Show that
F=Wtan (A + 0).

Q QUILTING As part of a quilt that is being made, the A
quilter places two right triangular swatches together
to make a new triangul i O tcht id g 10
& g dar plece. ne swatchn nas siaes 8
6 inches, 8 inches, and 10 inches long. The other
swatch has sides 8 inches, 8V/3 inches, and 16 inches B 83 8 C

long. The pieces are placed with the sides of eight
inches against each other, as shown in the figure, to
form triangle ABC.

a. What is the exact value of the sine of angle BAC?

b. What is the exact value of the cosine of angle BAC?

€. What is the measure of angle BAC?

d. [s the new triangle formed from the two triangles also a right triangle?
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el Warld ink

Dispersive prisms break
light into its constituent
spectral colors. White light
entering a prism is a
mixture of different
frequencies, each of which
gets bent differently. Blue
light is slowed down more
than red light and will
therefore be bent more
than red light.

~32. OPTICS When light passes symmetrically through a
prism, the index of refraction n of the glass with
con 11
sin [3(:1 + b]]
sin %
measure of the deviation angle and b is the measure

of the prism apex angle.

respect to airis n = , where a is the

a. Show that for the prism shown,

- in& 3 L
nﬁ\/gsm2+c0:,2.

b. Find # for the prism shown.

33. ‘E‘ MULTIPLE REPRESENTATIONS In this problem, you will disprove the hypothesis that
sin (A + B) = sin A + sin B.

a. TABULAR Complete

ooy A | B | sin A | sinB | sin (4 4 B) | sinA + sin B
b. GRAPHICAL Assume s |

that B is always 15° less

than A. Use a graphing 45° | 60°

calculator to graph

sin (x + x — 15) and 60° | 450

sin x + sin (x — 15) on

the same screen.

90° 30°

€. ANALYTICAL Determine

whether cos (A + B) =
cos A + cos B is an identity. Explain your reasoning.

Verify that each equation is an identity.

; _ tan A +tan B i _l—tanAtanB
34. sin (A + B) S 35. cos (A + B) T
sec A sec B

36. sec (A — B) = Q sin (A + B) sin (A — B) = sin? A — sin? B

1+ tan Atan B

RN T TR s Higher-Order Thinking Skills

38. REASONING Simplify the following expression without expanding any of the sums or
differences.

sm(g— H)Cos (§+ 9) — Cos (3 9)51n (3 + 9)

39. WRITING IN MATH Use the information at the beginning of the lesson and in Exercise 7
to explain how the sum and difference identities are used to describe wireless
Internet interference. Include an explanation of the difference between constructive
and destructive interference.

40. CHALLENGE Derive an identity for cot (A + B) in terms of cot A and cot B.

41. PROOF The figure at the right shows two . y

angles A and B in standard position on the (cos A, sin A)
unit circle. Use the Distance Formula to
find d, where (x,, ¥;) = (cos B, sin B) and

(x5, ¥,) = (cos A, sin A).

42. OPEN ENDED Consider the following =1
theorem. If A, B, and C are the
angles of an oblique triangle, then
tan A + tan B + tan C = tan A tan B tan C.
Choose values for A, B, and C. Verify that the =
conclusion is true for your specific values.
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Standardized Test Practice

43. GRIDDED RESPONSE The mean of seven numbers
is 0. The sum of three of the numbers is —9.
What is the sum of the remaining four
numbers?

44, The variables a, b, ¢, d, and fare integers in a
sequence, where 2 = 2 and b = 12. To find the
next term, double the last term and add that
result to one less than the next-to-last term. For
example, ¢ = 25, because 2(12) = 24,2 -1 =1,
and 24 + 1 = 25. What is the value of f?

A 74

45.

46.

ACT/SAT Solve x% — 5x < 14.

F {x|-7<x<2}

G {x|-7<x>2}

H {x|-2<x<7}

J {x|-2<x>7}

PROBABILITY A math teacher is randomly
distributing 15 yellow pencils and 10 green
pencils. What is the probability that the first
pencil she hands out will be yellow and the
second pencil will be green?

1 2

B 144 A e & 5
C 146 1 23
D 256 B g D =5

A

Spiral Review 4
Verify that each equation is an identity. (Lesson 14-2)
a7, 500 4 050 _ 0+ sin 8 48. sec f (sec 8 — cos 6) = tan? 0

" tanf ' cotf

Simplify each expression. (Lesson 14-1)

49. sin 0 csc 6 — cos? 6 50. cos> @ sec 8cscf

51. cos @ + sin @ tan @

52. GUITAR When a guitar string is plucked, it is displaced from a fixed point in the
middle of the string and vibrates back and forth, producing a musical tone.
The exact tone depends on the frequency, or number of cycles per second, that
the string vibrates. To produce an A, the frequency is 440 cycles per second, or

440 hertz (Hz). (Lesson 13-6)

a. Find the period of this function.

b. Graph the height of the fixed point on the string from its resting position as a
function of time. Let the maximum distance above the resting position have
a value of 1 unit, and let the minimum distance below this position have a value

of 1 unit.

Prove that each statement is true for all positive integers. (Lesson 11-7)

53. 4" — 1is divisible by 3. 54. 5" + 3 is divisible by 4.

Skills Review f

Solve each equation. (Lesson 7-7)

55. 7+Vax + 8 =9 56. \y +21 —1=1/y+ 12 57. Viz +1=3+Vaz -2
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CHAPTER

P .

Simplify each expression, (Lesson 14-1)
1—cos?8
sin® @

4, cos (IZE - 8) csc 6

1. cot @secH

5 _1__sin’0
"cos® cosb

5. HISTORY In 1861, the United States 34-star flag was
adopted. For this flag, tan # = % Find sin 6.

f Fak kA ok K

* Ak ok kK
* ok kR K

* ok k k ok ek

ok ok ok A

Find the value of each expression. (Lesson 14-1)
6. sin 6, if cos 6 = 3;0° < 6 < 90°

7. csc 8, if cot 6= -;-,- 270° < 0 < 360°

8. tat18,ifsec9=%;0°<9<90“

9. MULTIPLE CHOICE Which of the following is

equivalent to %? (Lesson 14-1)
A cos @
B cscé
C tan @
D sec @

10. AMUSEMENT PARKS Suppose a child on a merry-go-
round is seated on an outside horse. The diameter
of the merry-go-round is 16 meters. The angle
of inclination is represented by the equation

tan § = giR' where R is the radius of the circular

path, v is the speed in meters per second, and
g is 9.8 meters per second squared. (Lesson 14-1)

a. If the sine of the angle of inclination of the child
is %, what is the angle of inclination made by
the child?

b. What is the velocity of the merry-go-round?

¢ If the speed of the merry-go-round is 3.6 meters
per second, what is the value of the angle of
inclination of a rider?

910 cChapter 14 Trigonometric Identities and Equations

14 Mid-Chapter Quiz
" ——Lessons 14-1 through 14-3

Verify that each of the following is an identity.

