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Question 4

The continuous function f is defined on the interval -4 < x £ 3.

The graph of f consists of two quarter circles and one line
segment, as shown in the figure above,

Let g(x) =2x+ j:f(r} dr.

(a) Find g{-3). Find ¢'(x) and evaluate g'(-3).

(b} Determine the x-coordinate of the point at which g has an ' 0 |
absolute maximum on the interval -4 < x <3,
Justify vour answer. i-d -1

{c} Find all values of x on the interval -4 < x < 3 for which

the graph of g has a point of inflection. Give a reason for
¥OUr answer.

{d) Find the average rate of change of f on the interval Graph of §
—4 < x < 3. There is no point ¢, ~4 < ¢ < 3, for which (¢} is equal to that average rate of change.
Explain why this statement does not contradict the Mean Value Theorem,

. B - -3 s 9—?1- -
(@ g(=3)=2(=3)+[ S()dr=6-L [1:809)
) = 2+ f(x) ] Higl)
_ 1 2'(=3)
g(-3y=2+f(-3)=2
(by g'(x} =0 when f(x) = -2 This occursat x = —;- [ : considers g'(x} =0
‘ 5 5 319 1 :identifies interior candidate
g(x)> 0 for -4 <x < 5 and g'(x) < 0 for 3 xS [ answer with justification
Therefore g has an absolute maximum at x = ;
(¢} g"(x) = f(x) changes sign only at x = 0. Thus the graph 1 : answer with reason
of ¢ has a point of inflection at x = &

(d) The average rate of change of / on the interval =4 < v < 5 s | |:average rate of change

JGBY-fi-9 2 - 77| 1 explanation
IR R

To apply the Mean Value Theorem, # must be differentiable
at each point in the interval —4 < x < 3. However, f is not

)

differentiable at x = -3 and x = 0.
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Question 4

Consider a differentiable function ¢ having domain alf positive real numbers, and for which it is known that

F{xy=(4- x)a7 for x > 0.

(a) Find the x-coordinate of the critical point of £ Determine whether the point is a refative maximum, a
relative minimum, or neither for the function /. Justify your answer.

{by Find all imtervals on which the graph of f is concave down. Justify your answer.

(c) Giventhat £(1) = 2. determine the function £,

(@ fix)=0ax=4¢ (1:x=4
F(xy=0for0<x <4
F(x)<0 forx>4 1 : justification
Therefore / has a relative maximum at x = 4.

1 : relative maximum

L)

(b) f7(x)= =7+ (4 =) (=37 5. (20
S BRI SO ' i | : answer with justification
= 207 (x - 6)
_2(x-6)
-4 :

f(x)«0ford=<xv <6

The graph of f is concave down on the interval 0 < x < 6.

{c) flx)=2+ L' (4f—3 — ) dr [ 1 integral
. [_’? a2, fuith 3: 4 1:antiderivative
- di= 1 : answer
=3-2x 2y
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Question 2

The function g is defined for x > 0 with g{l} =2, ¢'(x)} = sin(.\' + %) and g”(x) = 'Li - Lz ]cos{ X+ {I
: R x° 2 ' LY.

{a} Find all values of x in the interval 0.12 £ x <1 at which the graph of g has a herizontal tangent line.

{b) On what subintervals of {0.12, 1), if any, is the graph of g concave down? Justify your answer.

{c} Write an equation for the line tangent to the graph of g at x = 0.3.

{d) Does the line tangent to the graph of ¢ at x = 0.3 lie above or below the graph of ¢ for 0.3 < x <17 Why?

(a) The graph of g has a horizontal tangent line when g’(x) = 0. 5. { 1:sets g'(x) =10
This eccurs at x = 0.163 and x = (.359. | 1: answer

(b) g"(x}=0at x =0.129458 and x = 0.222734 { 1 : answer

. 1 : justificati
The graph of g is concave down on (0.1295, 0.2227) Justitication

because g”(x) < 0 on this interval.

(€ ¢'(0.3) = —0472161 1:20.3)
03 1 : integral expression
03)=2+ | g(x)dx=1546007 .
£(0.3) [ L 003)
An equation for the line tangent to the graph of g is I : equation
v =1.546 - 0.472(x - 0.3).
() g(x)>0for03<x<l 1 : answer with reason

Therefore the line tangent to the graph of g at x = 0.3 lies
betow the graph of ¢ for 0.3 < x < 1.
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Question b

Let g be a continuous function with g(2) = 5. The graph
of the piecewise-linear function g', the derivative of g, is
shown above for =3 € v € 7.

(2} Find the y-coordinate ot all points of inflection of the
graph of v = g(x) for =3 < x < 7. Justify your
answer,

{b) Find the absolute maximum value of g on the
interval =3 £ x £ 7. Justify vour answer.

{c) Find the average rate of change of g{x) on the
interval =3 < x € 7,

Ceraptiot o

{d) Find the average rate of change of g'(x} on the interval =3 € x < 7. Does the Mean Value Theorem

applied on the interval =3 £ x < 7 guarantee a value of ¢, for =3 < ¢ < 7, such that g”(¢) is equal

to this average rate of change? Why or why not?

(a) g’ changes from increasing to decreasing at x = I;

¢’ changes from decreasing to increasing at x = 4.

Points of inflection for the graph of y = g(x) occur at
x=1and x = 4,

(b) The only sign change of ¢’ from positive to negative in
the interval is at x = 2.

-3 . . ; o.d 5
éé‘(*i‘v)25+.|‘1 g{.\')dxmn+{——:;—]+4:|7“
g(2)=5

(T =5+ [ gxyax=5+(-4)+L =3
gr= QBN A= 202
The maximum valuc of g for -3 < x < 7 is g

h

3
s &7y -g(=3) 375
R T T A

t|

Lh| L

@ £D=g(3) _1-(=4 _1
7-(-3) 10 2

No, the MVT does nof guarantee the existence of a

value ¢ with the stated properties because g’ is not

differentiable for at least one point in ~3 < x < 7.

Lad

w

1 : x-values

| :justification

i :identifies x = 2 as a candidate
1 : considers endpaoints

I rmaximum value and justification

it

_f!:

1

. difference quotient
answer

average value of g'f x)

;answer “No™ with reason
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