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Question 6
cost;-l for x # 0
flx)=
-% forx=0

Gk. q

The function £, defined above, has derivatives of all orders. Let g be the function defined by
X
ﬂﬂ=l+Lﬂnﬁ

(a) Write the first three nonzero terms and the general term of the Taylor series for cos x about x = 0. Use this
series to write the first three nonzero terms and the general term of the Taylor series for f about x = 0.

(b)

(©
(d)

Use the Taylor series for f about x = 0 found in part (&) to determine whether f has a relative maximum,

relative minimum, or neither at x = 0. Give a reason for your answer.

Write the fifth-degree Taylor polynomial for g about x = 0.

The Taylor series for g about x = 0, evaluated at x = 1, is an alternating series with individual terms that
decrease in absolute value o 0. Use the third-degree Taylor polynomial for g about x = 0 to estimate the

value of g(1). Explain why this estimate differs from the actual value of g(1) by less than — 1

61

(@)

(b)

(©}

(@
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05(x)-1-—2-+-4—1— -l-( -nH”

2
(2 e
xz.u

2
f(x):—%+% 6'+ +( 1)”+]m+

f'(0) is the coefficient of x in the Taylor series for £ about x = 0,
so f(0) =

) _
T2t 4
x=0, s0 j’"’(0)=1—2

Therefore, by the Second Derivative Test, f has a relative minimum at
x=0

is the coefficient of x* in the Taylor series for f about

3 5
137
gy ~1 +34, 72

Since the Taylor series for g about x =0 evaluatedat x =1 is
alternating and the terms decrease in absolute value to 0, we know

37| 1 1
Ig[l)ﬁ< <
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1 : terms for cos x
2 : terms for [
1 : first three terms

1 : general term

1 : determines £'(0)
1 : answer with reason

1 : two correct terms
1 : remaining terms

1 : estimate
1 : explanation

cw



AP® CALCULUS BC
2007 SCORING GUIDELINES (Form B)

Question 6

Let £ be the function given by f(x) = 6e™*/* for all x.
() Find the first four nonzero terms and the general term for the Taylor series for 7 about x = 0.

(b) Let g be the function given by g(x) = _‘: S(#) ds. Find the first four nonzero terms and the general term for the Taylor

series for g about x = 0.
(¢) The function % satisfies A(x) = & '(ax) for all x, where a and k are constants. The Taylor series for 4 about x = 0

is given by
2 5 x"
h(x)-1+x+?+ LR
Find the values of # and £
2 L 2
=6/1-2+ 2 L 1 1two of 6, ~2x, 2, X
(a) f(x) = 6[1 3 + 2!32 3[33 n|3ﬁ ] . . y X, 3 E] 27
. 3 - 1 : remaining terms
=6_2x+xT_;_+m+___6(—l)nx + 1 : general term
7 n'3 (~1) missing factor of 6
() £(0) =0 and g'(x) = f(x), so I : two terms
2 3 4 _137 el 3:{ 1:remaining terms
gy =6lx - ¢ XX . EDT e
6 332 413 (n+1)13" - general term
4 o {-1y missing factor of 6
=8y — _1_- 4 = x3 X e .].M_
9 427 (1 + 113"
© f(x)==2¢% 50 h(x) = 2ke">!? : 1 : computes £ f"(ax}
2 3 1 : recognizes h(x) = ¢*
X o ® £n ’
h(x)-l+x+2+3'+ gt =e 3. or
k=3 = & equates 2 series for /(x)

- : fi
—30—=land—2k=1 1 :values fora and &

a=-3 andk:-%
OR
' 2
f(x)='_“2+§x+-.., 80
h(x) =@"(“")=—2k+w32~akx+---
h(x)=l+x+...
2k =1 and %ak=1

k=—% and a = -3
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The function £ is defined by the power series

x5 W (=1)" nx"
f(x) + 3 1 +...+ﬁ+...

for all real numbers x for which the series converges. The function g is defined by the power series
x2 3 (_1)N xn
gl = 1= G+ TGt
for all real numbers x for which the series converges.
(a} Find the interval of convergence of the power series for £. Justify your answer.
(b) The graph of y = f(x) — g(x) passes through the point (0, —1). Find ’(0) and y”(0). Determine whether y
has a relative minimum, a relative maximum, or neither at x = 0. Give a reason for your answer.

e s

—1yirtl n+l
(2) ()" (r+ Dx"™ n+l (n+1 fx] 1 : sets up ratio
n+2 (=1)" nx St 2)) .. )
1 : computes limit of ratio

tm (n+ I) | = |x] 5. 1 : identifies radius of convergence

Ao (" +2)(n) "1 1: considers both endpoints
The series converges when —1 < x < 1. 1 : analysis/conclusion for
When x = 1, the series is -% + % - % + both endpoints

This series does not converge, because the limit of the
individual terms is not zero.

2.3
When x = —1, the series is §+ 3 += 7 doas
This series does not converge, because the limit of the

individual terms is not zero.

Thus, the interval of convergenceis -1 < x < 1,

1 4 . !
®) flx}=-3 3x--g—:c2+ andf(o)='§1:' 1:5(0)
. 1 2 3 2 P’ 1 4 : L: y'(OJ
g(x) = 30 +ﬂx—ax + .- and g(O) =_§- 1.: conclusion
1 : reasoning

¥(0) = £(0) - 2'0) =
FO)=5 ad g(0)=2 =
Thus, y"(0} ———— > 0.

