Limits and an Introduction
W0 Calculus

g1 Introduction to Limits

9.2 Techniques for Evaluating Limits

23 The Tangent Line Problem

424 Limits at Infinity and Limits of Sequences
15 The Area Problem

In this chapter you will learn how to

11 estimate limits and use properties and
operations of limits.

1 find limits by direct substitution and by
using the dividing out and rationalizing
techniques.

L1 approximate slopes of tangent lines, use
the limit definition of slope, and use
derivatives to find slopes of graphs.

1) evaluate limits at infinity and find limits
of sequences.

- find limits of summations and use them to
find areas of regions bounded by graphs

of functions.
G il Ferris wheel is part of the Oktoberfest celebration held each fall in Munich, Germany. This festival
{80 as 2 celebration of the royal wedding in 1810,
Important Vocabulary
As you encounter each new vocabulary term in this chapter, add the term and its definition to your notebook glossary.
* limit (p. 807) ® tangent line (p. 826) * derivative (p. 831)
% indeterminate form (p, 818) ® secant line (p. 828) ® limits at infinity (p. 835)
* one-sided limit (p. 821) * difference quotient (p. 828) ® area of a plane region (p. 847)

§

-Mllﬂimnal Resources Text-specific additional resources are available to help you do well in this course. See page xvi for details.
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806  Chapter 12 = Limits and an Introduction to Calculus

The Limit Concept

The notion of a limit is a fundamental concept of calculus. In this chapter, you
will learn how to evaluate limits and how they are used in the two basic problems
of calculus: the tangent line problem and the area problem.

EXAMPLE 1

You are given 24 inches of wire and are asked to form a rectangle whose area is
as large as possible. What dimensions should the rectangle have?

Solution
Let w represent the width of the rectangle and let [ represent the length of the rec-
tangle. Because

2w + 21 = 24

Finding a Rectangle of Maximum Area

Perimeter is 24.

it follows that [ = 12 — w, as shown in Figure 12.1. So, the area of the rectangle
is

A=Ilw Formula for area
= (12 — wlw Substitute12 — w for /.
= 12w — w2 Simplify.
w
I=12—w
Figure 12.1

Using this model for area, you can experiment with different values of w to see
how to obtain the maximum area. After trying several values, it appears that the
maximum area occurs when w = 6.

Width, w | 5.0 | 5.5 5.9 6.0 | 6.1 6.5 7.0
Area, A 35.0 | 35.75 | 3599 | 36.0 | 35.99 | 35.75 | 35.0

In limit terminology, you can say thab “the limit of A as w approaches 6 is 36.”
This is written as

lim A = 36.
w—36

You Should | o5
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sfinition of Limit

fimition of Limit
) becomes arbitrarily close to a unique number L as x approaches ¢ from

er side, the limit of f(x) as x approaches c is L. This is written as

m.f‘(x) =L,

AMPLE 2 Estimating a Limit Numerically
o a table to estimate numerically the limit lim 3z~ 2).

glution
'f(x) = 3x — 2. Then construct a table that shows values of f(x) when x is

199 | 1.999 | 2.0 | 2001 | 2.01 | 2.1
3973997 | 2 | 4003 | 403 | 4.3

from the table, it appears that the closer x gets to 2, the closer f(x) gets to 4. So,
i can estimate the limit to be 4. For this particular function, you can obtain the
imit simply by substituting 2 for x to obtain

B lim (3x — 2) = 3(2) — 2 = 4.
X2
fiure 12.2 adds further support to this conclusion.

i Figure 12.2, note that the graph of f(x) = 3x — 2 is continuous. For graphs
jat are not continuous, finding a limit can be more difficult.

MAMPLE 3  Estimating a Limit Numerically

X
i€ a table to estimate numerically the limit m —F——.
y =0 X + l — l

Solution
€t f(x) = x/(/x + 1 — 1). Then construct a table that shows values of f(x)
lhen x is close to 0.

: —0.01 | —0.001

1.995 | 1.9995

~0.0001 | 0 | 0.0001 | 0.001 | 0.01

1.99995 | ? ‘ 2.00005 | 2.0005 | 2.005
§

0m the table, it appears that the limit is 2. Try using the zoom and trace
tilures of a graphing utility to verify graphically that the limit is 2 (see Figure
£3).
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The Interactive CD-ROM and Internet
versions of this text show every example
with its solution; ¢licking on the Try fr/
button brings up similar problems.
Guided Examples and Integrated
Examples show step-by-step solutions to
additional examples, Integrated Examples
are related to several concepts in the

section,

R I A I
/

Figure 12.2

lim f(x)=2
x=0
7 f@x) ad
x) = —————
©.2 v’x+l—]‘_

fis undefined
| atx=0.

ol L

Figure 12.3
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In Example 3, note that f(x) has a limit when x — 0, even though the function is
not defined when x = 0. This often happens, and it is important to realize that the
existence or nonexistence of f(x) when x = ¢ has no bearing on the existence of
the limit of f(x) as x approaches c.

EXAMPLE 4  Using a Graphing Utility to Find a Limit
P-—x24+x-1

% = ]

Estimate the limit lim

x—=1

Numerical Solution

Graphical Solution

t versions of this

Let f(x) = (x* — x> + x — 1)/(x — 1). Because you are finding Use a
the limit when x = 1, use the table feature of a graphing utility to
create a table that shows the value of the function for x beginning at
x = 0.9 and incrementing by 0.01, as shown in Figure 12.4(a). Then
change the table so that x begins at 0.99 and increments by 0.001, as
shown in Figure 12.4(b). From the tables, you can estimate the limit
to be 2. In this case, notice that you cannot obtain the limit simply

by evaluating f(x) when x = 1.

graphing
-2+~ D/E—

closer and closer to 1, y gets closer anq
to 2 from the left and from the right, g5
in Figure 12.5. Using the trace feature,
that there is no value given for y whep x

utility

X [¥i X b

.97 1.9409 .997 1.994

.98 1.9604 998 |1.996

.99 1.9801 999 1.998

ERROR ERROR

1.01 2.0201 1.001 2.002

1.02 2.0404 1.002 | 2.004

1.03 2.0609 1.003 | 2.006

X=1 X=1 grat

X=.9

(a) (b)
Figure 12.4 Figure 12.5

EXAMPLE 5 Using a Graph to Find a Limit

Find the limit of f(x) as x approaches 3, where

2, x#3

m={Er23

Solution

Because f(x) = 2 for all x other than x = 3 and because the value of f(3) is
immaterial, it follows that the limit is 2, as shown in Figure 12.6. So, you can
write

lim 109 = 2

The fact that f(3) = 0 has no bearing on the existence or value of the limit as x
approaches 3. For instance, if the function were defined as

ﬂx):{z, x# 3 \

4, x=3

the limit would be the same.

-1

0
Figure 12.6



I12.1 ¢ Introduction to Limits 809

iimits That Fail to Exist

the next three examples, you will examine some functions for which limits do
| .
;[ cxlﬁ[h

Il_ AMPLE 6 Comparing Left and Right Behavior

ghow that the following limit does not exist.

: o 2l
it | Lﬂ " f\(,\_)fv—r‘
s
Solution
(tj,n grals; 'tgnside:' the graph of the function f(x) = |x|/x. From Figure 12.7, you can see 4 . : {s
€n use the : I itk ruion
e that as x g :_mat for positive x-values i
loser anig e, ..o |
right, as shg . X ¥ : ) !
feature, . . '
" henxnw nd for negative x-values Figure 12.7
1 x| _ ,
I — = —1, x < 0.
L= X
i | This means that no matter how close x gets to 0, there will be both positive and
egative x-values that yield f(x) = 1 and f(x) = — 1. This implies that the limit
J does not exist.
EXAMPLE 7  Unbounded Behavior '.
|
Discuss the existence of the limit i
|
lim —
=0 x=
- W\ Solution 4
l Let f(x) = 1/x2 In Figure 12.8, note that as x approaches 0 from either the right
= T or the left, f(x) increases without bound. This means that by choosing x close - |
"2 x#3 @ enough to 0, you can force f(x) to be as large as you want. For instance, f(x) will
0,x=3 b larger than 100 if you choose x that is within ﬁ of 0. That is, I
—
1 — 1 i
/.‘ 0< |x] <— ; flx) == > 100
10 S -3 ! ! 5 : L 3
—o— | :_’Simjlarly. you can force f(x) to be larger than 1,000,000, as follows. Figure 12.8
!
. 1 — 1
H 0 < |x] < 06 : f(x) == > 1,000,000
—-—0_._.__-—-—-'—'_"1‘__J"5 ' *

Because f(x) is not approaching,a real number L as x approaches 0, you can
‘onclude that the limit does not c}isl.
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EXAMPLE 8 Oscillating Behavior

Discuss the existence of the limit

1
lim s'm(—).
x—0 X

Solution

Let f(x) = sin(1/x). In Figure 12.9, you can see that as x approaches 0, f(x) oscil-
lates between — 1 and 1. Therefore, the limit does not exist because no matter
how close you are to 0, it is possible to choose values of x;, and x, such that

sin(1/x,) = 1 and sin(1/x,) = —1, as indicated in the table.
2|2 [2(2(2]|2]
7|37 | 5|77 | 9x | 1w | °
o Limit does
sm(;) 1. | —%¥ |1 -1 |1 =1 | Bk ariet

Examples 6, 7, and 8 show three of the most common types of behavior associ-
ated with the nonexistence of a limit.

Conditions Under Which Limits Do Not Exist

The limit of £(x) as x — ¢ does not exist if any of the following conditions is
true.

1. f(x) approaches a different number from the

right side of ¢ than from the left side of c. Example 6
2. f(x) increases or decreases without bound as R
X approaches c. Example
3. f(x) oscillates between two fixed values as x
Example 8

approaches c.

A graphing utility can help you discover the behavior of a function near the
x-value at which you are trying to evaluate a limit. When you do this, however,
you should realize that you can’t always trust the graphs that graphing
utilities show. For instance, if you use a graphing utility to sketch the graph of the
function in Example 8 over an interval containing 0, you will most likely obtain
an incorrect graph—such as that shown in Figure 12.10. The reason that a
graphing utility can’t show the correct graph is that the graph has infinitely many
oscillations over any interval that containfs 0.

Figure 12.9

-0.26

Figure 12.10




perties of Limits

on have seen that sometimes the limit of f(x) as x — ¢ is simply f(¢). In such
ases, it is said that the limit can be evaluated by direct substitution. That is,

!HP fx) = f(e)

Substitute ¢ for x.

There are many “well-behaved” functions that have this property. Some of the
J5iCc ONES are included in the following list.

orof ertles of Limits
1et b 'U]d. ¢ be real numbers and let n be a positive integer.
q, lim b= b

X

s = ¢
T

Froarvd

Iim

: o, fornevenand ¢ > 0
Y e

I 'gonometric functions could also be included in this list. For instance,

lim sinx = sin 7
A== T

lim cos x = cos ()

x—0
5 = 1.

By combining the properties of limits with the following operations, you can find
limits for a wide variety of functions.

?aﬂﬁ..'ati'nns with Limits

b and ¢ be real numbers, let n be a positive integer, and let f and g be func-
s with the following limits.

é)ﬁ»ﬁtence of the limit

f(_‘—) = s“lﬂ('}:') ..

Lim f(x) = L and

%A

4. Quotient:

3. Power:

lim ¢() = K

!im [6f(x)] = bL
hm [féx) % g{x]—L+K
llm [f(x)glx)] =

J& L

lim —- e I provided K # 0

!l_g Ef x)}n = [n

12.1 » Introduction to Limits 811

-~ Exploration

e a graphing utility to graph
“tangent function. What are.
tan x and l;m/ tan x?

x4

at can you say about the

_tan x? e |
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| EXAMPLE 9 Finding Limits by Direct Substitution STUDY 8
1P
Find each of the following limits. When evaluating limig,
a. %HE 32 b. {Lrﬂ 5 ber t}]tat there are severai§
to solve most pr Uhlem
2+22>-5 S0
c. lim (x* + 2x — 5) &g = problem can be \Oivedn .
i x4 e cally, graphically, op al

braically. For i Instance,
its in Examples | 1o 3 wer
found numericall ly (by cor

a. 1‘53 x2 = (4)? structing tables). The lim
Example 4 was found nun

cally and graphically, The
| b. !Eﬂ 5=25 is Example 5 was found o o)
)2 + 2(4) — 5 cally, and the limits ip B

| Solution
You can use the Properties of Limits and direct substitution to evaluate each limit.

=16

Il

I c. lim (x2+2x—5)

=16+8—-35
=19
Lox2 4 2% — @42 +24) —5
d. lim =
x—d X = 1 % = 1
| 16+8—5
3
_
3

Match each graph with one of the following functions.
a2 —1 et

SRR

fRl=x+1 glx) =

Find the limits of each function as x approaches 1 and as x approaches 2.
What conclusion can you make?

a. y b.

&_
I
jirs
T
(S
&
|
1
|
it
I
|
T
o =+

Graph these functions on a graphiﬁg utility to see whether it distinguishes
among the graphs. Write a short explanation of your findings.



R

1 Maximum Volume Consider an open box that is to

1 pe made from a square piece of material, 24 centime-

ters on a side, by cutting equal squares from the cor-

pers and turning up the sides.

(a) Draw a diagram that represents the box.