(Lesson 14-2)

2 - cot cos Bcscf
1. cot 6+1_cosﬂ-sin6 ‘T eotd =1
13. S—lmje‘% = (1 + cos ) sec 0

14. tan §(1 — sin 6) = %63%

15. COMPUTER The front of a computer monitor is

usually measured along the diagonal of the screen
as shown below. (Lesson 14-2)

a. Find .

b. Using the diagram shown, show that
cos

cot 6= im0’

Verify that each of the following is an identity.
(Lesson 14-2)

3 2041 = tan @
g by cos f+sin @

17 %z(secﬂ+l)cot9

18. sin? @+ tan® = tan? 6 — sin? 0

19. cot 6(1 — cos ) = <2 f:-sind

Find the exact value of each expression. (Lesson 14-3)
20. cos 105°

21. sin (—135°)

22, tan 15°

23. cot 75°

24. MULTIPLE CHOICE What is the exact value of cos 27

(Lesson 14-3) 12
gy Ye-v2

F V2 =
G Ve + V2 V6 +v2
ke SRR, SN J S TR et
2 4
25. Verify that cos (30° — #) = sin (60° + ) is an
identity. (Lesson 14-3)



Then

You found values of sine
and cosine by using sum
and difference identities.
(Lesson 14-3)

Now/
= Find values of sine and

cosine by using double-

angle identities.

= Find values of sine and
cosine by using half-
angle identities,

glencoe.com

Extra Examples
Personal Tutor
Self-Check Quiz
Homework Help

'Double-Angle and

Half-Angle Identities

Why?

Chicago’s Buckingham Fountain contains jets placed
at specific angles that shoot water into the air to create
arcs. When a stream of water shoots into the air with
velocity v at an angle of 8 with the horizontal, the
model predicts that the water will travel a horizontal

distance of D = 2 sin 26 and reach a maximum height

of H= ‘2}—:; sin? 6. The ratio of H to D helps determine

the total height and width of the fountain. Express %
as a function of 6.

Double-Angle Identities It is sometimes useful to have identities to find the value of a
function of twice an angle or half an angle.

pG ASLEC AP Double-Angle Identities

The following identities hold true for all values of 6.

cos 260 = cos2 @ — sin? @
sin20=2sinfcos@®  cos20=2cos?f—1 tan 20 =
cos20=1—2sin%20

2 tan @
1 —tan? 6

' Double-Angle Identities

Find the exact value of sin 20 if sin 8 = %— and @ is between 0° and 90°.

Step 1 Use the identity sin 28 = 2 sin 0 cos f to find the value of cos 6.

cos?f@=1—sin?@ cos?O+sin?0=1

24 ] 3 = o 4. l
cos“ 8=1 (3) sin 0 =3
cos? B = g Subtract.
cos 6 = ig Take the square root of each side.

Since 6 is in the first quadrant, cosine is positive. Thus, cos 6 = %

Step2 Find sin 26.

sin 20 = 2 sin 0 cos 0 Double-angle identity

_ 2(%) (g) sin 0 =2 and cos 0 = %

_45

9 Multiply.

&4 check Your Progress)

1. Find the exact value of sin 28 if cos 8 = —% and 90° < & < 180°.

— : D Personal Tutor glencoe.com
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_ Deriving Formulas
You can use the
identity for sin (4 + B)
to find the sine of twice
an angle 6, sin 26,
and the identity for
cos (A + B) to find the
cosine of twice an
angle 6, cos 26.

Double-Angle Identities

Find the exact value of each expression if sin 8 = % and 6 is between 0° and 90°.
a. cos 26

Since we know the values of cos 8 and sin 6, we can use any of the double-angle
identities for cosine. We will use the identity cos 26 = 1 — 2 sin® 6.

cos260=1—2sin? 0 Double-angle identity

—1-2(2V o 1 ing—2
=1 2(3) or9 smo_5

b. tan 20
Step 1 Find tan 6 to use the double-angle identity for tan 26.

tan @ 5:; ?) Definition of tangent
2
== sin8=3andmso=£
\5 3 3
e
5 . . =
= % or % Rationalize the denominator.
Step2 Find tan 26.
tan 260 = Al Double-angle identity
1—tan® 6
2(2\5 ]
e tan o=
R |
5
4
= ﬁ Square the denominator.,
257 25
45
5

Simplify.

& check Your Progress;

Find the exact value of each expression if cos 6 = —% and 90° < 0 < 180°.

| 2A. cos 20 2B. tan 26
N e D Personal Tutor com

Half-Angle Identities It is sometimes useful to have identities to find the value of a
function of half an angle.

Key Concept P’ Half-Angle Identities

The following identities hold true for all values of 6.

.0 _ . [1—cos@ 6 _ 4 .[1+cos8 89_ . J1=cos@
s:nz_.i e cosz_i e tanz— T_H:oslg,cost’ﬂ:)f:—]

912 Chapter 14 Trigonometric Identities and Equations



Choosing the Sign

In the first step of the
solution, you may want
to determine the
quadrant in which the
terminal side of 12? will

lie. Then you can use
the correct sign from
that point on,

ReadingMath

Plus or Minus
The first sign of the
half-angle identity
is read plus or
minus. Unlike with
the double-angle
identities, you must
determine the sign.

Half-Angle Identities

cos2@=1—sin2 @

a. Find the exact value of cos -g— if sin 8= —% and 0 is in the third quadrant.

Use a Pythagorean identity to find cos 6.

s L88 P |
cos- =1 ( 5) sin 0= —
24 _ 16
cos~f=1-— 25 Evaluate exponent.
c0s? = = Subtract.
25
cos @ = j;% Take the square root of each side.
Since @ is in the third quadrant, cos 8 = —%.
T g = ﬂ}l—‘f;ﬂ Half-angle identity
| -
5 .
=+ 5 cos 0= -
=+L. ﬁ or iﬁ Rationalize the denominator.
YRV

If 0 is between 180° and 270°, g is between 90° and 135°. So, cos 8is —ﬁ

2 5

b. Find the exact value of cos 67.5°.
cos 67.5° = cos 135 BT5Y = 1B
3 2
_ ([l +cos135° 0 _ fﬂ
=Y cos e + 3
V2
i = 5 z 67.5° is in Quadrant I; the value is positive.
2_V2
AT il
= 7 =3
2—V2
= g Subtract fractions.
—4[2=V2 1  g.c_a.d
- 2 2 S
= {2 “4\5 Multiply.
_V2-v2 \/E_.ﬁ
Vi b Vb
= X5 > V2 Simplify.
&4 check Your Progress
3. Find the exact value of sin g if sin 8 = -%

Lesson 14-4 Double-Angle and Half-Angle Identities

and 6 is in the second quadrant.

D Personal Tutor glencoe.com
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@ Real-World Link

The City Hall Park
Fountain in New York
City is located in the
heart of Manhattan in
front of City Hall.