Since y'(0) = 0 and 3"(0) > 0, y has a relative minimum
at x =0.

€ 2008 The College Board. All rights reserved.
Visit aposntral.collageboard.com (for AP professionals) and www.collageboard.com/apstudents (for AP students and parents).

7



AP® CALCULUS BC
2008 SCORING GUIDELINES (Form B)

Ouestion 6

2x
1+ x°
(a) Write the first four nonzero terms and the general term of the Taylor series for £ about x = 0,

Let £ be the function given by f(x) =

(b) Does the series found in part (a), when evaluated at x = 1, converge to f(1) ? Explain why or why

not,
(¢) The derivative of In (I + xz] is " 2x a Write the first four nonzero terms of the Taylor series for
+ .
ln(] + x2) about x = 0.
{d) Use the series found in part (c) to find a rational number 4 such that ’A —-In (%)l < ﬁ Justify
your answer,
(a) l_lu=1+u+u2+---+u"+--- 1 : two of the first four terms
3: < 1 :remaining terms
1 _ 2, .4 6 23"
H_xz*l"“ X -x +“‘+("‘) do 1 : general term
2 2w =20 4200 =207 ek (<122 4
14+ x
(b) No, the series does not converge when x =1 because when 1 : answer with reason
x = 1, the terms of the series do not converge to (.
¥
(<) In(1+x2) =f = dt 2 1 : two of the first four terms
Ox 1+¢ " | 1: remaining terms
= [(2r-20 428 - 2"+ N ar
0
=2ty ls _los,
=X X gy =X+
5) _ AR T2 LN T S VAR ) 1
(d) ln(z] = h'l(l + z‘) = (E) - 5(5) + 3(5) - Z(E) +-- ' l:uses x = '5
12 (1vVIV 3: 1:value of 4
Let 4= (5) - (E)(E) =33 1 ¢ justification
Since the series is a converging alternating series and the
absolute values of the individual terms decrease to 0,
S\ L1111
|‘4 l“(Zn < 3(2) =3¢ <100
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Question 6

2 .3
The Maclaurin series for ¢* is e* =1+ x+ % + % + et % + :--. The continuous function f is defined
e(x—l 2
by f(x)= . ) for x # 1 and f(1) =1. The function f has derivatives of all ordersat x =1,

2
(a) Write the first four nonzero terms and the general term of the Taylor series for ¢*1" about x = 1,

{b) Use the Taylor series found in part (a) to write the first four nonzero terms and the general term of the
Taylor series for £ about x =1,

(¢) Use the ratio test to find the interval of convergence for the Taylor series found in part (b).
(d) Use the Taylor series for f about x = I to determine whether the graph of # has any points of

inflection.
2 (-1 (x-1° (x -1 1 : first four terms
@ 1+(x-1)"+ + e e e 2:{
2 6 n! 1 : general term
x-1° (-1 (x-1)° (x = 1)% { 1: first four terms
b) 1+ + + et oo :
®) 2 6 24 (n+1) 2 1: general term
(x )2!1-1-2
2

(¢} lim % lim {n+1)}t e (x-1)? = hm 1) ={ 1 : sets up ratio

n—ee (JC ) H n—)m(n +2)l nsee H+2 . . .

3: % 1:computes limit of ratio
(n+Dr 1 : answer

Therefore, the interval of convergence is (—eo, oo).

@ £ =1+ 22 -0 + S -yt 4o 2_{l:f”(x)
| 1 : answer
2?!(2?2 1) In-2
P T
Since every term of this series is nonnegative, #”(x) > 0 forall x.
Therefore, the graph of # has no points of inflection.
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Let f(x) = sin(xz) + cos x. The graph of y = | j{s)(x)‘ is

shown above, \

(a) Write the first four nonzero terms of the Taylor series for

sin x about x = 0, and write the first four nonzero terms

of the Taylor series for sin(xz) about x =0,

Write the first four nonzero terms of the Taylor series for
cos x about x = 0. Use this series and the series for

(v)

sin(xz), found in part (a), to write the first four nonzero

terms of the Taylor series for f about x = 0,
(¢) Find the value of £¢9(0).
)

y= |f ©) (x)‘ shown above, show that

A[2)- (3 <o

!
120 f
80
\ st LN
\ / SNl A 1 N
V V '
= 0 1

Graph of y = | /()

Let Py(x) be the fourth-degree Taylor polynomial for £ about x = 0. Using information from the graph of

(2) smx-—x—%—!--i-%i-—-%—!-.q...
6 10 14
2 2 % X0 x
sin{x?) = x “E ST o T
2 4 6
{(b) cosx=1- -’—‘2-|+%_%
2 4 6
121
R
9) . 6
(© is the coefficient of x° in the Taylor series for £ about

6!
x = 0. Therefore £(0) = —121.

(d) The graph of y = | /©)(x)| indicates that maxl| )| < 0.
0gx<
Fl

Theref'ore

ARG
RORHI AT RSN
“\4 4 5! 4] " 120.4° 3072 " 3000°
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1 : series for sin x

: series for sin(xz)

: series for cos x
: series for f(x)

1 : answer

1 : form of the error bound
1 ; analysis
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