(b) Verify that the volume of the box is V =
4x(12 — x)~

(c) The box has a maximum volume when x = 4. Use
a graphing utility to complete the table and
observe the behavior of the function as x
approaches 4. Use the table to find ]in}l V.

e limit in %
nd numerj.
y. The li

raically,

3[35(39(4(41|45]|5

v

(d) Use a graphing utility to graph the volume func-

tion. Verify that the volume is maximum when
x =4,

' 2. Maximum Area You are given wire and are asked

to form a right triangle with a hypotenuse of /18

inches whose area is as large as possible.

(a) Draw and label a diagram that shows the base x
and height y of the triangle.

(b) Verify that the area of the triangle is
A= éxflS - 2

(¢) The triangle has a maximum area when x = 3
inches. Use a graphing utility to complete the
table and observe the behavior of the function as x

| approaches 3. Use the table to find !TEA

x |2[25|29(3[31]35/4 |
', =
: o | I

(d) Use a graphing utility to graph the area function.
Verify that the area is maximum when x = 3
inches.

B e racrive CD-ROM and Internet ver
8 Review Exercises. T hey also provide T
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In Exercises 3—6, complete the table and use the result
to numerically estimate the limit. Determine whether
or not the limit can be reached.

3. lim (4 — 3x)

% 291299 | 2999 | 3 | 3.001 | 3.01| 3.1
fx) ?

4. lim (32 — 2x +3)

—
ix 39| 399 | 3999 | 4 | 4001 | 401 | 4.1

| | ? |
; B
ad - =

x 29299 | 2999 | 31| 3.001 3.01\3.[

fx) ? \
x+ 1
6. 1
‘] 1 x? —x — 2
x | -1L1|-101|-1001 | —1|—0999
fx) ? |
x | —099 | -09
f&)

In Exercises 7-14, use a graphing utility to construct
a table and use the result to estimate the limit numeri-
cally. Use the graphing utility to graph the correspond-
ing function to confirm your result graphically.

. > , x+2
. i —— By oy
. Jx+5-5 . N1 —x—2
W im ——————— 10. lim ——
x—0 X x—=-3 x+3

to all odd-numbered Section

ink to Guided Examples for additional help
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x 1 _1 ) = cos . T
 ox+2 2 .o x+2 4 25:.41) = o6 x \h—‘na &)
1, Tl =———— 12 e ) )
x—>—4 x+4 =2 x—12 26. f(x) = sin mx, I_lrr}f(x)
. sinx .. BOEX = ] . Jers=1
e Wi 2. f) =——— lim ()
Jx+5—4
In Exercises 15-22, use the graph to find the limit (if 28. flx) = %— lim £(x)
it exists). = X2
gin= [
: — i B oz 29. fx) = 5= limf(
15. lim (3 — x) 16. lim (x* = 3) &) =34 v lmfl)
4 1

=93

30. flx) = 1:—3 lim f(x)

s
‘h.J_I‘_l_I-I_I-'-IU!I

X \
-3 Il‘ll\:\J 6 {5l

L LLLLLL 5 31. f(x) = In(x + 2), ]i_l:rlf(x}
L = 3. f(x) = In(x + 6), lim f(x)
X 3x2 — 12 =
17. lim sin— 18. lim —_—
2 L In Exercises 33—46, find the limit by direct sy
2 L tion.
PR e o /f 33. lim(x® + 3x — 4) 3. lim (° ~ G
. ~10 kbbbl L4 35. lim 3/10x + 7 36. lim 310 + 3x
x—2 x—==73 4
— .15 6
. x+2 __ 37. lim — 38. lim ——
19. ll)ﬂ‘]j +2 20. ].11‘3‘11 e 1 x—=3 x x—=—5x + 2
-1 ko
i - 39, Iim 40, lim 2
L = x—==1 X a8 4
LT ka1
_8 L1 4 _6 = 1 6
E : 41. lime* 42, lim In x
E 33 x—re
4 —4
T 43. lim sin2x 44. ! umzm
21. lim 2 cos— 22. lim secx P orbleR
oo * Sl : . ) %
i 4 45, xl_l}rlr}zarcsm X 46. !T} arccos-z-
-8 3 U S “3-14 In Exercises 47 and 48, find the limit (if it exists) 8
-\i == approaches 2.
-2 -4

2+ 1, x<2
2% 42, ¥l

47. flx) = {
In Exercises 23-32, use a graphing utility to graph the

function and use the graph to determine whether the . x2—4, x<2
i i 48. flx) =

specified limit exists. =0  x20

23. flx) = lim f(x)

T 9 4 el/F 250

¥

24. f(x) = f—:—l lim f(x) y

x—0"



.

‘ect substity.

P~ 6x + S/

6

2 |

it exists) asx

9. If 5113(1 f(x) = 3 and 1_'1:33 glx) = 6, find
(@) lim [—2g(x)].
(b) lim [f(x) + g(x)].

(x)

]
B2,
{C) \vl—r’? g(.l’)

@ lim VFG).

Lgp, If lim flx) = 3 and lim g(x) = —2, find
(@) lim [f(x) + g

(b) lim [6f(x)g(x)].

() lim —2o~

0 775y
‘[n Exercises 51 and 52, find (a) li_n;f(r), (b) lm; glx),
(o) lim [ f(x)g(x)], and (d) lim [g(x) — f(x))

I
.
g
g
2,
I
)

51 flx) = X2,

5. flx)

Synthesis

True or False? In Exercises 53 and 54, determine
‘whether the statement is true or false. Justify your
answer.

83. The limit of a function as x approaches ¢ does not
exist if the function approaches —3 from the left of
¢ and 3 from the right of ¢.

34, The limit of the product of two functions is equal to
the product of limits of the two functions.

55, Think About It From Exercises 3 to 6, select a
limit that can be reached and one that cannot be
reached.

(a) Use a graphing utility to graph the corresponding
functions in the standard viewing window. Do
the graphs reveal whether or not the limit can be
reached? Explain.

(b) Use a graphing utility to graph the corresponding
functions using a decijal window. Do the
graphs reveal whether or not the limit can be
reached? Explain.

12.1 ® Introduction to Limits 815

56. Think About It Use the results from Exercise 55 to
draw a conclusion as to whether or not you can use
the graph generated by a graphing utility to deter-
mine reliably whether or not a limit can be reached.

57. Think About It 1f f(2) = 4, can you conclude any-
thing about }1_13 f(x)? Give reasons for your answer.

58. Think About It 1f lim f(x) = 4, can you conclude
X=>»s
anything about f(2)? Give reasons for your answer.

59. Writing Write a brief description of the meaning of
the notation l_i_I'l;l flx) = 12.

Writing In Exercises 60 and 61, use a graphing util-
ity to graph the function and estimate the limit (if it
exists). What is the domain of the function? Can you
detect a possible danger in determining the domain of
the function solely by analyzing the graph generated
by a graphing utility? Write a short paragraph about
the importance of examining a function algebraically
as well as graphically.

x—9 x—3

X
60. f(x) = § = 61. flx) = 2_9
lim f(x) lim f(x)
Review

In Exercises 62-67, simplify the rational expression.

x* — 81 5—x
62. 63.
9 —x 3x—15
X2 — 12x + 36 1522+ 7x — 4
. X2 —Tx+6 65, 1582+ x—2
x—8 X+ 27
66. 67, ————
24 2+x—6

In Exercises 68-73, find the distance between the
indicated points.

68. (1,0, 3) and(5, 2, 6) 69. (3,2,7) and (3, 2, 8)
70. (—2,5,—3)and (4, —2,6)

71. (2,2, —5) and (—3, —4, —8)

72. (0, —4,0) and (2,0, —9)

73. (3, —3,0) and (0, 5, —5)
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Limits of Polynomial and Rational Functions

In Section 12.1, you saw how direct substitution and operations with limits can
be used to evaluate limits of certain well-behaved functions, such as polynomial
functions and rational functions with nonzero denominators. This result is sum-
marized as follows.

Limits of Polynomial and Rational Functions
1. If p is a polynomial function and ¢ is a real number, then
lim p(x) = ple).

2. If r is a rational function given by r(x) = p(x)/q(x), and c is a real number
such that g(c) # 0, then

ple)

Y gqlc) # 0.

lim Fx) = rlc) =

E EXAMPI.E 1 Evaluatmg L|m|ts hy D|re{:t Suhstltutmn
Find each of the following limits.

- lim (x2+x—6)

" xo—1

e T e

Solution

The first function is a polynomial function and the second is a rational function
(with a nonzero denominator at x = —1). So, you can evaluate the limits by
direct substitution.

a.rgml(x2+.t—6)=(- 12+ (=1)—6=—6

b i k=8 =Ir+i{-b=6 &
<o SR - 4 3 2

e ———

=il

Use a graphing utility to graph the function
PEtx—86
x+3

fx) =

in Example 1(b). Use the frace feature to approxmlate I:m f (x). What do you
thmk hm j(r) equals? Is f defined'ht x = —3? Does ths affect the existence of
the hrml ab x approaches —3?

You Should | papn ".

® How to find limiis
mial and rationg]
direct substitution
® How to use the divigs
technique to find lipp
functions N
® How to use the ratio
technique to find |
functions ]
® How to approximate
functions graphicall
numerically ,
® How to evaluate one-sid
limits of functiong
® How to evaluate the

You Should Leam | :

Many definitions in cal
involve the limit of a fun
For instance, in Exercises
62 on page 825, the de
the velocity of a free-
object at any instant in
involves finding the limit
position function.



jviding Out Technique

gxample 1(b), suppose you were asked to find the limit as x — —3.
V' P te—8

,ljen-‘—lii x+3

pirect substitution would fail because —3 is a zero of the denominator. By using
-'a table, however, it appears that the limit of the function as x - —3 is —5.

12.2 » Techniques for Evaluating Limits 817

The Interactive CD-ROM and Internet
versions of this text offer a built-in graph-
ing calculator, which can be used with
the Examples, Explorations, and
Exercises.

—=3.01 | =3.001 | —3.0001 | =3 [ —2.9999 | —2.999 | —2.99

B 2| 501 | —5001 | —5.0001 | ? —4.9999 | —4.999 | —4.99

Another way to find the limit of this function is to factor the numerator and
divide out common factors, as shown in Example 2.

EXAMPLE 2 Dividing Out Technique

Find the following limit.

x4+ x—6
hm ————
z—3—3 x+3
Solution
‘Begin by factoring the numerator and dividing out any common factors.
=8 .. E=2Uxr+3)
ity ————= iy —— Factor numerator.
=3 x4 x——3 x+ 3

(x — 2)(x+3)

= hm ——— Divide out common factor.

x—-3 243

= lim (I = 2) Simplify,

x=—3
== =3 Direct substitution
= -3 Simplify.

This procedure for evaluating a limit is called the dividing out technique. The
Walidity of the procedure stems from the fact that if two functions agree at all but
‘dsingle number ¢, they must have identical limit behavior at x = ¢. In Example
2, the functions

2+x—6 .
3 - e— - d == — 2
f(x) o an glx) = x
dgree at all values of x other thank.x = —3. So, you can use g(x) to find the limit

Off(x).

Y Exploration

(& '_';st-_ graph at x = —3.
uate the second graph at
3. What can you
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The dividing out technique should be applied only when direct substitution pro-
duces 0 in both the numerator and the denominator. The resulting fraction, %, has
no meaning as a real number. It is called an indeterminate form because you
cannot, from the form alone, determine the limit. When you encounter this form
by direct substitution into a rational function, you can conclude that the numera-
tor and denominator must have a common factor. After factoring and dividing out,
you should try direct substitution again.

=

T e T et e e e e B A P P T T B STt st

EXAMPLE 3 Dividing Out Technique

Find the following limit.

; x—1
lim T A
=P —tr—1
Solution
Begin by substituting x = 1 into the numerator and denominator.
l—1=0 Numerator is 0 when x = 1.
(])3 - (|}2 L= Denominator is 0 when x = 1,

Because both the numerator and denominator are zero when x = 1, direct
substitution will not yield the limit. To find the limit, you should factor the numer-
ator and denominator, divide out any common factors, and then try direct substi- ¥

tution again.
li 2] li il F d T
1m = lim ; “actor denominator.
=l —x24+x—1 =1 x—-1DE2+1) = 3
| fo)=——%
. xx—1 X=X
=lm-——— Divide out common factor.
=1 (e—~T)(x2 + 1) 7 / fis undefined
| awhenx=1. 8
= lim ——— Simplify 1 1 )
=1 x2 + 1 T ( i 2) :
1 Substi |
= 27 Substitute,
(12 +1 Figure 12.11
1 .
= —= Simplify.
2

This result is shown graphically in Figure 12.11.

In Example 3, the factorization of the denominator can be obtained by dividing
by (x — 1) or by grouping as follows.

B-x2+x—-1=x2x-1D+x-1)

=(x—1Dx2+1)

$
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gationalizing Technique

gother way to find the limit of a function is to first rationalize the numerator of
e function. This is called the rationalizing technique.

gXAMPLE 4  Rationalizing Technique

pind the following limit.

Solution
gy direct substitution, you obtain the indeterminate form 3
Jx =1=1 9

hm - S
50 X 0 Indeterminate form

[n this case, you can rewrite the fraction by rationalizing the numerator.