Source: Fodor’s

3

.
» sin2 @
23

&
_ ¥sin?f 8§

JReal-World EXAMPLE 4

Find each value.
4A. sin 135°

4 Check Your Progress;

Simplify Using Double-Angle Identities

FOUNTAIN Refer to the beginning of the lesson. Find %

H. = Original equation
D i
- Sin 26
8
7* sin® @
2 - ;
T T Simplify the numerator and denominator.

22 v? sin 26 b d b ¢
= %ﬁ% Simplify.
ﬁ% sin 26 = 2 sin 6 cos 0
= % : i;‘lf) simplify.
= i tan 8 %Ei-% =tan @

4B. cos ¥is3

D Personal Tutor glencoe.com

Recall that you can use the sum and difference identities to verify identities. Double- and
half-angle identities can also be used to verify identities.

cos 8
cos 26 2 sing
1 + sin 20 c956+1
sin @
cos 28 2 €os f) — sin f}
1+4+sin20  cos 6+ sin @

cos20 2 cos@—sinf
1+sin260  cos 6 + sin 6

cos 8 + sin @

cos B + sin #
cos20 1 cos? 0 — sin® #

1+sin20  cos? O+ 2 cos Bsin @ + sin? @

cos 20 3

2 cos? 6 —sin? 60
1+4+sin26 1+ 2cosfsin@
cos20 __  cos20
1+sin26 1+ sin28

&4 Check Your Progress;
L 5. Verify that 4 cos? x — sin? 2x = 4 cos* x.

914 Chapter 14 Trigonometric Identities and Equations

Original equation

Verify Identities
Veti c0s20 __ cotO—1 . 3 ity
erify that Y ey E L identity.
cos20 - cotf—1
1+sin20  cotf + 1

cos
ot ) =——
¢ sin 8

Multiply numerator and denominator by sin 4.
Muitiply the right side by 1.

Multiply.

Simplify.

cos? 0 — sin? 8 = cos 26; 2 cos O sin O = sin 26

[> Personal Tutor glencoe.com



® check Your Understanding 4

Examples 1-3
pp- 911-913

Example 4
p.914

Example 5
p. 914

Examples 1-3
pp- 911-913

Practice and Problem Solving

Find the exact values of sin 28, cos 28, sin g, and cos -g—-
L. sinB=_lI;0°<9<90° 2 5in9=%;90°<9<180°
3. cos&:—%;-}«ckw 4. cos9=%;270°<9<360°
_ _8.gpn0 o i 3w
5. tan 8 = 15,90 < 6 < 180 6. tan9_]2,1r<9< >
Find the exact value of each expression.
7. sin % 8. cos 15°

9. SOCCER A soccer player kicks a ball at an angle
of 37° with the ground with an initial velocity
of 52 feet per second. The distance d that the
ball will go in the air if it is not blocked is given

2 .
byd = Lsm;i@. In this formula, ¢ is the

acceleration due to gravity and is equal to
32 feet per second squared, and v is the initial velocity.

a. Simplify this formula by using a double-angle identity.
b. Using the simplified formula, how far will this ball go?
Verify that each equation is an identity.

i, anl=1=0e8 1. (sin 0 + cos 6)2 =1 + 2 sin O cos O
sin 26

. = Step-by-Step Solutions begin on page R20.
Extra Practice begins on page 947.

Find the exact values of sin 28, cos 26, sin % and cos g.
12. sin 8=2;90° < 6 < 180° 3 sinf= ~Lp eIt
3 17 2
- 2 3_17 s = l o o]

14, cos0=% <0< 2w @c056—5,270 < 6 < 360
16. tanB:%;18{]°{9<270° 17 tnf=-2%F<f<w
Find the exact value of each expression.

e o 3T s
18. sin75 19. sin 3 20. cos n
21. tan 165° 22 tan 2% 23. tan 22.5°

12
24. GEOGRAPHY The Mercator projection of the
globe is a projection on which the distance
between the lines of latitude increases
with their distance from the equator. The
calculation of the location of a point on

this projection involves the expression

tan (45° * %) where L is the latitude of

the point.

a. Write this expression in terms of a
trigonometric function of L.

b. The latitude of Tallahassee, Florida, is 30° north. Find the value of the expression
if L = 30°.

Lesson 14-4 Double-Angle and Half-Angle Identities 915



Example 4
p. 914

Example 5
p.914

@ Real-World Link

On average, a place kick
travels about 15 yards
farther than a punt,
assuming the kicker is
at least 13 years old.

ELECTRONICS Consider an AC circuit consisting of a power supply and a resistor. If
the current I in the circuit at time ¢ is I sin 6, then the power delivered to the
resistor is P = I R sin’ t6, where R is the resistance. Express the power in terms of
cos 2t6.

Verify that each equation is an identity.

& 1. __sec@+sind
26. tan 260 = vy T 27. 1+ 5 sin 26 = e
in 8 cos 8 = sin 8 6_ _sing_
28, sin 5 cos 5 == 29, tal12_l+c056‘
30. FOOTBALL Suppose a place kicker consistently kicks a football with an initial velocity

of 95 feet per second. Prove that the horizontal distance the ball travels in the air will
be the same for 8 = 45° + A as for 8 = 45° — A. Use the formula given in Exercise 9.
Find the exact values of sin 26, cos 28, and tan 260.

31. cos(}:%;0°<9<90° 32. sin3=%;0<9<§

33. tan 0= —3;90° < 0 < 180° 34. sec 6 = —%,- 90° < 6 < 180°
3

35. csc 9=—%- < 0<21

36. cot 6= g; 180° < § < 270°

37. FIND THE ERROR Teresa and Nathan are calculating the exact value of sin 15°. Is either
of them correct? Explain your reasoning.

Tevesa Nathan
: ; . A 1-cos A
sin (A-B) =sin A cos B - cos Asin B o =t Z“
sin (45 -730) = sin 45 cos 30 - cos 45 sin 30 W ]
:ﬁcﬁ—\/{.l M%Hi 22
2 2 2 A2 ~ 0%
LNE
T 4
38. CHALLENGE Circle O is a unit circle. Use the figure to prove B
1,__ sinf
that tan 29 =Tt cosd
O
39. WRITING IN MATH Write a short paragraph about the o
conditions under which you would use each of the A P
three identities for cos 26.
D

40. PROOF Use the formula for sin (A + B) to derive the
formula for sin 26, and use the formula for cos (A + B)

to derive the formula for cos 26.
41. REASONING Derive the half-angle identities from the double-angle identities.

