Section 0.5

“Before Calculus”: Exponential and
Logarithmic Functions
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Remember from last year?

4

4

Rewrite logarithms with different bases.

Use properties of logarithms to evaluate or
rewrite logarithmic expressions.

Use properties of logarithms to expand or
condense logarithmic expressions.

Use logarithmic functions to model and
solve real-life problems.
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Change of Base

Most calculators have only two types of log
keys, one for common logarithms (base 10) and
one for natural logarithms (base e).

Although common logs and natural logs are the
most frequently used, you may occasionally
need to evaluate logarithms to other bases. To
do this, you can use the following change-of-
base formula.
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Change of Base

: Change-of-Base Formula

Let a, b, and x be positive real numbers such thata # 1 and b # 1. Then log, x
can be converted to a different base using any of the following formulas.

Base b Base 10 Base e

lo lo |
10ga_x = M logax — M 10gax — ﬂ
log, a log,,a Ina




Example 1 - Changing Bases Using Common
Logarithms

d. Log425: log( 25 log, x = log,o x
log,,4 log,, a
~1.39794
0.60206 Use a
~ 2.23 Calculator.
- Simplify.
b. Log212

_logyo12 107918

log,2  0.30103

~ 3.58




Properties of Logarithms

(Properties of Logarithms

Let a be a positive real number such that a # 1, and let n be a real number. If u
and v are positive real numbers, then the following properties are true.

Logarithm with Base a Natural Logarithm
1. Product Property: log (uv) = log,u + log,v  In(uv) = Inu + Inv

2. Quotient Property: log, L= log,u — log, v lnE =Inu —Inv
% v
3. Power Property: log, u" = nlog,u Inu"=nlnu




Example 3 — Using Properties of
Logarithms

Write each logarithm in terms of In 2 and In 3.

2
a.ln 6 b.In
Solution:
a. In6=1n2 - 3)
Rewrite 6 as 2 - 3.
=ln2+1In3
2
b. In 7 = In2-1n 27 Product
Property
=1ln2-1n 33 Quotient
Property
=n2-3In3

Rewrite 27 as

33
Power Property



Rewriting Logarithmic Expressions

The properties of logarithms are useful for rewriting
logarithmic expressions in forms that simplify the
operations of algebra. This is true because they convert
complicated products, quotients, and exponential forms
into simpler sums, differences, and products, respectively.
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Example 5 - Expanding Logarithmic
Expressions

Use the properties of logarithms to expand each expression.

a. log45x3y

b. In
V3x — 5
7

Solution..
a. logsSx’y = logs5 + logsx3 + logs y

= + 3| x + | Product
log45 + 3 logas 0gs4y Property



Example 5 - Solution

/2y — _ &\1/2 Rewrite radical using
b. In X 7 = In Bx — 5) rational exponent.
7 7
= In(3x — 5)1/2 — In7 Quotient
Property

=5 In3x —5) —In7 Power Property




Rewriting Logarithmic Expressions

In Example 5, the properties of logarithms were used to
expand logarithmic expressions.

In Example 6, this procedure 1s reversed and the
properties of logarithms are used to condense logarithmic

expressions.
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Example 6 - Condensing Logarithmic
Expressions

Use the properties of logarithms to condense each
expression.

a.’ logiox + 3 logio(x + 1)

b. 2In(x + 2) - Inx

o2 | —

C.-

—

[log2x + loga(x - 4)]



Example 6 - Solution

a.> logiox + 3 logio(x + 1)

_ 12 Power
logiox1/2 + logio(x + 1)Pmperty

— loglo[\/;(x + 1)3] IIZroductt
roperty

b. 2 In(x+ 2) -In x Power

Property
=ln(x+ 2)2 -In x
Quotient

(x n 2)2 Property

= In
X
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Example 6 - Solution

C. % [log2x + loga(x - 4)]
~loga[x (x - 4)]
= log2[x(x - 4)]1/3

= log, ¥/x(x — 4)

\

Product
Property

Power
Property

Rewrite with a
radical.



Also from last year...

<+ Solve simple exponential and logarithmic
equations.

<+ Solve more complicated exponential
equations.

<+ Solve more complicated logarithmic
equations.

<+ Use exponential and logarithmic equations
to model and solve real-life problems.
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Helpful Properties

» One-to-One Properties
4

ax= av if and only if x = y.
4
log, x = log, yif and only if x = y.
» Inverse Properties

4 alog.x = X

4 log, ax = x
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Example 1 - Solving Simple Exponential and Logarithmic

Exponential

Original
Equation

a. 2F =32
b. log,x — log,8 =0
¢. Inx—In3=0

. (3 =

Rewritten
Equation

% — 95
log,x = log, 8
Inx =1n3
g% — 38
Ine*=1In7
PHE — 53

10 oz = 10!

3[0g3_r — 34

Solution
x=135

x =38
x=3

x= -2
x=1In7
xr=g 2
x=10""!=
=8l

— 10

Property

One-to-One
One-to-One
One-to-One

One-t0-One

Inverse
Inverse

Inverse

Inverse



Strategies:

(Strategies for Solving Exponential and Logarithmic Equations

1. Rewrite the original equation in a form that allows the use of the One-to-One
Properties of exponential or logarithmic functions.

2. Rewrite an exponential equation in logarithmic form and apply the Inverse
Property of logarithmic functions.

3. Rewrite a logarithmic equation in exponential form and apply the Inverse
Property of exponential functions.




Solving Logarithmic Equations

» To solve a logarithmic equation, you can
write it in exponential form. Many of you
liked the “swoop” method.

> In x = 3

X = ée3

» This procedure is applied after the
logarithmic expression has
been isolated.
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Example 6 - Solving Logarithmic
Equations

» Solve each logarithmic equation.
» a.ln3x=2

» b.log3z(5x-1) = logs(x + 7)

\



Example 6 - Solution

Solution:
a. In 3x =2
3X = e2
X = %62
The solution is
X~ 2.46

» Check this in the original equation.
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Example 6 - Solution

» b. |Og3(5X - ]) = |og3(x + 7) Write original equation.

4 5x-1=x+7 One-to-One
Property

4 X = 2 Solve for x

» The solution x = 2. Check this in the original
equation.
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Solving Logarithmic Equations

» Because the domain of a logarithmic function
generally does not include all real numbers,
you should be sure to check for extraneous
solutions of logarithmic equations.
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pH Value

» In case you forget to read directions
sometimes, like | do ©, the formula for pH
value is on pg 62.

pH = -log [H+]

(where [H+] denotes the concentrations of
hydrogen ions measured in moles per liter.)
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