1 Srxti-1_ (Va+1-1)Va+1+1
* X Jx+1+1
o
! x(_\fx + 1+ ]_) Multiply.
j - x
1 B X! \,J{'(_-i—_l + 1 Simplify.
.:2_+lx 1 : X N ;
: — - Jivide out co on factor. :
‘, I(_\/m vide out common factor 1
\defined ‘ : 1
x=1 S — R \
= - : X i g i
—— i Jx+1+1 x 0 Simplify
| 2 - Now you can evaluate the limit by direct substitution. 2+ o —
g . :—_
P 4 X AT —1 1 =

1 1
i | 1 —_— R —_— = —_ — ."r
i ¢ R T ed /
)-—‘-—;-_______

You can reinforce your conclusion that the limit is % by constructing a table, or by
sketching a graph, as shown in Figure 12.12.

F— f f
-1 | 2

Figure 12.12

01 | =001 | —0001 | 0| 0001 [001 |01

/&) | 05132 | 0.5013 | 0.5001 | 7 | 0.4999 | 0.4988 | 0.4881

The rationalizing technique for evafuating limits is based on multiplication by a
‘onvenient form of 1. In Example 4, the convenient form is

Jr+1+1
Jx+1+1

I =
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Using Technology

The dividing out and rationalizing techniques work well for finding the limit of a
rational function or for finding the limit of a function involving a radical.
To find limits of nonalgebraic functions, you often need to use more sophisticated

analytic techniques, as shown in Examples 5 and 6.

EXAMPLE 5 Approximating a Limit
Approximate the limit lim (T x)=

Numerical Solution

Graphical Solution

Let f(x) = (1 + x)'/*. Because you are finding the
limit when x = 0, use the table feature of a graph-
ing utility to create a table that shows the value of
f for x beginning at x = —0.01 and incrementing
by 0.001, as shown in Figure 12.13. Because 0 is
halfway between —0.001 and 0.001, use the aver-
age of the values of f at these two x-coordinates as
an estimate of the limit as follows.

To approximate the limit graphically, enter the

f(x) = (1 + x)'/~ in a graphing utility, as shown i
12.14. Using the zoom and trace features of the graphing
choose two points on the graph of f, such as

(—0.001645,2.7205)  and  (0.001645,2.710)

Because the x-coordinates of these two points are equj
from 0, you can approximate the limit to be the average of
coordinates. That is,

7196 + 2.
lim (1 -+ 0 ~ 20 E2TIO 5 7185
) lim (1 + )/ =

The actual limit can be found algebraically to be

2 2.7205 + 2.7160

e e

EXAMPLE 6 Approximating a Limit Graphically

Approximate the limit lim 312%

X=¥ X

Solution

Notice that direct substitution does not work because it produces the indetermi-
nate form g. To approximate the limit, use the procedure described in Example 5.
Begin by sketching the graph of f(x) = (sin x)/x, as shown in Figure 12.15. Then
use the zoom and trace features of the graphing utility to choose a point on each
side of 0, such as ¥

(—0.001234, 0.9999997) and (0.001234, 0.9999997).

Finally, use interpolation to approximate the limit as the average of the y-coordi-
nates of these two points, lin% (sin x)/x = 0.9999997. It can be shown

algebraically that this limit is exactly 1.

2

Figure 12.15

='2.71825;

e~ 2.71828. The actual limit can be found algebraically to be e =~ 2.71:"
X_|¥i 6
21008 | 5755" 1
-001 |7.7196 f=(1+x
ERROR
.001 | 2.7169
.002 |2.7156
.003  [2.7142
X=0 L
- _2\ L 1 1 L L 1 L
Figure 12.13 0
Figure 12.14

fry= S

-
ion 4]
k. |
the 0
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l ng—Sided Limits

4 Section 12.1, you saw that one way in which a limit can fail to exist is when a
. ction approaches a different value from the left side of ¢ than it approaches

,m the right side of ¢. This type of behavior can be described more concisely
ﬁh the concept of a one-sided limit.

Jim f(x} e Limit from the left
e

Jim }(TX} =L Limit from the right
g

B B e

E){AMPI.E 7 E'.faluatlng l]ne Sided Limits

Pmd the limit as x — 0 from the left and the limit as x — O from the right for

0 in Flg . |2xl
ohing utlify; flx) =~
2 Splution
-7160). ; Frnrﬂ the graph of f, shown in Figure 12.16, you can see that f(x) = —2 for all
> equidistang 1< 0. Therefore, the limit from the left is
age of the ¥ |2x]| _ .
lim — = —2. Limit from the left
=07 X

Because f(x) = 2 for all x > 0, the limit from the right is

: 2
= 27182 4. lim Lﬂ = 2. Limit from the right
' x-0" x
2
fw=2

ir -4 L 1 1 L 1 L Il 4

| :

» -

¥ !

figure 12.16

InExample 7, note that the function approaches different limits from the left and
fiom the right. In such cases, the limit of f(x) as x — ¢ does not exist. For the limit
of a function to exist as x—¢, it must be true that both one-sided
limits exist and are equal.

|Iff 15 a function and c and L are real numbers then
i 11_1;? flx) =1L

;i'fand only if both the left and right limits exist and are equal to L.
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EXAMPLE 8 Evaluating One-Sided Limits

Find the limit of f(x) as x approaches 1.
L S x< 1

1) = {4 . xd
X

e T |

Solution

Remember that you are concerned about the value of f near x = | rather than at
x = 1. So, for x < 1, f(x) is given by 4 — x, and you can use direct substitution
to obtain

lirrll flx) = iil‘i{l 4—x)
X=% x—
=4 -1
= 3.
For x > 1, f(x) is given by 4x — x?, and you can use direct substitution to obtain
ﬁ]‘{ll_ flx) = lirl;lL (4x — x?)
X=3 X—
=4 -1
= 3.
Because the one-sided limits both exist and are equal to 3, it follows that
llir}l} flx) = 3.

The graph in Figure 12.17 confirms this conclusion.

EXAMPLE 9 Comparing Limits from the Left and Right E

An overnight delivery service charges $8 for the first pound and $2 for each
additional pound. Let x represent the weight of a parcel and let f(x) represent the
shipping cost. Show that the limit of f(x) as x — 2 does not exist.

B. DLl

flx) =410, 1 <x<2
12, 2<x

A

IA
991

Solution
The graph of f is shown in Figure 12.18. The limit of f(x) as x approaches 2 from
the left is

lirgl_ flx) =10

whereas the limit of f(x) as x approaches 2 from the right is
lim f(x) = 12.
E o P

Because these one-sided limits are n{)t equal, the limit of f(x) as x — 2 does not
exist.

= _ L
Jlr(x) =4x— ,{2, > 1

Figure 12.17

Overnight Delivery

13

12 Sourer
1 For2 <x<3,flx) Sk

Y00 For1 Sx<2.f00=

Shipping cost (in dollars)

2 ForO<x< 1, f(n=8
| 1 o
i 0 1 2.
Weight (in pot
Figure 12.18



t Delivery

0
<3, f(%) h>0 h

2,f(x)=1018
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j Limit from Calculus

the next section, you will study an important type of limit from calculus—the
" it of a difference quotient.

| . st = v
XAMPLE 10  Evaluating a Limit from Calculus
. the function f(x) = x* — 1, find

£13 =+ h) =3
h

For

| solution
pirect substitution produces an indeterminant form.
f@+h -7 _ . [B+n2-1]-[3?-1]

2 m-— " =
s X>1 ;,_m h h—0 h

O+6h+h—1—-9+1 |

= lim
h—0 h i
|
— i 61+ R |
h—0 ,I
o |
0 '

By factoring and dividing out, you can obtain the following.

(3 + h) — f(3) . h(6 + h)
m-—————————=lim ——

h—0 h h—0 h

=lim(6+h)=6 |

h—0

So, the limit is 6.

Note that the limit of a difference quotient is an expression of the form

Direct substitution into the difference quotient always produces the indeterminate

g o
1,f(x)=8 o ;.

i : gt s .
Consider the limit of the rational function p(x)/g(x). What conclusion can
- You make if direct substitution produces the given expression? Write a short
Paragraph explaining your reasoning.

.ﬂ‘limM—— b.llmM“— -l ——==" dihm——=—

e glx) 1 e glx) 1 ¢ glx) 0 e glx) 0
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In Exercises 1-8, evaluate the limit by direct substitu-
tion.

1. lim (10 — x?) 2. lim_ (3 — 5x)

, 3x . x—1
> B F s
S5+ 3 . ¥ +1
5. lim : 6. lim &
X=—3=2 2)( —— 9 x—3 X
7. lirn1 Jx+ 2 8. lirr}{ Yt -1
o x—3

In Exercises 9-12, use the graph to determine the
limit visually (if it exists). Then identify another func-
tion that agrees with the given function at all but one
point.

_le + - 3
9, g(x) = ——= 10. h(x) = —=
5_ 1
L ~A T T L5
-5 R e ij L1 4 /:
-1 6
(a) lim g(x) (a) lim_ h(x)

(b) lim g(x)

(c) lim g(x)

(b) lim h(x)
(©) lim h(x)

11. glx) =

X —x xz—1
2. =
— 12. f(x) -

X

peMd [ A

(@) lim f(x)
(b) lim f(x)
(c) lim f(x)

x=>—1 ‘

(@) lim g(x)
(b) lim g(x)
(©) lim g(x)

In Exercises 13-24, find the limit (if it exists). Use a
graphing utility to verify your result graphically.

" A=
W s e

. x— b
13 Bmtos —ag

=1 1 +x =-3 t+3
5+y-—5 [T =2
17. lim S5ry -5 18, fip Y 28
y—0 y =0 z
19. lim ,__L_H 20. lim 4~ V/Tgh:;
im0 ‘B
1
. Zi“ -3
z 5
21. lim *——— 22. lim —X 4
x—0 X =0 X
. C -3 ] = 51
23, lim 5 24, lim ——1%
+—0 tan x x—=m/2  cosx

In Exercises 25-28, use a graphing utility to graph
function and approximate the limit.

b '+' o 3 Sl JF
25 jim 233 e 3=
L _x 28 x—9
w
X —-32 2+x 2
27. lim 28, lim 2T * =
=2 x — x—0 x

Graphical, Numerical, and Algebraic Analysis
Exercises 29-32, graphically approximate the limit (
it exists) by using a graphing utility to graph the fi
tion. Numerically approximate the limit (if it exi
by constructing a table. Algebraically evaluate

limit (if it exists) by the appropriate techniques. Exerciseq

—1 5 — £ T
29. lim (’E ) 30. lim = 35. f(x)
x=1- x2 —1 x—5* 25 — x* L f(x) =
~ Jx Jr+2-/2 k.
31. lim . 32, lim Y2 == 9. f(x) =
x=16" x — 16 x=0" X '
J 5 E . _.
In Exercises 33-38, use a graphing utility to graph ) =XE_['C112f 2
function. Determine the limit (if it exists) by eval - allin
ing the corresponding one-sided limits. "

onds is give

¥ =8
33. lim | | 34. lim |x — 2| 1. Find the
=6 X — 6 =2 >
1
35. lim — 36. lim
=1 x4+ 1 x—>1 xz = |

o ax &= 1 x<2
37. }{I}é,f(x) where f(x) = [Zx _3 x»2

4— 2 x=1

3—x, x>1

sent the |

$28,000;

38. ll_r’l} f(x) where f(x) = {



Analysis In

> the limit (if
ph the fune-
(if it exists)
evaluate the
nigues.

IS

5 ‘

to graph the
) by evaluat-

53 (a) lim x? sinx?
x—0

5. /() = Vi

. pxercises 3946, use a graphing utility to graph the
3 qnction and approximate the limit. Write an approx-
nation that is accurate to three decimal places.

4, lim (xInx) 40. lim (x2Inx)
7 o+ 5 £50* :
sin 2x . sin3x
g1, lim d
tan x .1 — cos2x
. lim, =~ wlig™—y
= 3 x i
45, lim Va 46. lim (1 + 2x)1/

Esi 1 —x x—0

[n Exercises 47-52, use a graphing utility to graph the
function and the equations y = x and y = —x in the
same viewing window. Use the graph to find Jﬂlj f).
48. f(x) = |xsin x|
50. f(x) = |x| cos x

47. f(x) = xcosx
9. f(x) = |x| sinx
51. f(x) = xsin lx 52. f(x) = xcos %

In Exercises 53 and 54, state which limit can be eval-

| yated using direct substitution. Then evaluate or
' approximate each limit.

2

. sinx?
(b) lim
x—0

2
X~

L l — g X
) lim — (b} lim ———2

x—=0 cos x x—=0 X

In Exercises 55-60, find lim %f_(x_)

56. f(x) =5 — 6x
58. f(x) = V/2x — 2
60. f(x) =4 — 2x — x2

85. f(x) = 3x — 1

Bl () = x2 — 3x

In Exercises 61 and 62, use the position function
5{f) = — 162 + 128, which gives the height (in feet) of
a free-falling object. The velocity at time ¢ = a sec-
onds is given by !112 [s(@) — s@] /(@ — o).

61, Find the velocity when ¢t = 1 second.

62, Find the velocity when 7 = 2 seconds.

03, Salary Contract A union ‘contract guarantees a
10% salary increase yearly for 3 years. Let f repre-
sent the time in years and f(¢) represent the salary (in
thousands of dollars). For a current salary of
$28,000, the salary for the next 3 years is

12.2 ® Techniques for Evaluating Limits 825

2800, 0<t=1
fl) =73080, 1 <1t<2.
3388, 2<t<3

Show that the limit of f as r— 2 does not exist.