42. OPEN ENDED Suppose a golfer consistently hits the ball so that it leaves the tee with

e e .
an initial velocity of 115 feet per second and d = i Explain why the

maximum distance is attained when 6 = 45°,

916 Chapter 14 Trigonometric Identities and Equations



Standardized Test Practice — 5

43, SHORT RESPONSE Perry drove to the gym at an 45. Identify the domain and range of the function
average rate of 30 miles per hour. It took him fix)=|4x+1|-8.
45 minutes. Going home, he took the same route, e ) B _
but drove at a rate of 45 miles per hour. How F D=lx|-3<xs1,R={y|y=z-8]
many miles is it to his house from the gym? G D = {all real numbers}, R ={y | y = —8]
HD={@x|-3<x<1],

R = {all real numbers}
] D = [all real numbers},

44. ACT/SAT Ms. Romero has a list of the yearly R = {all real numbers}
salaries of the staff members in her department. 46. GEOMETRY Angel is putting a stone walkway
Which measure of data describes the middle around a circular pond. He has enough stones
income value of the salaries? to make a walkway 144 feet long. If he uses all
A mean of the stones to surround the pond, what is
. the radius of the pond?
B median Ty
C mode A Tt
D range
2 B Z4
™
C 144w ft
D 727 ft
\ &
Spiral Review /4 "
Find the exact value of each expression. (Lesson 14-3)
47. sin 135° 48. cos 105° 49, sin 285°
50. cos (—30°) 51. sin (—240°) 52. cos (—120°)
Verify that each equation is an identity. (Lesson 14-2)
B8 Gotfeeen =200 0 80l 54, s.ir1219+tar139={1—cus~_:2e‘5‘)+M
sin # cos 6 csct 6
Determine whether each triangle should be solved by beginning with the Law of
Sines or Law of Cosines. Then solve each triangle. Round measures of sides to the
nearest tenth and measures of angles to the nearest degree. (Lesson 13-5)
55. C 12 56. B 57. B
.&
A ar 15 B 3
42°
A 17 c A 105 c
skills Review SN
Solve each equation by factoring. (Lesson 5-3)
58. x> +5x—24=0 59. x> —3x—28=0 60. x* —4x =21

Lesson 14-4 Double-Angle and Half-Angle Identities 917



Graphing Technology Lab glencoe.com
14-5 s‘“v“‘g T“gonomet“c Other Calculator Keystrokes

Equations

The graph of a trigonometric function is made up of points that represent all values that
satisfy the function. To solve a trigonometric equation, you need to find all values of the
variable that satisfy the equation. You can use a TI-83/84 Plus graphing calculator to
solve trigonometric equations by graphing each side of the equation as a function and
then locating the points of intersection.

m Real Solutions

Use a graphing calculator to solve sin x = 0.4 if 0° < x < 360°.

Step 1  Enter and graph related equations. Rewrite the equation as two
equations, Y1 = sin x and Y2 = 0.4. Then graph the two equations.
Because the interval is in degrees, set your calculator to degree mode.

KEYSTROKES: [w] [w] [»] [ENTER
2 (5N) Ko )
[ENTER| 0.4 [ENTER| [GRAPH|

Step2  Approximate the solutions. Based on the graph, you can see that there
are two points of intersection in the interval 0° < x < 360°. Use the
CALC feature to determine the x-values at which the two graphs intersect.

The solutions are x = 23.57° and x = 156.4°.

X

m No Real Solutions

Use a graphing calculator to solve tan’x cos x + 3 cos x = 0 if 0° < x < 360°.

Step 1 Enter and graph related equations. The related equations to be graphed
are y; = tanx cos x + 3 cos x and y, = 0.

KEYSTROKES: 0]
3[COS] O]
[ENTER! 0 [ENTER]

Step2 These two functions do not intersect.

Therefore, the equation tan? x cos x + 3 cos x = 0 has no real solutions.
\

Exercises

Use a graphing calculator to solve each equation for the values of x indicated.

1 scl: 1

[0, 360] scl: 90 by [—15, 15

[0, 360] scl: 90 by [—15, 15] scl: 1

1. sinx =0.7;0° < x < 360° 2. tanx =cos x; 0° < x < 360°
3. 3cosx+4=105;0°<x < 360° 4, 0.25cosx =34; =720° < x < 720°
5. sin 2x = sin x; 0° < x < 360° 6. sin2x — 3sinx = 0if —360° < x < 360°

918 Chapter 14 Trigonometric Identities and Equations



Then

You verified trigonometric
identities. (Lessons 14-2
through 14-4)

Now/

= Salve trigonometric
equations.

= Find extraneous
solutions from
trigonometric equations.

New, Vocabulary,

Eh

trigonometric equations

glencoe.com

= Extra Examples

= Personal Tutor

= Self-Check Quiz
= Homework Help

r_ff"fSoIving Trigonometric Equations

Why?

When you ride a Ferris wheel that has a
diameter of 40 meters and turns at a rate
of 1.5 revolutions per minute, the height
above the ground, in meters, of your
seat after I minutes can be modeled by
the equation

I =21 — 20 cos 3wt

After the ride begins, how long is it
before your seat is 31 meters above the
ground for the first time?

Solve Trigonometric Equations So far in this chapter, we have studied a special
type of trigonometric equation called an identity. Trigonometric identities are
equations that are true for all values of the variable for which both sides are defined.
In this lesson, we will examine trigonometric equations that are true for only
certain values of the variable. Solving these equations resembles solving algebraic
equations.

Solve Equations for a Given Interval
Solve sin # cos 0 — % cos 0=0if 0 < & < 180°.

sin § cos 6 — ~ cos =0 Original equation

2
. N A
cos 6 (sm 0 2) ={] Factor.
cos =0 or sin 6 — % =0 Zero Product Property
f = 90° or 270° sin 6= 3

6 = 30° or 150°

The solutions are 30°, 90°, and 150°.

CHECK You can check the answer by graphing

y=sinfcos fand y = %cos 6 in the

same coordinate plane on a graphing
calculator. Then find the points where
the graphs intersect. You can see that
there are infinitely many such points,
but we are only interested in the points
between 0° and 180°.

Intersection
H=g0

¥=0

&4 Check Your Progress

1. Find all solutions of sin 280 = cos # if 0 < 8 < 27.

D Personal Tutor glencoe.com
Trigonometric equations are usually solved for values of the variable between 0° and
360° or between 0 radians and 27 radians. There are solutions outside that interval.

These other solutions differ by integral multiples of the period of the function.

Lesson 14-5 Solving Trigonometric Equations 919



cosf+1=0
cos B =—1

 StudyTip_g

Expressing Solutions
as Multiples The

Solve cos @ + 1 = 0 for all values of @ if @ is measured in radians.

Look at the graph of y = cos 6 to find solutions of cos # = —1.

dl

expression T + 2k7
includes 37 and its
multiples, so it is not
necessary to list them

I

separately.
The solutions are 7, 37, 57, and so on, and —m, =37, —5, and so on. The only
solution in the interval 0 radians to 27 radians is 7. The period of the cosine
function is 27 radians. So the solutions can be written as 7 + 2k, where k is
any integer.
&4 Check Your Progress;
2A. Solve cos 26 + cos 6 + 1 = 0 for all values of 0 if 6 is measured in degrees.
2B. Solve 2 sin # = —1 for all values of 8 if 6 is measured in radians.
N D' Personal Tutor glencoe.com
Trigonometric equations are often used to solve real-world problems.
QLRI BV 2 CUTLE R Solve Trigonometric Equations
AMUSEMENT PARKS Refer to the beginning of the lesson. How long after the
Ferris wheel starts will your seat first be 31 meters above the ground?
I =21 — 20 cos 37t Original equation
31 =21 — 20 cos 3t Replace h with 31.
10 = —20 cos 3wt Subtract 21 from each side.
—% = cos 3wt Divide each side by —20.
cos™! — % = 3wt Take the Arccosine.
2T _ LT i 12T o ix
5= 3wt or 5 = 3wt The Arccosine of y o=
%T + 2wk = 3wt or i;‘: + 27k = 3! k is any integer.
2 2 _ i g _ B
9 + gk =4 9 + 3k =t Divide each term by 3.
The least positive value for t is obtained by letting k = 0 in the first expression.
Therefore, t = % of a minute or about 13 seconds.
&4 Check Your Progress;
3. How long after the Ferris wheel starts will your seat first be 41 meters above
the ground?
b — D Personal Tutor glencoe.com
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Problem-SolvingTip Extraneous Solutions Some trigonometric equations have no solution. For example, the

equation cos # = 4 has no solution because all values of cos 6 are between —1and 1,
Look for a Pattern inclusive. Thus, the solution set for cos # = 4 is empty.
Look for patterns in
your solutions. Look

; ; ' Determine Whether a Solution Exists
for pairs of solutions

that differ by exactly 7 ' Solve each equation.
or 27t and write your | . : g
solutions with the l a 2sin*@—-3sin@—-2=0if0<0<27
simplest possible 2sin?f —3sinf—2=0 Original equation
petenm, (sin @ —2)2sin @ +1) =0 Factor.
sinf—2=0 or 2sinf+1=0 Zero Product Property
sinf=2 2sin 8= —1
This is not a solution sin 0 = —%
since all values of it
sin @ are between —1 f= 7% of S
3 b 6 6
and 1, inclusive.
The solutions are Zx o A7
6 6
CHECK 2sinf—3sin@—2=0 2sin?9—-3sinf—-2=0

oo (7R g (7RY g1 i (11T ) 3.5in (1T) — 2.2
25:m(6) 33111(6) 2=0 2 sin 5 3 sin 7 2=0

1 1 2 Ly af 1y 52
off)-o{-4)-220 of8)-{-4) 220
T+3-220 1+3-220
0=0v = 0=0v
b. sin 8 =1+ cos 0if 0° < 0 < 360°
sinf =1+ cos 8 Original equation
sin? @ = (1 + cos 6)2 Square each side.
1—cos?@=1+2cos 8+ cos?8 sin?@=1—cos? 0

0=2cos 6+ 2cos* b Set the left side equal to 0.

, 0=2cos B(1 + cos ) Factor.
14+cosf=0 or 2cosB8=0 Zero Product Property
cos @ =-1 cos =0
f =180 # = 90° or 270°
CHECK sin =1+ cos 6 sinf#=1+ cos 8
sin 90° = 1 + cos 90° sin 180° = 1 + cos 180°
1140 01+ (-1)
1=1 0=0v
sinf=1+cos @
| sin 270° £ 1 4 cos 270°
i -1Z£140
| -1#1x
[ The solutions are 90° and 180°.
&4 Check Your Progress

. Solve each equation.
| 8A. sin? 0+ 2cos? 0=4 4B. cos® 6 + 3 =4 —sin’f

D Personal Tutor glencoe.com

If an equation cannot be solved easily by factoring, try rewriting the expression using
trigonometric identities. However, using identities and some algebraic operations,
such as squaring, may result in extraneous solutions. So, it is necessary to check your
solutions using the original equation.

Lesson 14-5 Solving Trigonometric Equations 921



| StudyTip g

Solving Trigonometric
Equations Remember
that solving a
trigonometric equation
means solving for all
values of the variable.

Example 1
p- 919

Example 2
p. 920

Example 3
p. 920

® Check Your Understanding 4

Solve Trigonometric Equations by Using Identities

Solve 2 sec? @ — tan* 0 = —1 for all values of 0 if 6 is measured in degrees.
2secf) —tan* @ = —1  Original equation
2(1 + tan? 6) — tan? 8 = —1 se 0 =1+ tan? @
2+ 2tan’ f —tan* = —1  Distributive Property

tan' 0 —2tan?6—-3=0 Set one side of the equation equal to 0.
(tan? @ — 3)(tan? @ + 1) = 0 Factor.
tan2@—-3=0 or tan’8+1=0 Zero Product Property
tan% 9 = 3 tanZ § = —1
tan = +V3 This part gives no solutions since tan? 6 is never negative.

6 = 60° + 180°k and 6 = —60° + 180°, where k is any integer. The solutions are
60° + 180° and —60° + 180°k.

ﬂ Check Your Progress

1

Solve each equation.

5A. sin Ocot 8 — cos2 =0 58, $959 . 5sin20=0
cot ot @

e —— DPersona] Tutor glencoe.com

Solve each equation if 0° < 0 < 360°.

1. 2sinf+1=0 2. cos?0+2cosf+1=0
3. cos20+cos0=0 4, 2cosf=1
5. cos B = ——\{)E 6. sin 29=~——\§

@© os20-5-155in0 8. sin 6+ cos =1

Solve each equation for all values of 0 if 0 is measured in radians.

9. 4s5in20—-1=0 10. 2cos =1
11. cos28sin =1 12. sm2 +cos =2
13. cos280+4cosfH=-3 14. sing+c058:]

Solve each equation for all values of 0 if 0 is measured in degrees.

15. cos 20 —sin28+2=0 16. sin?f —sinf=0
17. 2sin260—-1=0 18. cos @ —2cosfsinf=0
19. cos2f8sinf =1 20. sinftanf —tan =0

21. LIGHT The number of hours of daylight d in Hartford, Connecticut, may be
approximated by the equation d = 3 sin 22;"_

after March 21.

+ 12, where t is the number of days

a. On what days will Hartford have exactly 10l hours of daylight?

b. Using the results in part a, tell what days of the year have at least 10— hours of
daylight. Explain how you know.

922 Chapter 14 Trigonometric Identities and Equations



Examples 4 and 5
pPp. 921-922

Solve each equation.

22. sin?26 + cos®> 8 =10 23 tan? 0+ 2tanf+1=0
24. cos? 0+ 3cos 0= -2 25. sin20 —cos =0

26. tan =1 27. cos 80 =1

28. sin § + 1 = cos 26 29. 2cos® 6 = cos 6

- = . = Step-by-Step Solutions begin on page R20.
Practice and Problem Solving 4 Extra Practice begins on page 947.

Example 1
p- 919

Example 2
p- 920

Example 3
p. 920

Examples 4 and 5
pp. 921-922

Solve each equation for the given interval.

30. cos2 0= %; 0° < 8 < 360° 31. 2sin2 0 = 1;90° < 6§ < 270°
32, sin20 —cos 0 =0;0 <6< 2w 33, 3sinzr9=ccx~;2.9;0595-*?_l
34. 2sin 6+ V3 = 0; 180° < 8 < 360° 35. 4sin2 0 —1 = 0;180° < 6 < 360°

Solve each equation for all values of @ if @ is measured in radians.
36. cos26+3cosf=1 € 25in?0=cos 0 +1

38. coszﬂ—%= cos 6 39. 3cosf@—cos =2

(S114)

Solve each equation for all values of 8 if 8 is measured in degrees.
40. sinf —cos =10 41. tan @ —sin =0
42. sin’> §=2sin 6+ 3 43, 4sin?f=4sinf—1

44. ELECTRONICS One of the tallest structures
in the world is a television transmitting
tower located near Fargo, North Dakota,
with a height of 2064 feet. What is the
measure of @ if the length of the shadow
is 1 mile?