64. Cost of Overnight Delivery The cost of sending an
overnight package is $10.75 for the first pound and
$3.95 for each additional pound. A plastic mailing
bag can hold up to 3 pounds. Let x represent the
weight of a package and let f(x) represent the cost of
sending a package in a plastic mailing bag. Show
that the limit of fas x— 1 does not exist.

1075, 0<x<1
fx) =41470, 1 <x<2
18.65, 2 <x<3

Synthesis

True or False? 1In Exercises 65 and 66, determine
whether the statement is true or false. Justify your
answer.

65. When evaluating the limit of a rational function
yields an indeterminate form, the rational function’s
numerator and denominator have a common factor.

66. If f(c) = L, then Hm_f(_r} =L,

67. Think About It Sketch the graph of a function for
which £(2) is defined but for which the limit of f(x)
as x approaches 2 does not exist.

68. Think About It Sketch the graph of a function for
which the limit of f(x) as x approaches 1 is 4 but for
which (1) # 4.

69. Writing Write a short paragraph explaining several
reasons why the limit of a function may not exist.

Review

70. Write an equation of the line that passes through
(6, —10) and is perpendicular to the line that passes
through (4, —6) and (3, —4).

71. Write an equation of the line that passes through
(1, —1) and is parallel to the line that passes through
(3, —3) and (5, —2).

In Exercises 72-75, determine whether the vectors
are orthogonal, parallel, or neither.

72, (7. —2,3),{—1.4,5) 73. (5,5,0),40,5, 1)

74. (—4,3, —6), (12, -9, 18)
75. (2, =3,1),(=2,2,2)
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Tangent Line to a Graph

Calculus is a branch of mathematics that studies rates of change of functions. If
you go on to take a course in calculus, you will learn that rates of change have
many applications in real life.

Earlier in the text, you learned how the slope of a line indicates the rate at
which a line rises or falls. For a line, this rate (or slope) is the same at every point
on the line. For graphs other than lines, the rate at which the graph rises or falls
changes from point to point. For instance, in Figure 12.19, the parabola is rising
more quickly at the point (x;,y,) than it is at the point (x,, y,). At the vertex
(x5 y3), the graph levels off, and at the point (x,, y,), the graph is falling.

(x5, ¥3)
S T
(x5, ¥5)

(x40 ¥4)

/- x

f(xl, )

To determine the rate at which a graph rises or falls at a single point, you can find
the slope of the tangent line at that point. In simple terms, the tangent line to a
graph of a function f at a point P(x,, y,) is the line that best approximates the slope
of the graph at the point. Figure 12.20 shows other examples of tangent lines.

Figure 12.19

—_ X X m— ————— X
I
Figure 12.20

You Should Léa

® How to use a tans
approximate the s,
graph at a point

® How to use the limijt ¢
tion of slope o fing ey
slopes of graphs

®  How to find derivat
functions and use dg
to find slopes of grg

You Should Lea

The slope of the graph of
tion can be used to analy;
of change at particular
the graph. For instance,
Exercise 40 on page ¢
slope of the graph is us
lyze the rate of change
sales for particular selli

TR i

From geometry, you know that a line is tangent to a circle if the line intersects the
circle at only one point. Tangenfj lines to noncircular graphs can intersect the
graph at more than one point. For instance, in the first graph in Figure 12.20, if
the tangent line were extended, it would intersect the graph at a point other than
the point of tangency.
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gjope of a Graph

pecause a tangent line approximates the slope of the graph at a point, the prob- A computer simulation of this example
e of finding the slope of a graph at a point becomes one of finding the slope of appears in the Interaetive. CD-ROM and

3 A tﬂﬁgent line at the pOiI]t. Internet versions of this text,
“nt | N

EXAMPLE 1 Visually Approximating the Slope of a Graph || FR=E .'
b ;{Jse the graph in Figure 12.21 to approximate the slope of the graph of f(x) = x? \

ot the point (1, 1). " _: .

; - 12 i

splution : |

From the graph of f(x) = x?%, you can see that the tangent line at (1, 1) rises B e

B:1313,1-05(imate]y two units for each unit change in x. So, the slope of the -3 L i

| ngent line at (1, 1) is

=
change in y Figure 12.21

Slope =

change in x

)

b

Because the tangent line at the point (1, 1) has a slope of about 2, you can con-
| clude that the graph has a slope of about 2 at the point (1, 1).

When you are visually approximating the slope of a graph, remember that the
_scales on the horizontal and vertical axes may differ. When this happens (as it fre-
“quently does in applications), the slope of the tangent line is distorted, and you Average Daily Temperatures

~must be careful to account for the difference in scales.
EXAMPLE 2  Approximating the Slope of a Graph
\Figure 1222 graphically depicts the average daily temperature (in degrees

Fahrenheit) for each month in Dallas, Texas. Approximate the slope of this graph gl oy wopl g iy
at the indicated point and give a physical interpretation of the result. Ue &y B0 8 0:

Solution s
From the graph, you can see that the tangent line at the given point falls approx-  Figure 12.22

Imately 20 units for each two-unit change in x. So, you can estimate the slope at

| the given point to be

80 |-
70 |-

50 |-

Temperature (°F)
2
L

change in y

dbout 10 degrees lower than the corresponding temperature in October.

I Slope = ,
| change in x
|
il . _20
q 2
R |
i ! = — 10 degrees per nu}nth,
u’ This means that you can expect the average daily temperature in November to be
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Slope and the Limit Process

In Examples 1 and 2, you approximated the slope of a graph at a point by mak-
ing a careful graph and then “eyeballing” the tangent line at the point of
tangency. A more precise method of approximating tangent lines makes use of a
secant line through the point of tangency and a second point on the graph,
as shown in Figure 12.23. If (x,f(x)) is the point of tangency and
(x + h,f(x + h)) is a second point on the graph of f, the slope of the secant line
through the two points is

_fath) - f&)

b & Slope of secant line

The right side of this equation is called the difference quotient. The denomina-
tor h is the change in x, and the numerator is the change in y. The beauty of this
procedure is that you obtain better and better approximations of the slope of the
tangent line by choosing the second point closer and closer to the point of tan-
gency, as shown in Figure 12.24.

v

(x+h, flx+h) Y (x+h, flx+h)) Y (x+h, fix+h)

(x, flx))
flx + h)—f(x)

J_ﬂ x4+ h) = flx)

~

Figure 12.23

\ [

(x, f(x))

X /1 X

As h approaches 0, the secant line approaches the tangent fine,
Figure 12.24

Usinfgﬁhe limit process, you can find the exact slope of the tangent line at
X))

. f

Definition of the Slope of a Graph

The slope m of the graph of f at the point (x, f(x)) is equal to the slope of its
tangent line at (x, f(x)), and is given by

m = limm..,.
heagy 8E

— i flx + k) — flx)
— 1

h—0 h

provided this limit exists. ¥

A computer animation of this co
appears in the Interactive CD-ROM
Internet versions of this text,
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. AMPLE 3  Finding the Slope of a Graph
4 the slope of the graph of f(x) = x? at the point (-2, 4).
ylion

I by finding an expression that represents the slope of a secant line at the
_ i (—2.4)
fix oint
flx + iy 2 p ) :
- e ) — =)
= Set up difference quotient.
s h
2 + h)? — =
= ( J)h { Use flx) = x2 m)\f) =
: Tangent
4 —4h+h?—4 line at
= h Expand terms. (-2, 4)
—4h + h?
S Simplify.
i implify e
_5 L 1 1 1 1 1 1 4
B ot F | divide
ﬁ aclor and divide out, Flgl.lﬂ! 1225
/ =—4+h h#0 Simplify.
| ext, take the limit of m_,_ as h approaches 0.
/ m= hm "Hscc
| h=—0 °
14
" }rl—rﬁlﬁ (_4 63 k]
—_— iy .~ —4
The graph has a slope of —4 at the point (—2, 4), as shown in Figure 12,25,
] | . .
this concept EXAMPLE 4 Finding the Slope of a Graph
CD-ROM and S8 L
R | Find the slope of f(x) = —2x + 4.
1 Solution
You know from your study of linear functions that the line given by f(x) =
~2x + 4 has a slope of —2, as shown in Figure 12.26. This conclusion is
tonsistent with that obtained by the limit definition of slope.
e £ )~ £() , [iReteed
P~ ;lql—rylr]} h \
. [—2(\' Fh) +4]—(—2x+ 4)
= lim
| h—=0 h
| .
|. - & —2x— 28 + 4 +2x —4
, = Y o ——s
' . &
= AI_I}I?} = Figure 12.26
= =2
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It is important that you see the difference between the ways the difference
quotients were set up in Examples 3 and 4. In Example 3, you were finding the
slope of a graph at a specific point (c, f(c)). To find the slope, you can use the fol-
lowing form of the difference quotient.

.. fle+ k) = fle)
m=lim——

Slope at specific point
h—0 h g : 4

In Example 4, however, you were finding a formula for the slope at any point on
the graph. In such cases, you should use x, rather than ¢, in the difference
quotient.

o fleth) — flx)
m=Ilm————"

h—0) h Formula for slope

Except for linear functions, this form will always produce a function of x, which
can then be evaluated to find the slope at any desired point.

S T ——

= — —r—

EXAMPLE 5 Finding a Formula for the Slope of a Graph

Find a formula for the slope of the graph of f(x) = x* + 1. What is the slope at
the points (—1, 2) and (2, 5)?

Solution
flx + k) — f(x)

. e A SO S S e

g h Set up difference quotient.

i+ WP + 1] =0+
= [(1' ;) I] & L) Use flx) = x* + L.

h
x5+ 2ph R+ 1 =3t~ ]
= h Expand terms.
2xh + h?
= h Simplify.
HQx + h)
= T Factor and divide out.

=2x+h R#*0

Simplify.
Next, take the limit of m as h approaches 0.

m = lim m.__,
R i

== ll_l)l’[lj 2x +h) = 2x

: Using the formula m = 2x for the slope at (x, f(x)), you can find the slope at the

specified points. At (— 1, 2), the slope is
m=2(-1)=-2
(=1) \
and at (2, 5), the slope is
m=2(2) = 4.
The graph of f is shown in Figure 12,27.

STUDY T

Try verifying the result jn
Example 5 by graphing the
function and the tangent Jin
(—1,2) and (2, 5) as

h=2

. e —2x

Ya=4x—3

in the same viewing window,
Some graphing utilities e
have the capability of auto
cally graphing the tangent
to a curve at a given point. Ii
you have such a graphing
try verifying Example 5.

Tangent
line at
-1,2)

-4

Figure 12.27
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1he Derivative of a Function

Exdmpl{, 5, you started with the function f(x) = x*> + 1 and used the limit
roces“ to dcrm, another function, m = 2x, that represents the slope of the graph
of fat the point (x, f(x)). This derived function is (..:l“EC] the derivative of f at x.
Juis denoted by f’(x), which is read as “f prime of x.”

" . - - - . §
pefinition of the Derivative g
‘he derivative of f at x is |8
f(x+ h] — flx) E
Fla=lm——————
Tp Wided this limit exists. '
ult i
no i:;]e gemember that the derivative Sf'(x) is a formula for the slope of the tangent line
g .

rent lines ol to the graph of fat the point (x, f(x)).

'EXAMPLE 6 Finding a Derivative
_  Find the derivative of f(x) = 3x2 — 2ux.
E | Solution

window, () = lim flx+ h) — flx)
1es even ! h—0 h
f automati- . , .
ngent line ' = Yiiii [B(x + h)* — 2(x + h)] — (3x*—2x)
point. If = | h—0 h
i’hi?g utilifs e P Gch + 307 — B — 2 ~ 3%+ |
) ' == ey 2 b Y = - o
h Exploration
$ . b6xh + 3K0% — 2h '
— ll]n - =
fi—=0 h
X) :_t3+1 ! = T }'i(ﬁx + 3k — 2) I
T h—30 h '
h\} . -
Tangent | =
line at o = lim (6x + 3h — 2)
@, 5) , h—0
I =6x—2
] [
" S0, the derivative of f(x) = 3x2 — 2x is
P ': B fx) =6x— 2. vertex of an arb

Note that in addition to f(x), other notations can be used to denote the derivative
L 0f y = f(x). The most common arg

2y 2wl ad D]

W ————
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T s r T s TrTr oI maezemes o

EXAMPLE 7 Using the Derivative

Find f*(x) for f(x) = /x. Then find the slope of the graph of f at the points (1, 1)
and (4, 2).

Solution
Use the procedure for rationalizing numerators, as discussed in Section 12.2.

flx+h) — flx)

f (x) = ;i;l—r>l?} h
. Mxt+ h— Vx
= lim
h—0 h

_ (v’x Ef = -\/E)(\/x +h+ \/})
_hg}}} h -./.r+!1+\/.;

(x+hR)— x
= lim

h—)[}h(\/XT“}.\/)

4
- r’1~>0 }i(\/x + h + \u)
= lim
e ,/—,\ ¥ h+ Jx r(1,1)
= L = m':l
2\/} 1l |2
At the point (1, 1), the slope is f(X) Vx
l Figure 12.28
7f
At the point (4, 2), the slope is
1
4
F® =5 =

| The graph of fis shown in Figure 12.28.