Solve each equation.
45, 2sin2@=3sin O+ 2 46. 2cos2@+3sinf=3
47. sin? 6 + cos 20 = cos 6 48. 2 cos? @ = —cos 0

49. RIVERS Due to ocean tides, the depth y in meters of the River Thames in London
varies as a sine function of x, the hour of the day. On a certain day that function

was y = 3 sin [%(x — 4)} + 8, wherex =0, 1, 2, ..., 24 corresponds to 12:00 midnight,
1:00 A.m., 2:00 A.M., ..., 12:00 midnight the next night.
a. What is the maximum depth of the River Thames on that day?

b. At what times does the maximum depth occur?

Solve each equation if 0 is measured in radians.

50. (cos 6)(sin 26) —2sin§+2=0 51. 2sin28+ (V2 —1)sinf= %
Solve each equation if @ is measured in degrees.
52. sin29+—\§i=\/gsin6+c059 53. ]—sinzf)—cosﬁi:%
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Solve each equation.

54. 2sin 6 = sin 260 55. cos Atan 8 — 2 cos? B = —1

56. DIAMONDS According to Snell’s Law, 1, sin i = n, sin r, where 1, is the index of

' refraction of the medium the light is exiting, 1, is the index of refraction of the
medium the light is entering, i is the degree measure of the angle of incidence, and
ris the degree measure of the angle of refraction.

a. The index of refraction of a diamond is 2.42, and the index of refraction of air is
1.00. If a beam of light strikes a diamond at an angle of 35°, what is the angle of
refraction?

b. Explain how a gemologist might use Snell’s Law to determine whether a diamond

@ Real-World Link is genuine.

The sparkle of a diamond

is created by refracted @ MUSIC A wave traveling in a guitar string can be

light. Light travels at modeled by the equation D = 0.5 sin (6.5x) sin (2500¢),
different speeds in where D is the displacement in millimeters at the
various media. When position x meters from the left end of the string

light rays pass from one at time f seconds. Find the first positive time

medium to another in when the point 0.5 meter from the left end has

which they travel at a
different velocity, the
light is bent or refracted.

a displacement of 0.01 millimeter.

Zoi=

g Skills

R0 B ) T I e Higher-Order Thinkin

58. FIND THE ERROR Jennifer and Tat are solving 2 sin @ cos 6 = sin 6 for 0° < 4 < 360°.
Is either of them correct? Explain your reasoning.

Jeunifev Tat
2 siw 0 cos B =sin 0 25 0cos 0 =sin 0
Zsmbcos b _ sm 0 i O = —sin 6
sin 0 siv @ 2ol -0
2cos 0= 1
I CO’IG={?
cosf=o 0 = 905, 270°
0 =0°¢0° |80°,300°

59. CHALLENGE Solve sin 2x < sin x for 0 < x < 27 without a calculator.

60. WRITING IN MATH Compare and contrast solving trigonometric equations with
solving linear and quadratic equations. What techniques are the same? What
techniques are different? How many solutions do you expect?

61. REASONING Explain why many trigonometric equations have infinitely many
solutions.

62. OPEN ENDED Write an example of a trigonometric equation that has exactly two
solutions if 0° < 6 < 360°.

63. CHALLENGE How many solutions in the interval 0° < 8 < 360° should you expect

forasin(bf+c)+d = d(%), if a # 0 and b is a positive integer?
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Standardized Test Practice

64. EXTENDED RESPONSE Charles received
$2500 for a graduation gift. He put it into
a savings account in which the interest rate
was 5.5% per year.

a. How much did he have in his savings
account after 5 years if he made no
deposits or withdrawals?

66. Use synthetic substitution to find f(—2) for the

67.

function below.
f)=xt+102+x+ 8

F 62 H 30
G 38 ] 8

ACT/SAT The pattern of dots below continues

infinitely, with more dots being added at each

b. After how many years will the amount in his :
step.

savings account have doubled?

e o * o @ e & & 9
e @ e ® @ s & & @
65. PROBABILITY Find the probability of rolling three S Sigp 2 stepd

3s if a number cube is rolled three times. Which expression can be used to determine the

1 c L number of dots in the nth step?
216 6
g 1 p 1 A 2n C n(n+1)
36 4 B n(n+2) D 2(n+1)
\. y
Spiral Review /4
Find the exact value of each expression. (Lesson 14-4)
68. cos 165° 69. sin 221"
7T 7T
70. sin —o= 71. cos 3
Verify that each equation is an identity. (Lesson 14-3)
72. sin (270° — #) = —cos @ 73. cos (90° + 8) = —sin B
74. cos (90° — 8) =sin @ 75. sin (90° — 8) = cos 6
76. WATER SAFETY A harbor buoy bobs up and down with the waves. The distance

between the highest and lowest points is 4 feet. The buoy moves from its highest
point to its lowest point and back to its highest point every 10 seconds. (Lesson 13-7)

a. Write an equation for the motion of the buoy. Assume that it is at equilibrium
at t = 0 and that it is on the way up from the normal water level. |

b. Draw a graph showing the height of the buoy as a function of time.
¢. What is the height of the buoy after 12 seconds?

Find the first three terms of each arithmetic series described. (Lesson 11-2)

7. a,=17,a,=197,5, = 2247 78. a,=—13,a,=427,5, = 18,423
79. n=31,a,=78,5, =1023 80. n=19,a4,=103,5, = 1102
Graph each rational function. (Lesson 9-4)
1 x+4 x+2
Bl. f(x) = 82. f(x) = 83. f(x)=————
M= = M=

925
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= Vocabulary Review

Key Concepts
Trigonometric Identities (Lessons 14-1, 142, and 14

» Trigonometric identities describe the relationships
between trigonometric functions.

_5}

« Trigonometric identities can be used to simplify, verify,

and solve trigonometric equations and expressions.

Sum and Difference of Angles Identities
(Lesson 14-3)

= For all values of A and B:
os (A + B) = cos A cos B + sin A sin B
sin (A &+ B) = sinAsin B & cos A sin B

Double-Angle and Half-Angle Identities
(Lesson 14-4)

* Double-angle identities:

sin 26 = 2 sin f cos O
cos 20 = cos? 6 — sin? 0
c0s20=1—2sin? @
0s20=2sin2H—1

* Half-angle identities:

0 /l—cosf)
sm-i-_i —‘"—2
g _ 1+ cos &
cos:z —i\ﬂ—z
6 _ . [1—cos#
tanz_ l+msﬂ,c0597& 1

® =
Study Organizer

—
il

:;\1-!&:{.1 ‘
Fatf |‘
Be sure the Key Concepts == y

are noted in your Foldable. =

”ﬂ" ':.'—-ﬂ' =3

s
Differenet
.

1w
g !

of Arg
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Key Vocabulary
cofunction identity (p. 891)
negative angle identity (p.s891)
Pythagorean identity (p. 891)
quotient identity (p. 891)
reciprocal identity (p. 891)
trigonometric equation (p.919)
trigonometric identity (p. 891)

Vocabulary Check
Choose the correct term to complete each sentence.

1. The ______ canbe used to find the sine or
cosine of 75° if the sine and cosine of 90° and 15°

are known.
2. The identities tan § = 37 and cot 6 = £95 8 a
cos 0 sin 6
examples of
3. A isanequation involving

trigonometric functions that is true for all
values for which every expression in the
equation is defined.

4. The___ canbe used to find sin 60° using
30° as a reference.

5. A istrue for only certain values of
the variable.

6. The____ formula can be used to find

1.

cos 335 .

7. The identities csc 0 = L and sec § = —1 are

sin @ cos

examples of -

8. The ___ canbeused to find the sine or

cosine of 120° if the sine and cosine of 90° and 30°
are known.

9. cos? 6 + sin” 8 = 1 is an example of a



MIXED PROBLEM SOLVING

For mixed problem-solving practice, see page 992.

Lesson-by-Lesson Review

W Trigonometric Identities (pp.891-897)

Find the value of each expression. )
10. sin 8, if cos 8 = —\ég and 270° < 0 < 360° Find sin @ if cos 0 = % and 0° < @ < 90°.
cos? 0 4 sin? f =1 Trigonometric identity
11. sec f, if cot 8 = % and 90° < # < 180° g sniin Sugtract cos? @ from
12. tan ,if cot =2 and 0° < 6 < 90° iy ARG
3 sin@=1-— (—) Substitute 7 for cos 0.
13. cos 0, if sin § = —< and 180° < 6 < 270° 4
in?0=1— -2 vare 3.
14. csc B, if cot 0 = %and 270° < 6 < 360° sin T Sq z
sin? § = — Subtract.
15. SOCCER For international matches, the maximum R 16 ¥
dimensions of a soccer field are 110 meters by o P V7 Take the square root of
75 meters. Find sin 6. s iT each side.
Because @ is in the first quadrant, sin 6 is positive.
Thus, sin 8 = —\i—?
Simplify cos @ sec 8 cot 0.
cos f sec # cot 6 = cos (L)(C—osﬁ)
cos 6/\sin 8
=cotf
Simplify each expression.
16. 1 —tan #sin fcos @ 17. tan Bcsc O
18. sin @+ cos fcot @ 19. cos (1 + tan? 0)
_S
w Verifying Trigonometric Identities (pp. 898-903)
Verify that each of the following is an identity. R
20. tan 6 cos 6 + cot 6 sin 6 = sin 6 + cos 6 Verify that &-;i';—l = cot B + csc B is an identity.
cosf , sinf _ .
A ot Ttang o Bot-cosd %ﬁ—:}i < cot 6 + csc Original equation
22. 59529_1:_5il}i cos 1 3 il
1 —sin?@ s Ve cot @ + csc B Simplify.
23. ‘GROMEERY Th? ngl.lF tiangle cotB 4+ cscB@=coth+csch Simplify.
shown at the right is used
in a special quilt. Use the 3 o
measures of the sides of
the triangle to show that
tan? 6 + 1 = sec? 6. V7
A, Y.
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'|4 Study Guide and Review

W Sum and Difference of Angles Identities (pp. 904-909)

Find the exact value of each expression.
24, cos (—135°)
26. sin 210°
28. tan 75°

25. cos 157
27. sin 105°
29, cos 105°

Verify that each of the following is an identity.
30. sin (6 4 90) = cos 6

. (3w e
31. sin (T - ) =—cosf

32. tan (6@ — W) =tan @

.\‘

Find the exact value of sin 75°.

Use sin (A + B) = sin A sin B + cos A sin B.
sin 75° = sin(30° + 45°)

sin 30° sin 45° + cos 30° sin 45°

= ({02)+ (2)2)

Il

T2 2 2 /\ 2

¥

m' Double-Angle and Half-Angle Identities (pp.911-917)

Find the exact values of sin 26, cos 20, sin -g, and

cos g for each of the following,

33. cos.‘?:%;[l" < A <90°

34. sin = —-_}:; 180° < 6 < 270°

2. ™

3, 2 <f<T

36. BASEBALL The infield of a baseball diamond is a
square with side length 90 feet.

35. cos 0 =

a. Find the length of the diagonal.

b. Write the ratio for sin 45° using the lengths
of the baseball diamond.

. Use the formula sin g - i\}“%s'q to

verify the ratio you wrote in part b.

e s of :

Find the exact value of sin g if cos @ = 5 and 0
is in the second quadrant.

sin -g = ‘\/1;50-5—9 Half-angle identity
1-2 y
=+ 5 s 0= 5
2
=+ % Subtract.
= :t\/% Divide.
< ;t% Simplify.
Since # is in the second quadrant, sin g = —\{_)—g

WSolving Trigonometric Equations (pp. 919-925)

( Find all solutions of each equation for the given
interval.

37. 2cos 0 —1=0;0° < 0 < 360°

38. 4c0s?0—-1=0,0<6<2%

39. sin20+ cos 0 =0;0° < 0 < 360°

40. sin® 6 =2sin 6+ 3;0° < 0 < 360°

41. 4cos?f@—4cos+1=0,0<6<2x

EXAMPLE 6

Find all solutions of sin 26 — cos 8 = 0 if
0<0<2m.

Original equation
Double-angle identity

sin 260 — cos 6 =0
2sinfcos @ —cos @ =0

cosB8(2sinf—1)=10 Factor.
cos B=10 or 2sinf—1=0

- T 3m ing=lg_= 5™
=25 BnR=gliesg
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CHAPTER

la Practice Test

1. MULTIPLE CHOICE Which expression is equivalent to
sin 6 + cos 6 cot 67

A cotB C sect
B tan @ D csc @

2. Verify that cos (30° — 6) = sin (60° + ) is an
identity.

3. Verify that cos (6 — ™) = —cos 6.

4. MULTIPLE CHOICE What is the exact value of sin 6,
if cos 6 = —% and 90° < 6 < 180°?

F 3
(Gonits.
H -

24
J -5

Find the value of each expression.