In many applications, it is convenient to use a variable other than x as the
independent variable. Complete the following limit process to find the
derivative of f(f) = 3/r. Then use the result to find the slope of the graph of
f(e) = 3/t at the point (3, 1).

e
e e G SIS

h— U h h—0 h

Write a short paragraph summarizing your findings.
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s A

-y T

E Exercises 1-4, approximate the slope of the curve
| ¢ the point (x, y).
| 1. 4 2. 3

-(I')") \
7 Niy)
b i 1 -2 e L v 4
L ™
1 -
3 b 2 4, 3
ol / A2
FE " Gy | r Mox .
I L R

In Exercises 5-8, use a graphing utility to graph the
function and the tangent line at the point (1, f (1)). Use
the graph to approximate the slope of the tangent line.

5 flx) =x* =2 6. flx) =x2—2x + 1

7. flx) = V2 —x

'In Exercises 9-16, use the limit process to find the
slope of the graph of the function at the specified
point. Use a graphing utility to confirm your result.
By o(x) =5 —2x, (1,3)

10, A(x) =2x + 5, (=1, =3)

L g(x) = x2 — 4x, (3, -3)

B2 f(x) = 10x — 242, (3,12)

4 .
3. g(x) = = (2,2)

e

15, h(x) = Vx, (9,3)
16, h(x) = /x + 10, (=1, 3)

In Exercises 17-20, find a formula for the slope of the
fraph. Then use it to find the sldpe at the two points.

. gx) =4 — x? 18. glx) = »
(a) (0,4) (a) (1,1)
(b) (—1,3) () (=2, -8)

12.3 » The Tangent Line Problem 833

1

9. g0 = ——~ 20. g(x) = Vx— 1
@ (0,3) (@ (5,2)
®) (-2,1) () (10,3)

In Exercises 21-26, find the derivative of the function.

21. f(x) =5 22. fx) = —5x+ 2

23. gx) =9 — 3x 24. f(x) =x2—3x+4
T e

25. f(x) = 26. h(s) = ——==

In Exercises 27-30, find the slope of the graph of f at
the given point. Use the result to find an equation of
the tangent line to the graph at the point. Use a graph-
ing utility to graph the function and the tangent line.

27. fx) = 22 — 1, (2, 3) 28, f(x) = x* — x, (2,6)
20, flx) = Vx + 1,(3,2)
30. f(x) = 2x + %, (2,6)

In Exercises 31-34, use a graphing utility to graph f
over the interval [—2,2] and complete the table.
Compare the value of the first derivative with a visual
approximation of the slope of the graph.

x -2 | =15 -1 —0.5‘0:0.5]1 15 |2
fx) '

')

31 f(x) = 3x2 32. flx) =

33 flx) = /x + 3 34. f(x) = ’f;j

In Exercises 35-38, find the derivative of f. Use the
derivative to determine any points on the graph of f
where the tangent line is horizontal. Use a graphing
utility to verify your results.
35, flx) =22 —4x + 3

37. flx) =322 — 9x

36. flx) =x3+ 3x
38. f(x) = 3x* + 44°
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39. Federal Debt The table shows the per capita fed-
eral debt (in dollars) for the United States for selected

years. (Source: U.S. Treasury Department)
Year 1950 1960 | 1970
Per Capita Debt | $1688 | $1572 | $1807
Year 1980 1990 2000
Per Capita Debt | $3981 | $12,848 | $20,788

(a) Use the regression capabilities of a graphing
utility to fit a third-degree polynomial to the
data. Let 1 be the time in years, with r = 0 corre-
sponding to 1950.

(b) Use a graphing utility to graph the model found
in part (a). Estimate the slope of the graph when
t = 30 and give an interpretation of the result.
(¢) Use a graphing utility to graph the tangent line to
the model when 7 = 30. Compare the slope
given by the graphing utility with the estimate in
part (b).

40. Market Research The data in the table shows the

number N (in thousands) of books sold when the

price is p (in dollars).
p | $10 | $15 | $20 | $25 | $30 | $35 |
N | 900 | 630 [ 396 | 227 | 102 | 36 J

(a) Use the regression capabilities of a graphing
utility to fit a second-degree polynomial to the
data.

(b) Use a graphing utility to graph the model found
in part (a). Estimate the slope of the graph when
p = $15and p = $30.

Use a graphing utility to graph the tangent line to
the model when p = $15 and p = $30.
Compare the slopes given by the graphing utility
with your estimates in part (b).

(c)

(d) The slopes of the tangent lines at p = $15 and
p = $30 are not the same. Explain what this

means to the company selling the books.
Synthesis ¥

True or False? In Exercises 41 and 42, determine
whether the statement is true or false. Justify your
answer.

41. The slope of the graph of y = x? s different sl
point of the graph of f.
42. A tangent line to a graph can intersect the ctall A
at the point of tangency. Phg
In Exercises 43-46, match the function Wi
graph of its derivative. It is not necessary to §
derivative of the function. [The graphs are lahe]n
(b), (c), and (d).] T

(a) 1 (b) 3
_6I_1l|l|_l|h|l_l6
" \
= | .h_
7 =
() 3 (d) 2
& 5 e )
-3l X L 1 L4+ I L
= =
; : 1
43. f(x) = Vx 44. f(x) = -
X

45. f(x) = |x| 46. f(x) = x*

47. Think About It Sketch the graph of a functig
whose derivative is always positive.

48. Think About It Sketch the graph of a funchi§
whose derivative is always negative.

49. Think About It ~Sketch the graph of a function'
which f/(x) < Oforx < 1, f(x) = 0 forx > L@
f() =0.

Review

In Exercises 50-53, sketch the graph of the ration
function. As sketching aids, check for intercepts,
metry, vertical asymptotes, and horizontal as
totes. Use a graphing utility to verify your graphs

1 ‘ x— 20
50. f) =5——5 SLfW=5"7+8

% r — | _1.2 == 16
53. flx) =

s e

o 4

In Exercises
vectors.

54. (1,1,1), (2,1, —1)
56. (—4, 10,0, (4, —1,0) 57. (8, =7, 14).

54-57, find the cross product

55. (—10,0,6), (&
<"' 1;' b}
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imits at Infinity and Horizontal Asymptotes

;Icajculus: finding tangent lines and finding the area of a region. In Section 12.3,
' ou saw how limits can be used to solve the tangent line problem. In this section
nd the next, you will see how a different type of limit, a limit at infinity, can be
gsed to solve the area problem. To get an idea of what is meant by a limit at
safinity, consider the function f(x) = (x + 1)/2x. The graph of f is shown in
Figure 12.29. From earlier work, you know that y = % is a horizontal asymptote
of the graph of this function. Using limit notation, this can be written as follows.

12.4 = Limits at Infinity and Limits of Sequences 835

You Should Learn:

® How to evaluate limits of
functions at infinity

How to find limits of
sequences

A pointed out at the beginning of this chapter, there are two basic problems in

You Should Learn It:
Finding limits at infinity is useful
in business applications. For
instance, in Exercise 40 on page
842, you are asked to find a limit
at infinity to determine the aver- _
. ) 1 : age cost of a pen as the number |
lim f (T} el Horizontal asymptote to the right of pens sold approaches mﬁmty

I—o0 2

Horizontal asymptote to the left

B3 | =

Jlim, ) =

These limits mean that the value of f(x) gets arbitrarily close to é as x decreases
or increases without bound.

o s X+ 1 §
; [ flx)= 7% :?
i 2
____________ e | B
.3 T — 1 "\. 1 i3
R
_1_ 1
¥= 5
Figure 12.29

Iffis a function and L, and L, are real numbers, the statements
i tl—ir—noc f{l') S L]
“and

Limit as x approaches — oo

Limit as v approaches oo

lim f(x) = L,

X=3C0

denote the limits at infinity. The first is read “the limit of f(x) as x approaches
oo is L;,” and the second is reid “the limit of f(x) as x approaches oo is L,.”
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To help evaluate limits at infinity, you can use the following.

Limits at Infinity

If r is a positive real number, then

1
lim — = 0.

Limit toward the right
B 100 xl“

Furthermore, if x” is defined when x < 0, then

1
Hm — =0
x——o0 T

Limit toward the left

Limits at infinity share many of the properties of limits listed in Section 12.1.
Some of these properties are demonstrated in the next example.

tandard Vi&wing
oesn’t y, appear
the y-axis? How

3 EXAMPLE 1 Evaluating a Limit at Infinity

| Find the limit.

In Figure 12.30, it appears that the line y = 4 is also a horizontal asymptote 7o
the left. You can verify this by showing that

' 3
lim (4 = —2) = 4.
X—=—oo X
§
The graph of a rational function need not have a horizontal asymptote. If it does,
however, its left and right asymptotes must be the same.

Then use the trace feature to determine that as x gets larger
larger, y gets closer and closer to 4, as shown in Figure 12.30. 1

lim (4 = i,)
X—roo b 1
Algebraic Solution Graphical Solution
Use the properties of limits listed in Section Use a graphing utility to graph y = 4 — 3/x%
12.1.
lim (4—1)= lim 4 — lim — i i i i
Joeind 52 e oo oo that the line y = 4 is a horizontal asymptote to the right.
. .1 5
- lim 4 ~ 3{1im, ) [ =
= 4-300)
:4 _20||'|I11IIK|III|120
So, the limit of f(x) =4 — (3/x*) as «x x=_1100 Y=3.9997
approaches oo is 4. Figure 12.30




(XAMPLE 2 Comparing Limits at Infinity
pind the limit as x approaches oo for each of the following functions.

s o

B —2x2 4+ 3
b /0= 51 sy

=238 413
b. f(x) = 32+ 1 =—

e fle)= 3x2+ 1

golution
[ each case, begin by dividing both the numerator and denominator by x?, the
. highest-pﬂwered term in the denominator.

2 3
2 g
= +3 -
| LT 1
OW. d S+ =
nt at v
it — =0
340
=0
¥ _2 + ‘-—1
- S 2 il
e T [
- . 3+
L 3=
. =24
| 340
|
.2
1 | 3
sets larger and |
Ire 12.30. Note' P 2
ight. . -2 +3 x?
§ e lim = lim
, i~ 32 + 1 ¥— oo 1
‘ 3
X~

| In this case, you can conclude that the limit does not exist because the numerator
| decreases without bound as the denominator approaches 3.

In Example 2, observe that when the degree of the numerator is less than the
degree of the denominator, the limit is 0. When the degrees of the numerator and
denominator are equal, the limit is the ratio of the coefficients of the
| highest-powered terms. When the degree of the numerator is greater than
] the degree of the denominator, the limit does not exist.
This result seems reasonable when you realize that for large values of x, the
} highest-powered term of a polynomial is the most “influential” term. That is, a
Polynomial tends to behave as its highest-powered term behaves as x approaches
Positive or negative infinity. 4

12.4  Limits at Infinity and Limits of Sequences

837

-* Exploration

se a graphing utility to graph
: rational functions
—2x+ 3
3x2 + 1
L
3x? + 1
—2x + 3
A+ 1°

¥y =

SR T

| each case, make a conjecture
bout the limit as x approaches
ompare your answers with.

- algebraic results shown in
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Limits at Infinity for Rational Functions

For the rational function f(x) = N(x)/D(x), where
Nx)=azx"++ -+ +a,

and
D(x) = b,x" + - - - + b,

the limit as x approaches positive or negative infinity is as follows.

Sl B
\Erpm f(x) 3 E_{'L =1
s b

m

If n > m, the limit does not exist.

..
EXAMPLE 3  Finding the Average Cost -

You are manufacturing a product that costs $0.50 per unit to produce. Your initial
investment is $5000, which implies that the total cost of producing x units is
C = 0.5x + 5000. The average cost per unit is

¢ C _ 0.5x + 5000

X x
Find the average cost per unit when (a) x = 1000, (b) x = 10,000, and (c)
x = 100,000. (d) What is the limit of C when x approaches infinity?

Solution
a. When x = 1000, the average cost per unit is

—  0.5(1000) + 5000
C = x = 1000
1000

$5.50.
b. When x = 10,000, the average cost per unit is
—. 0.5(10,000) + 5000
C= ( ). : x = 10,000
10,000
= $1.00.
¢. When x = 100,000, the average cost per unit is
—  0.5(100,000) + 5000
C = ( ) x = 100,000
100,000
= §$0.55.
d. As x approaches infinity, the limit of C is
. 0.5x + 5000
lim——— e
Y300 x ‘
= $0.50.
The graph of C is shown in Figure 12.31.

Manufacturing Costs

X

Average cost per unit
(in dollars)

(} i Tl i =
10,000 50,000
Number of units

As x—oo the average cost per unit 4P
$0.50.
Figure 12.31

5- €. 0% oy

Find the lin

Solution |

lim —

b oo

0. lim —

oo

€ lim

M=y

2n
2ns

n 2

1




(imits of Sequences

{pstances consider the sequence whose nth term is a, = 1/2".

o
e &

O | =

1
7

B | =

As 1 increases without bound, the terms of this sequence gets closer and
closer 10 0, and the sequence is said to converge to 0. Using limit notation, you
E.:Ea-“ write

L - 0
o = O
‘The following relationship shows how limits of functions of x can be used to eval-
ate the limit of a sequence.

Limit of a Sequence

Let f be a function of a real variable, such that

|' Jim f&) = L.

:
If {a,} is a sequence such that f(n) = a, for every positive integer n, then

I ’ lim a, = L.

A n—oe

t

A sequence that does not converge is said to diverge. For instance, the sequence
1. 1, —1,1,. . .diverges.

M EXAMPLE 4 Finding the Limit of a Sequence

Find the limit of each of the following sequences.

2:: + 1
n+4
2n + 1
n?+4
2n? + 1
c —_—
s 4n?
Solution

2n+ 1 1579 11 13
a4 lim —— = AR . 3
il 1500 p + 4 N i T T v

|
=]

2n + 1
n?+4
1 2 +1 _ 1 391933 51 73 |

n—oo  4n? 2 "16°36° 64' 100" 144" 2

T #1113
13 20' ;; 40’

(¥}

un |
o

12.4 ® Limits at Infinity and Limits of Sequences

leg[s of sequences have many of the same pmpertie% as limits of functions. For

STUDY TP
There are a number of ways to
use a graphing utility to gener-
ate the terms of a sequence. For
instance, you can display the
first 10 terms of the sequence

L Lk vl

TE R

using the sequence command or
using the fable feature. Consult
your user’s manual for instruc-
tions on how to generate the
terms of a sequence.

839
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In the next section, you will encounter limits of sequences such as that shown in
Example 5. A strategy for evaluating such limits is to begin by writing the nth
term in standard rational function form. Then you can determine the limit by

comparing the degrees of the numerator and denominator.

EXAMPLE 5 Finding the Limit of a Sequence

Find the limit of the sequence whose nth term is

B g[;:{n + 1)(2n + 1)]‘

n n3 6

Algebraic Solution

Begin by writing the nth term in standard rational function form—
as the ratio of two polynomials.

_ 8[nln+ 1)2n + 1)
e

-

Write original nth term.

_ 8(n)(n + 1)(2n + 1)

- Multiply fractions.

6n’

8n® + 12n + 4n
3 Write in standard rational form,
3n

From this form, you can see that the degree of the numerator is
equal to the degree of the denominator. So, the limit of the
sequence is the ratio of the coefficients of the highest-powered
terms.

82+ 12n* +4n 8
im—— =

n=>c0 3 3

paragraph discussing your conclusions.

1 1
a. a, =— b. b, = — ¢, = — d. d =— [

h

n

In the table in Example 5 above, the values of g, are approaching their limit
of % rather slowly. (The first term to be accurate to three decimal places is
Q50 = 2.667.) Bach of the following sequences converges to 0. Which con-
verges most rapidly? Which converges most slowly? Why? Write a short

Numerical Solution

Construct a table such as the one shown
which shows the value of a, as ; he
larger and larger.

n a,

| 1 8

| Elr [ 3.08

_1_60 2.707

I I.OI)O 2.671
10,000 | 2.667

From the table, you can estimate tha
approaches co, a, gets closer and clo

8 >
8 ~2.667.

s
o




> shown bejow

]
.l
.||
nate that as n
- and closer o8

In Exercises 1-4, match the function with its graph
_«ing horizontal asymptotes as aids. [The graphs are
jabeled (a), (b), (c), and (d).]

(a) 2 (b) 6
‘_Gl_l 1 L L 3 i | B A : ------- g
= e
(c) 6 (d) 5
L _6 L 1 1L 1 _I Ll 1.1 6
_6 | I . 5 1
C i
=) -3
of 4x2 X _ xl
P ==~ 2 1) =5—
; 1
i) =4 -2 4. f(x) = x + =
X -

In Exercises 5-18, find the limit (if it exists). Use a
graphing utility to graphically verify your resulit.

5 lim — 6. lim 3
00 y& X—=¥co LX
3+ — 6x
7 lim —— 8 iy -0
e — X x—oo 1 + Sx
4x — 3 32 + 1
9. I S .
o0 2 + | B s
. IZ 4 4
11. lim 12. lim s
t=eoo 4+ 3 Voo }‘2 + 3
—(2+3 22— 6
B i, — D) 14. lim ——

X—rco (,‘( = ”2

_ x 2
5. 1im [~ 4] 16 tim| ]
| .flf'io[tx i 41 BT v

! ] 5t
7. 1o (L — __)
' r]—lfi(?azz t+2

2

§

| 18 A \‘ X 3x
8 1 +
i srool 2% + 1 (x— 372

In Exercises 19-22, use a graphing utility to graph the
function and verify that the horizontal asymptote cor-
: TeSponds to the limit at infinity.

12.4 * Limits at Infinity and Limits of Sequences 841

19, y = —— 20. y =

N, y=—2 2. y

Numerical and Graphical Analysis In Exercises
23-26, complete the table and estimate the limit
numerically as x approaches infinity. Then use the
graphing utility to graph the function and graphically
estimate the limit.

S 100 10*!102 10° | 10¢ | 105 106!

flx) | o ‘

Ox2 + 1

23, flx) =x— Vx2 +2 24.. fx) = 3x—

25. f(x) = 3(2x — V4x + x)
26. f(x) = 4(4x — V1622 — x)

In Exercises 27-34, write the first five terms of the
sequence and find the limit of the sequence (if it
exists). Assume n begins with 1.

+ 1 4n — 1
27. a, = H,T 28. a, = =
nt+1 n+3
20, g = ;0 = S
o Tl Oy =3
(n+1)! (3n — 1)!
3. a =—— 32.a,=7"77"1
n n! n (3n + 1)!
—13%n _l n+1
33. a, = sl M. a,= %
n n?

In Exercises 35-38, find the limit of the sequence.
Then verify the limit numerically by using a graphing
utility to complete the table.

10° | 10" | 102 | 10° | 10* | 10° | 10°

1[n(n + 1
35. a,= l(n + —{ o )
n

n _ 2
6.0, 4o + Y+ 1))
n\ n 2
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37, g = 18[nln + 1)2n + |)'|

= g _
n(n + 1) ¥ nin + l)}2

" n? n* 2

" ond

38.

39. Demographics The table shows the number N (in
thousands) of high school graduates at the end of
each decade for the years 1900 through 2000.

(Source: U.S. Department of Education)

Year | 1900 | 1910 | 1920 | 1930 [ 1940 |

N |62 | 111 [231 |59 | 1140 ‘
[ Year | 1950 | 1960 | 1970 | 1980 | 1990 | 2000
N 1063 | 1627 | 2589 | 2748 | 2503 | 2856 |

A model for this data is

292.78 + 8218.501
N = ——  0<1<100
1000 — 20.187 + 0.1372

where 1 is the time (in years), with r = 0 correspond-

ing to 1900.

(a) Use a graphing utility to create a scatter plot
of the data and graph the model in the same
viewing window. How do they compare?

(b) Use the model to estimate the number of high
school graduates in 1980.

(c) Discuss why this model should nor be used to
predict the numbers of graduates in future years.

40. Average Cost The cost function for a certain model
of pen is

C =135 + 4570
where C is measured in dollars and x is the number
of pens produced.

(a) Find the average cost per unit when x = 100 and
x = 1000.

(b) Determine the limit of the average cost function
as x approaches infinity. Explain the meaning of
the limit in the context of the problem.

Synthesis

True or False? In Exercises 41 and 43
whether the statement is true or false, ]
answer.

dete bl
llStify .
41. Every rational function has a horizonta] asy g
; D
42. If lim f(x) = oo, then the limit of f(x) exists, |

43. Think About It Find the functions fanq

S s & such th
lim f(x) = co and lim g(x) = oo

but lim [£(x) — g(x)] # oo.

44, Think About It Graph the function
X

How many horizontal asymptotes does the fir
appear to have? What are the horizontal asym '

)

Exploration In Exercises 45-48, use a graphin
ity to create a scatter plot of the terms of the seque
Decide whether the sequence converges or diver
it converges, estimate its limit.

45. a, = 4(3) 46. a, = 3(3)
3[1 - (1.5) 3[1 — (0.5
PRI L S () PP L6
1 =15 1 - 08
Review

In Exercises 49-52, find all the real zeros of the p

function and verify that the real zeros are the x-in
cepts of the graph of the function.

49, flx) =z — 2 — 202

50. f(l.) =¥ + X — 6x

5. fx) =x* —3x2+2x— 6
52. f(x) = x* — 4x* — 25x + 100

5] 4
53. Y (2i+3) 54. > 5
=1 i=0
10 8 3
55. 15 5. > =1
k=1 k=0 LS
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e imits of Summations

ASYMmptotal garlier in the text, you used the concept of a limit to obtain a formula for the sum
Xists. g of an infinite geometric sequence
d o g ¥ < i—1 IfllI

& such S=a, +tar+tar-+---= Ea,r = 1— l;[ < L.

=1

Using limit notation, this sum can be written as

n
e i1
§ = lim E ar
N—>00. 2
i=1
Li
§ll

(L ")

Il

lim

n—co 1-=r

¢
[}

the function "
asymptotes? - a,
. _ i 17
aphing util- ‘ o
e sequence, The following summation formulas and properties are used to evaluate finite and
- diverges, If infinite summations.

- (0.5)1] g
4 % nin +
=03 B> c =cn 2 F
. i;(' i=1 2
: 1+ 1)@n + 1 ! 2 + 1)?
Ay n(n Jé n ) 4 Sis= n (;14 )

; of the poly="=
to graph the e Bk
2 the x-inters ;

6. ikai = kiai

| i=1

SMEXAMPLE 1  Evaluating a Summation
Bl Using the second summation formula with n = 200, you can write
: 200
Ni=1+2+3+4+---+200
3 i=]
_nln + 1)
2
= 2
| | _ 200(201) ¥
2

= 20,100.

You Should Learn:

® How to find limits of summa-
tions

® How to use rectangles to
approximate areas of plane
regions

® How to use limits of summa-
tions to find areas of plane
regions

You Should Learn It:

The limit of a summation is use-
ful in determining areas of plane
regions. For instance, in Exercise
36 on page 850, you are asked to
find the limit of a summation to

determine the area of a parcel of
land bounded by a stream and
two roads.

"ORBIS

Adam Woolfit
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EXAMPLE 2 Evaluating a Summation

Evaluate the summation

g_”i+2_i+i+£+ +n+2
o ,Zl n2  nr nr o n?
for n = 10, 100, 1000, and 10,000.

Solution

Begin by applying summation formulas and properties to simplify S. In the sec-
ond line of the solution, note that 1/n? can be factored out of the sum because n
is considered to be constant. You could not factor i out of the summation because
i is the (variable) index of summation.

)

I
INg

Write original form of summation.

||
I\J
M
+
)

Factor constant 1/n* out of sum.

Write as two sums.

Il
M|'—
—
L
+
M=
B2
P—

1 n(n +1) ) )
= ,, B + 2n Apply Formulas 1 and 2.
n? + 5n
= Add fractions.
== Simplify.
25 Pily

Now you can evaluate the sum by substituting the appropriate values of n, as
shown in the following table.

T
n 10 100 1000 I 10,000

T

= 0.75 | 0.525 | 0.5025 | 0.50025

In Example 2, note that the sum appears to approach a limit as n increases. To find
the limit of (n + 5)/2n as n approaches infinity, you can use the techniques from
Section 12.4 to write

nt+3 1

>

im
n—=os 2n

STUDY

Some graphing unimes :
capability of computmg
tions. Consult your user's
ual for instructions
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8 sure you notice the strategy used in Example 2. Rather than separately
E pating the sums

10 +2 g\:wz '§%+2 [E’:"OH-Z
2 ' & e g g o gt

i1
i

b was more efficient first to convert to rational form.

538 4 R AN VS B
-2 7 -
= 3 2n
e (8 ="
Summation Rational form
form

Lith this rational form, each sum can be evaluated by simply substituting appro-
lriate values of n.
15

[ XAMPLE 3  Finding the Limit of a Summation

Eind the limit of S(n) as n — oo.

s = 31+ )

Solution
Begin by rewriting the summation in rational form.

s = 31+ )

8o (n? + 2ni + i2\(1 Square (1 + ifn)
= z = and write as a single

2 3 ;
=1 n n fraction.

n -
9 . i Factor constant
=— 2+ 4+ g : :
n3 E](n 2ni + i%) 1/n* out of sum.
2 e

l n n n
== Erf + 22!1!' + 212 Write as three sums.
n

=1 i=1 il

"?‘.!(FI + [):| B n(n + 1)(2?‘! + l)} Use summation

1
— il gy ¥ !
= 3 n*+ Zn‘_ 6 formulas,

I 14n3 + 90?2 + n
T E—— Simplify.

6n’

i this rational form, you can now find the limit as n — oo.

. 14n* + 9n? +
Jim S(n) = g S T A
- o0 n—co 6n°
_ 14
= Z ‘
7

)

845
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The Area Problem

You now have the tools needed to solve the second basic problem of calculus: the
area problem. The problem is to find the area of the region R bounded by the
graph of a nonnegative, continuous function f, the x-axis, and the vertical lines
a and x = b, as shown in Figure 12.32,

If the region R is a square, triangle, trapezoid, or semicircle, you can find its
area by using a geometric formula. For more general regions, however, you must
use a different approach—one that involves the limit of a summation. The basic
strategy is to use a collection of rectangles that approximates the region R, as
illustrated in Example 4.

Chapter 12 » Limits and an Introduction to Calculus

¥ =

EXAMPLE 4  Approximating the Area of a Region

Use the five rectangles in Figure 12.33 to approximate the area of the region
bounded by the graph of f(x) = 6 — x2, the x-axis, and the lines x = 0 and
x=12

Solution
Because the length of the interval along the x-axis is 2 and there are five rectan-
2

gles, the width of each rectangle is 5. The height of each rectangle can be obtained
by evaluating f at the right endpoint of each interval. The five intervals are

r _} [2 i} [i 9] [9 §} [§ 1_0]
gt i i sl 580 55])

Notice that the right endpoint of each interval is %; fori=1,2,3,4,5.