5. cot 0, if sec 0 = 25 270° < 6 < 360°
6. tan 0, if cos 0 = —%; 90° < 6 < 180°
7. sec 6, if csc 6 = 2; 180° < 6 < 270°
8. cot 6, if csc 0 = —2;270° < 0 < 360°

9. sec 9,ifsin9=%;0°59{90°

Verify that each of the following is an identity.
10. sin # (cot 6 + tan 6) = sec @

n costd cos @
"1—sinf secH—tan 8

12. (tan 0 + cot A)2 = csc? Bsec” §
l+sech  sin?éd

1. secl ~ 1—cos#
14. Ln6-—=csc6‘+mt6‘
1—cosf

15. MULTIPLE CHOICE What is the exact value of tan %?
2-43

2
B vV2-1
cC1-V2

2-/3
2

A

D —

Chapter Test

16. HISTORY Some researchers believe that the builders
of ancient pyramids, such as the Great Pyramid
of Khufu, may have tried to build the faces as
equilateral triangles. Later they had to change to
other types of triangles. Suppose a pyramid is built
such that a face is an equilateral triangle of side
length 18 feet.

a. Find the height of the equilateral triangle.

b. Use the formula sin 268 = 2 sin # cos 6 and the
measures of the equilateral triangle and its
height to show that sin 2(30°) = sin 60°. Find the
exact values.

Find the exact value of each expression.
17. cos (—225°) 18. sin 480°
19, cos 75° 20. sin 165°

21. ROCKETS A model rocket is launched with an initial
velocity of 20 meters per second. The range of a

2
projectile is given by the formula R = < sin 26,

where R is the range, v is the initial velocity, g is
acceleration due to gravity or 9.8 meters per second
squared, and 0 is the launch angle. What angle is
needed in order for the rocket to reach a range of
25 meters?

Solve each equation for all values of 0 if @ is
measured in radians.

22. 2cos20—3cosf—2=0
23, 2sin30—-1=0

Solve each equation for 0° < 6 < 360° if @ is
measured in degrees.

24, cos20+cos =2

25. s'chosB—%sinB:U
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CHAPTER

14 Preparing for Standardized Tests

L] L =
Simplify Expressions
Some standardized test questions will require you to use the properties of algebra

to simplify expressions. Follow the steps below to help prepare to solve these kinds
of problems.

Strategies for Simplifying Expressions

Study the expression that you are being asked to simplify.

Ask yourself:
* Are there any mathematical operations I can apply to help simplify the expression?

* Are there any laws or identities I can apply to help simplify the expression?

]

Solve the problem and check your solution.
* Use the order of operations.
* Combine terms and factor as appropriate.

* Apply laws and identities.

Check your solution if time permits.

* Retrace the steps in your work to make sure you answered the question thoroughly
and accurately.

* Ifneeded, sometimes you can use your scientific calculator to help you check your
solution. Evaluate the original expression and your answer for some value and
make sure they are the same.

.

Solve the problem below. Responses will
be graded using the short-response scoring
rubric shown.

Scoring Rubric

Criteria | Score

Full Credit: The answer is correct and a full
T : 2
. ) ) ; . explanation is provided that shows each step.
Simplify the trigonometric expression - >
P — ] Partial Credit:
shown below by writing it in terms : .
. . + The answer is correct, but the explanation
of sin 6. Show your work to receive ;i
ful di is incomplete, ]
ull credit. = The answer is incorrect, but the
cos & explanation is correct.
SRG Y i No Credit: Either an answer is not provided 0
or the answer does not make sense.
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Read the problem statement carefully. You are given a trigonometric expression and
asked to simplify it by writing it in terms of sin 8. So, your final answer must contain
only numbers and terms involving the sin 6. Show your work to receive full credit.

Example of a 2-point response:

Use trigonometric identities to simplify the expression.
08 8 = o 8 Definition of sec @ and tan &
sec f! + tan 6 1 sin @
cos @ cosf
- Eesl sgEni i
S ETT Simplify the denominator.
cos
_eostd Simplify the complex fraction
“T+sino P P :
. J==sin? @ S
ey ) Pythagorean identity
_ (1 +5sin 0)(1 — sin )
5 T+ snd Fostar:
=1-—sin# Simplify.
The simplified expression is 1 — sin 6.

The steps, calculations, and reasoning are clearly stated. The student also arrives at
the correct answer. So, this response is worth the full 2 points.

A . e

Solve each problem. Show your work. Responses will
be graded using the short-response scoring rubric
given at the beginning of the lesson.

sec 0

— iting it | .
v iy by writing it in terms of

1. Simplify

sin 6.

-3 -5
2. Whatis 100" + 20

29p* " 1667
o+ v+ 2 1 L
3. Write - . o . in simplest
y=1 " y—=2 ¥ _3y+2
form.

cot? @ — csc? @

i lf rriti it as @
Simplify o f—sec B by writing it as a
constant.

Multiply (-5 + 2i)(6 — 7)(4 + 3i).
Simplify (cot 8 + 1) — 2 cot 8 by writing it in
terms of csc 6.
L
Express in simplest form.
Y o
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“e’=* Standardized Test Practice

14 Cumulative, Chapters 1 through 14

Multiple Choice 4

Read each question. Then fill in the correct answer on (1 -2
the answer document provided by your teacher or on 5. What is the productof[ 5 —2 3 ]and | 0 37
a sheet of paper. .2 5
1. The profit p that Selena’s Shirt Store makes in 1 5 —10]
a day can be represented by the inequality A [ 3 ] C|0 -6
10t + 200 < p < 15t + 250, where t represents the 6 =15
number of shirts sold. If the store sold 45 shirts .
on Friday, which of the following is a reasonable B[11 -1] D undefined
amount that the store made?
A $200 B $625 C $850 D $950 6. Which quadratic equation has roots 7 and 12
2. Use a sum or difference of angles identity to find F 5x2—5x—-2=0
the exact value of cos 75" 2
G 5x*—5x+1=0
o YZ-VE g VB3 1
4 4 Ho6x-+5x—-1=0
c Y2+v6 ] V6 +V2 J 6x2—=5x4+1=0
2 1
Test-TakingTip > 7. How can you express cos 6 csc 6 cot #in terms of
. sin 6?7
Question 2 You can check your answer using a scientific g Jos sinZ @ C sin® 6
calculator. Find cos 75° and compare it to the value of your sin2 @ 2
answer. " I
B 1 +s}1’n 0 p — sin” f
sin” 6 sin ¢
3. Use the table to Number Sum of
determine the Polygon | of sides | Measures 8. The area of a rectangle is 25a* — 16b°. Which factors
expression that triangle 3 180 could represent the length times width?
gfft‘,;";!"]ﬁ?‘;}i’ quadrilateral | 4 360 F (5a%+4b)(5¢% +4b)  H (50 — 4b)(5a — 4b)
degree measures pentagon 5 240 G (507 +4b)(5a2 —4b) ] (5a + 4b)(5a — 4b)
of the interior hexagon 6 720
angles of a
polgygon with heptagon . 00 9. What is the domain of f(x) = V/5x — 3?
n sides octagon 8 1080 3 3
= A{x x>“§} C {.r 1‘2‘;}
A 180 +n C 180(n — 2) :
B 1801 D 60n B {x x> —1} D {.\- = —%}
4. Which of the following best describes the graphs of
y=3x—>5and 4y = 12x + 16?7 10. If the equation y = 3" is graphed, which of the
T —— following values of x would produce a point closest
‘ S P to the x-axis?
ines hav Sé x-inte X
G The lines have the same x-intercept E % H 0
H The lines are perpendicular. i .
G i g
J  The lines are parallel. 4 J 4
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