The sum of the areas of the five rectangles is

3[s-()16)

1

e,
5

Il

520

b2
(]

[

= 8.48.

So, you can approximate the area of R as 8.48.

By increasing the number of rectangles used in Example 4, you can obtain
closer and closer approximations of the area of the region. For instance, using 25
rectangles of width 5 each, you can approximate the area to be A = 9.17. The
following table shows even better approximations.

7 5 |25 5000

100 | 1000

9.33

Approximate Area | 8.48 J 9.17 |5A29 9.33

a

Figure 12.32

A computer animation of

appears in the Interactive

this concepg
CD-ROM ang

Internet versions of this text

Figure 12.33

Figure 12
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The exacl area of a plane region R is given by the limit of the sum of n rectan-
gles as 1 approaches oo.

prea of a Plane Region

Let / be continuous and nonnegative on the interval [, b]. The area A of the
region bounded by the graph of f, the x-axis, and the vertical lines x = a and
x = b 1s
i S e (b —a)i\(b—a
:: A _nll{l';:jgtf(a % n )( n _)'
l.'l_ R e — R
l [ Height Width
e
LEXAMPLE 5  Finding the Area of a Region
his concept E | Find the area of the region bounded by the graph of f(x) = x? and the x-axis
CD-ROM and petween x = 0 and x = 1.

B Solution
| Begin by finding the dimensions of the rectangles.

bi= =) 1]
Width: =—= = ==
n n n
; b — a)i | | — 0)i 2
Height: _f(a + QJ = f([) + g) =;(i) ==
i n G n n n-
Next, approximate the area as the sum of the areas of n rectangles. y

M YRCTEE -

B n ﬁ

i=1 ”3

l n ) 1 b
= — : T

i l
. L[ﬂ(n + 1)(2n + l)} Figure 12.34

n? 6

2n® + 3n2 + n
6n’

| Finally, find the exact area by taking the limit as n approaches oo.

A I 2+ 3 +n 1
A= lim——e— =7
| n—oo ()?I'" 3

Figure 12.34 shows the region R.
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EXAMPLE 6 Fmdlng the Area of a Region

; Find the area of the region bounded by the graph of f(x) = 3x — x? and the
§ x-axis between x = 1 and x = 2.

| Solution

| Begin by finding the dimensions of the rectangles.
|

| - 2 — |

| wiam 2=2-2-1_1

! n n n

|

Height: _f(a P’y i ‘I)i) =f(1 + i)
n 1

I
s
_—
[
+
= |~
—~—
[
T
.+.
=~
g

[51

| 3 v T
i '_3+—I—(1+—+‘—_;)
! I I H-
W

=2+ =

:& n

| Next, approximate the area as the sum of the areas of n rectangles.

| amgoor b))

Fe=1

's‘ n
| =30+
| -3

o

lw 3|

= |~
I
15
N
.y
= | =
—
M=
=
ta L

I-bﬁ:a
[
Ll
M= i
Hmr--

i 5 n+n 2 +3n+n I
2n? 6n°
emalol A E T 1
| T2 21 3 2n 6n?
| _B_1
i 6 6n®
| 2
| Finally, find the exact area by taking the limit as n approaches oo. I
1
|
| 3 I Figure 12.35
!E-. A= J!h{!;lﬂ( 6 6?’-‘.3)
I _ 1B
6 y

J Figure 12.35 shows the region R.
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In Exercises 1-6, evaluate the sum using the summa- In Exercises 19-22, complete the table showing the
tion formulas and properties. approximate area of the region in the graph using n |
rectangles of equal width.

60 30 20
1. i S 3 38 : _—
r;: ,551 kl=0l n 4. |8 5_2_0 50
g S@+1) 5 G2+ 6 Y(P-3? Approximate Area '
k=1 j=1 7=l '
l ' [n Exercises 7-14, use the summation formulas and 19. fx) = —3x + 4 20. f(x) =9 — x?

-
-

) roperties to rewrite the sum as a rational function
§(n). Use S(n) to complete the table. Then find &

A i, (. i
| .
o 10° | 10" | 10% [10° | 10¢ oy .
i
44 X
o g 3 21 f() = b
J i=1 H4 i=1 n ’ f(x} - gr
n 3 % n + t Y
9. Y =(1+ 2 o, JATE
=1 =1 " 3T I
Ly e R n i\]f1 21
; — 4+ —|[— 12. 3—-2[—-] |- G|
: ,-=;( 3 n)(n) {Z{[ (n)](n) ]
n B l n 4 2 2 T
25 -GG = 2E+-G)6) . _.
= In Exercises 15-18, approximate the area of the . o
equal width. area of the region between the graph of the function
and the x-axis over the specified interval.
15, f(x) =x+ 4 16. f(x) =2 — x?
Function Interval
23. f(x) = 4x [0, 1]
24. f(x) =x+2 [—2,2]
___J’Mx 25, fle) =2.~42 I=11]
2 26. f(x) = 12 + 2 [1,4]
27. glx) =8 — 17 [1,2]
28. glx) =4x — x° [0, 2]
29. f(x) = 36> + 4x)  [1,4]

30. f(x) =x2—2° [—1,1]
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In Exercises 31-34, use the infegrate feature of a
graphing utility to find the area of the region between
the graph of the function and the x-axis over the spec-
ified interval.

Function Interval
3. y=x—x* [0, 1]
32. y=(3 —x)Jx [0, 3]
T

33. y=cosx [D, 2]
3. y=6e* [0, 2]

35. Real Estate The boundaries of a parcel of land are
two edges modeled by the coordinate axes and a
stream modeled by the equation

y = (—3.0 x 107%)x* + 0.002x*> — 1.05x + 400.

Use a graphing utility to graph the equation and find
the area of the property. Assume all distances are
measured in feet.
36. Real Estate The table lists the measurements (in
feet) of a lot bounded by a stream and two straight
roads that meet at right angles (see figure).

100
305

150
268

200
245

x| 0
y | 450

50
362

250 | 300
156 | 0 |

(a) Use the regression capabilities of a graphing util-
ity to find a model of the form y = ax® + bx* +
cx + d.

(b) Use a graphing utility to plot the data and graph
the model.

(c) Use the model in part (a) to estimate the area of
the lot.

¥
_~Road

360
2704
180

o) =

1 i | l I ‘.IJ.

T T T T ‘
50 100 150 200 250 300

Synthesis

True or False? In Exercises 37 and 38 4 ot
whether the statement is true or false, ']"Stife'
answer. y

37. The sum

nln + 1)/2.
The exact area of a region is given by the limit of g
sum of n rectangles as n approaches (), S

of the first n positive imeger L
S e
38.

39. Writing Describe the process of finding the
aregion bounded by the graph of a nonnegaiye
tinuous function f, the x-axis, and the Vﬁrtica]}

x=gand x = b.

40. Think About It Determine which valye &
approximates the area of the region shown in A
graph. (Make your selection on the basis of
sketch of the region and not by performing any
culations.)

(a) =2 M1 @©4 D6 (9
¥
3
1
s
Review

In Exercises 41 and 42, sketch the graphs of y
and the specified transformations.
41, y = x*
(a) flx) = (x + 3)*
() flx) = =2 +x*
2. y=x
(@) flx) =(x+2)
© f)=2-18

(b) fix)=x*—-1
@) fx) =30 — 4

®) flx) =3+
@) f(x) =30+ 1P

In Exercises 43-46, use the vectors u = (4, -5)
v = {—1, =2 to find the indicated quantity-

43.(u* vju 44. ||v|| —2
45. 3u - v 46. |lul? — IvI?
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What did you learn?
gection 12.1

r] How to use the definition of a limit to estimate limits
[} How to decide whether limits of functions exist

r] How to use properties and operations of limits to find limits

gection 12.2

" (] How to find limits of polynomial and rational functions by direct substitution

1 How to use the dividing out technique to find limits of functions

[1 How to use the rationalizing technique to find limits of functions

1 How to approximate limits of functions graphically and numerically
1 How to evaluate one-sided limits of functions

[ How to evaluate limits of difference quotients from calculus

Section 12.3

] How to use a tangent line to approximate the slope of a graph at a point

[J How to use the limit definition of slope to find exact slopes of graphs

[J How to find derivatives of functions and use derivatives to find slopes of
graphs

Section 12.4

[ How to evaluate limits of functions at infinity
[0 How to find limits of sequences

Section 12.5
[l How to find limits of summations

] How to use rectangles to approximate areas of plane regions

] How to use limits of summations to find areas of plane regions

Review Exercises
1,2

3-6

7-14

15-20
21-28
29-32
33-40
41-48
49, 50

51-56
57-60

61-70

71-77
78-81

82, 83
84-87
88—-94

® Chapter Summary
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12

In Exercises 1 and 2, use a graphing utility to
complete the table and use the result to estimate the
limit.

x—2
T HIA =
52 3x2 — dx — 4

Chapter 12 * Limits and an Introduction to Calculus

x 1911991999 | 2| 2001 | 2.01 | 2.1
/W ?

x_ 3
S s
x 29129912999 | 3| 3.001 | 3.01( 3.1
fx) ?

In Exercises 3-6, use the graph to determine whether
the limit exists as x approaches 2.

3. 4 4, 3

i o
| - :.\-\. p, ‘32—'-_;\'%" 6
- !
3 3 6 5//
_3...:.§\,,,6 )
i By
! N - i

In Exercises 7-12, find the limit by direct substitution.

2
3 1 5 S —— = A5 — 1
7. lim G +3) 8. lim V5—x 9 lim s
10. lim 7 11. lim sin 3x 12. lim tan x
x—e X9 x—0

In Exercises 13 and 14, use the given information to
evaluate the limits. ¥

13. lim f(x) = 4

I—=c

(a) lim [f(0)P

lim g(x) = 5

X—=C

(b) lim [3f(x) — g(x)]

(c) lim [ f(x)g(x)]

14. lim f(x) = 27

(@) lim Jf(x)
(©) lim [ f(x)g(x)]

[E¥] In Exercises 15-32, find the limit (if it gy
Use a graphing utility to verify your answer,

16. lim (5 — 2 ~ o)

20.

22.

24,

26.

28.

30.

32.

15. lim (5x — 4)
17. li_r)!% (5x — 3)(3x + 5)
18. lirg3 PF—62+3x—1)
t2 41
19. lim
—3 T
. t+2
L rl—laril2 2—4
. x—35
Ll - e ——
. =4
5 STy
! = ¥
+
B Yy, X8
-1 x+1
J4+u—2
29, lim Xrous 2
u—0 i
31, XX 12
x—5 X 5

In Exercises 33-38, use a graphing utility to grapi
function and use the graph to determine whether the

specified limit exists.

3x, x<1

3 f(x]:{i—x, x>1
S—x X£2
% f= {x+ 3 % =2

35. glx) = e7?, lim g(x)
36. g(x) = e=4/%", lina g(x)

@) 1lim %)

X—3p g(x)

lim g(x) = 12

e

(b) lim“@

., 3x+5

lim
x—2 5x — 3

. t2—9

lim

=33 =3

x4

x=—1x2 —5c—8

. oxt—64

i
4 x? — 16

1
=1

_

lim

x—0 X

o Jv+71-=3
lim ————— .
v—( v

. 3=kl
L ——

x—c IR :
@ lim [ ) ~ 5

lim £(x)

lim f(x)

x—2

3. lim, £
el

In Exercises|
function. D



sin4x
3. o) = — = lim glx)
tan 2x .
o = et

. mExercises 39 and 40, (a) use a graphing utility to
complete the table to numerically approximate the
fimit and (b) rationalize the numerator to find the
exact value of the limit algebraically.

i Jr 1.1 | 101 | 1.001 | 1.0001
| @ | |
1t exists) ] L YIE (-3 o 1-Vx
T . lim
e sl g =1
= XZJ
|
In Exercises 41-44, evaluate the one-sided limit.
|
| |x — 5] . lx+ 2]
o i S a2 i, S
. e o |9 =% *E2
. im, () where f(x) = [x?- ~3, x>2
4 _lx=%6, =z80
44, IILI;IJ’I_ flx) where f(x) = {r’z 4 x<0
h l !
¥t In Exercises 45-48, use a graphing utility to graph the
, function. Determine the limit (if it exists) by evaluat-
: ing the corresponding one-sided limits.
-3 . 88—
e . 1im =3 46. lim
=3 x—3 =88 — X
7 2
'__3 4?- Ji—rgx"—tl 48 Jl:l—lbn‘km
r x+h)— fx
/z%3 M InExercises 49 and 50, find lim %ﬂl
= i
49, f(x) = 3x — 2 50. flx) =x*—5x—2
graph the | :
hether the | E\ In Exercises 51 and 52, approximate the slope of

the tangent line to the graph at the point.
51, 52.

il :/ ~SH "“"ﬁ

IR,
o

B 1

® Review Exercises 853

In Exercises 53—56, use a graphing utility to graph the
function and the tangent line at the point (2, f(2)). Use
the graph to estimate the slope of the tangent line.

53. f(x) = x? — 2x
55. fx) = Vx+2

In Exercises 57-60, find a formula for the slope of the
graph. Use the formula to find the slope at the two
points.

57. glx) = x* — 4x 58. glx) = —

(@) (0,0) (b) (5.5)
4
x=8
(@ (7,4) (b) (8,2)

@ (-2,4) o (1,3)
60. g(x) = Jx
(a) (1,1) (b) (4,2)

59. glx) =

In Exercises 61-70, find the derivative of the function.

61. f(x) =5 62. g(x) = —3

63. g(x) = —4 64. f(x) = 3x

65. h(x) =5 — 3x 66. f(x) = %x +3

67. f(1) = JV1+5 68. f( ) = —x
4 6

69. g(s) = P 70. g(1) = 5,

m In Exercises 71-76, find the limit (if it exists).
Use a graphing utility to verify your answer.

4x T¥
71. li 72. li
lim = Mo
2 i
73. lim ———— 74. li
x le')ﬂ x2 — 25 -Tl’n;-' 24+ 3
: 7 4 -
75. lim |4 — — 76. lim (x — 2)
X500 X X3 o

77. Average Cost The cost function for a certain model
of calculator is

C =2250x + 12,200

where C is measured in dollars and x is the number
of calculators produced.

(a) Find the average cost per unit when x = 100 and
when x = 1000.

(b) Determine the limit of the average cost function
as x approaches infinity. Explain the meaning of
the limit in the context of the problem.
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In Exercises 78-81, write the first five terms of the In Exercises 88—93, use the limit process o
sequence and find the limit of the sequence (if it area of the region between the graph of ¢, fu A I
exists). Assume n begins with 1. and the x-axis over the specified interva]_ 2 l
= .y=10—x, [0, 1
78. a, = 2 T = g o % [0,10] In this projed
2n + 1 n?+ 1 89, v =2x — 6, [3,6] sine curve aﬁ
1 : ;= %2 = . de
80. a, = —[3 — 2n(n + 1)] 90. y = x* + 4, [-1,2] : for th; ge::“ !
2n? 91. y = 8(x — x2), [0, 1] - gal, the SeCOR
81, 4, - (E){” i E{H(ﬂz— D _ H” 92. y = 22 — »9), [~1,1] a ;?(rgpfizi_
Tk g - 93. y =4 — (x — 2)% (0,4 £ i
? (x P 10.4] mates of {
E In Exercises 82 and 83, use the summation for- 94. Real Estate The table lists the measu:cments of the Sl().':
mulas and properties to rewrite the sum as a rational lot bounded by a stream and two straight roadg g is approxi
function S(n). Use S(n) to complete the table. Then meet at right angles, where x and y are measumﬂ plotted 13
find lim S(n). feet (see figure). - nize this ¢
o y p. Numeric
X 100 | 10! | 102 | 10° x| O 100 | 200 | 300 | 400 | 500 on page
1125 [ 125 [ 120 | 112 [ 90 | approxingg
S(n) z . . i followin%
' )
82. 2 (4“" ‘) }_) 8. 3|4 - (_) ](E) x | 600 | 700 | 800 | 900 | 1000 m =~
“\n* n/\n =] n? |
: : y|[95 [ 8 |75 [35 |0 Use the
i i - these poifl
In !ilxera?es 84 al'1d ?5, approximate the area of the (a) Use the regression capabilities of a graphing uf p ;:
region using the indicated number of rectangles of ; : T A -
: ity to find a model of the form y = ax3 + py? - = D
equal width. X ]
ok +id. =
84. flx) =4 —x 85. flx) =4 —»? (b) Use a graphing utility to plot the data and grap & .
i 3 t: cdicl, c. Algebraic
(c) Use the model in part (a) to estimate the area o flx) = si-"':
the lot. ) 1 and 2
L_Road Limit 1: Ii
Stream _
100 / Use these |

In Exercises 86 and 87, complete the table showing the
approximate area of the region in the graph using n
rectangles of equal width.

400 800

n 48120 |50 Synthesis
Approximate Area True or False? 1In Exercises 95 and 96, dete
whether the statement is true or false. Justify Yot
86. f(x) = ﬁxz 87. f(x) = 4x — x2 answer. :
y Y 95. The limit of the sum of two functions is the sumt .

the limits of the two functions.

96. If the degree of the numerator N(x) of a rathﬂ
function f(x) = N(x)/D(x) is greater than the de
of its denominator D(x), then the limit of the rationa
function as x approaches co is 0.

—_ W
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Take this test as you would take a test in class. After you are done, check your
work against the answers given in the back of the book.

In Exercises 1-3, use a graphing utility to graph the function and approxi-
mate the limit (if it exists). Then approximate the limit (if it exists) alge-
braically by the appropriate techniques.
22— 1 . 2 —x—3 . X —2
2x 2 _\-l—lfpl x4+ 1 % ll—% x—35

1. lim
x——2

In Exercises 4 and 5, use a graphing utility to graph the function and approx-
imate the limit. Write an approximation that you believe is accurate to three

decimal places. Then create a table to verify your limit numerically.
nt 2x 1

4. lim > 2 5. lim &
x—{) X x—0 X

6. Use a graphing utility to graph f(x) = 3x> — 5x — 2 and the tangent line at
the point (2, f(2)). Use the graph to approximate the slope of the tangent line.

7. Find a formula for the slope of the graph of f(x) = 2x* + 6x. Then find the
slope at the point (—1, —8).

In Exercises 8-10, find the derivative of the function.

2

2 1
3.36

x+7

8. flx) =6— 9. fx) =222 —Tx + 3 10. f(x) =
In Exercises 11-13, find the limit (if it exists). Use a graphing utility to graph-
ically verify your results.

o A2 33
11 lim 12 Y 2% % B

x—oo 3x — 1 X=¥c0 xz — x—-»—go X 2

In Exercises 14 and 15, write the first five terms of the sequence and find the
limit of the sequence (if it exists). Assume n begins with 1.
2 + = — 1)
2311317 4 IS.a”=l+(l)
o2+ n—2 n
16. Approximate the area of the region in the graph of f(x) = 8 — 2x* at the
right using the indicated number of rectangles of equal width.

14. a

In Exercises 17 and 18, use the limit process to find the area of the region
between the graph of the function and the x-axis over the specified interval.

17. f(x) = x + 2 Interval: [—2, 2] 18. f(x) =1 — x* Interval: [0, 1]

19. The table shows the height oba space shuttle during its first 5 seconds of
motion. (a) Use the regression capabilities of a graphing utility to fit the
quadratic model y = ax* + bx + c to the data. (b) The value of the deriva-
tive of the model is the rate of change of height with respect to time, or the
velocity, at that instant. Find the velocity of the shuttle after 5 seconds.

The Inreractive CD-ROM and Jntoms
versions of this texy provide '1Ir-\'we 5
the l':’hlph‘!' Tests and Cy L;\.:rs..;f"
They also offer Cha ests |
test key skills and concepts ‘-'“\':CII'(:d 2
previous chapters) and ("i-,:l]"rlcr Pagt
Tests, both of which have .‘:ulduml‘ i
generated exercises with ‘“-—IL'ﬂﬂstig
capabilities. q
10
olk I 14
FIGURE FOR 16
Time (seconds) | Height (f
0 0
1 1
2 23
3 60
4 115
5 188

6.1
7.8

sé

14. 1

15. |
16. 1

.,
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Chapter Test
1.

2.
4.

(page 804)

-2,-2,3) ¢

\2 2

No. (V76) + (V102) # (/194) 3. (7,1,2)

A
8T
~,, Xzfrace 67T

—1075,
e

[~ sphere

(x =72+ (y =12+ -27=19

5.u=(—-2,6,—6),v={-12,5 —5)
6. (a) /194 (b) 84 (c) (0,62,62) 7. 46.23°
8. (@) x=8—-2t, y=-2+6t,z=5—6¢
x— 2 =35

(b) ‘_,_,_Sr-‘ i
9. y+z—-3=0 10. Neither 11. Orthogonal
12. 200
13. 14.

|
5710, 0, 4)
) |[

. (0,-8,0

-3
(2,0,0)
ol ; .-‘ﬁ = ¥ ¥
¥ L
+
—
41
- 16.
7

Answers to Odd-Numbered Exercises and Tests

Chapter 12
Section 12.1
1. (a)

-

#

2A(12-x)

(b) V= Ilwh

(page 813)

; 219
- 212 =x)

= 2(12 —x)'= 2(12 —x) * x

= 4x(12 — x)?
(©) e
x (¥ |33 3.9 4 |41 45 |5
v |972] 1011.5|1023.5| 1024] 10235 Imz,ii;g_g
lim V = 1024
x—d
(d) 120
o 1. 1. L 12
(1]
3. — ——
x |29 |29 |299 |3
| f@) | ~47 | —497 | —4997 | =5
x| 3001 |301 |31
6 | —5.003 | =503 | —53
—35; yes
5.
X 29 209 | 2999 |3
F(x) | 01695 | 0.1669 | 0.1667 | Error
x| 3001 | 301 |3
Flx) | 0.1666 | 0.1664 | 0.1639




Answers to Odd-Numbered Exercises and Tests  AT1
o L =
X 0.9 0.99 0.999 |
. | £(x) | 02564 | 0.2506 | 0.2501 | Error "\
) - , A W 8
' x 1.001 | 1.01 1.1 r
flx) | 0.2499 | 0.2494 | 0.2439 =y
1 . 15. 1 17. =1 19. Does not exist
] =
E I 21. Does not exist
| I 23. 25,
iE " : Ly e 4 g 5
T3 ) . 3
5 s | 9, I ' | [p— o ’
___: N x —0.1 —0.01 | =0.001 | O L
123|950 f(x) | 02247 | 02237 | 02236 | Error a :
——— No No
X 0.001 | 0.01 0.1 27. 29,
flx) | 02236 | 0.2235 | 0.2225 - ; 2 .
0.2236: 08 [ : k i :L_
e e e e 8
-3 =
[ No Yes
-0.8 31. 3-
11 W ] L
x —-41 | —401 | —4.001 | —4 L
. ' 5 | = 4 -3 s |8
flx) | 04762 | 0.4975 | 0.4998 Error | r
X —3.999 | =399 ( —39 -
@) | 05003 | 05025 | 0.5263
f) | 9 ) Yes
%; g 33. 0 35. 3 37. 5 39. 0 41. &* = 20.08
JE 43. 0 45. g 47. Does not exist
B ol AT L 3
y T 9. -12 ®9 ©1 (@ V3
[ 5.8 (i (©3 @ -%
= 53. True. This means that no matter how close x gets to ¢, there
3 . . . will be both positive and negative x-values that yield
™| 0.1 —001 | —0.001 | O f(x) = 3 and f(x) = —3. This implies that the limit does
1 i not exist.
; 9983 | 0.9999 | 0.9999 Error
.. j_(_x) | i I 2 it o 55. (a) Answers will vary.  (b) Answers will vary.
T —
X | 0.001 0.01 0.1
G | 09999 | 0.9999 | 0.9983 |
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57.

61.

63.

67.

69.

2  Answers to Odd-Numbered Exercises and Tests

No. The function may approach different values from the
right and left of 4. For example,

0 x<2
flx) =44, x=2
6, x>2

has f(2) = 4, but lim f(x) # 4.

. As a function’s x-value approaches 5 from both the right

and left sides, its corresponding output values approach 12.

4

[
]
1
1
1
e Ly &
WI
]
I
]
I
1

#. x # +3; It may not be clear from a graph if a function is
not defined at a single point. Examining a function graphi-
cally and algebraically ensures that you will find all points
where the function is not defined.

-4

1 Sx+ 4 1
_ " 5 : ._-;I;l’;_
- B i *"3
2=3%+9
e S
% —2

1 7. J70  73. 72

Section 12.2 (page 824)

L.-15 3.-5 5% 7.1
9.(a)1 (b3 (5
g.(x) = —2x + 1
1IL@2 MO0 (©0
glx) = x{x + 1)
5.~ 15,4 17— 19. 1
12 = 2.5 " 4
21, —1 23. Does not exist
25. 27.
2
—4 [t . . r i 2
—10 bt " T}
2 20
. Jx+3-J3_ _, . By 32
lim ———~02887  lim=——§—= =80

29. 2
: -2
o e i
| x 0.9 0.99 0.999 | 0.9999 -
flx) | 0.5263 | 0.5025 | 0.5003 i U.SJUU_ £
o =R e
‘-Ilf',] e 0.5
31.
-0.1
1] S O | 22
O;?
X 16.1 16.01 16.001 16.0001 .
: flx) | —0.12481 | —0.12498 l —0.124998i —0.1245998
4— Jx
i — = —(.125
L S T
33. 35.
: 2
i a G P i i .
| 5
nr : ; 1
The limit does not exist. im —5——— =3
v—1 X° + ]
37.
-8 . /// PRI
T
) x—1, x<2
i s fox =i
}1}2 [f(x) where f(x) *2-1‘ ag g
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39. 7 Section 12.3 (page 833) -
I .0 3.1
5. 1. i-

8
P, S o L S \a \y r
_g........\..,,.,...g x a1

lim (xlnx) =0 ftl.--l} 5
.r—)ﬂ'( J -6 JJlJJ.\\IIAJB

41. 43. L

J J 2 1

i ol ot 9, -2 1.2 13. -1 15 ¢
( ( 17. —2x; (a) 0 (b) 2
' 1 I

1 ;
=+ P (a) 16 (b) =7 21. 0 .
. sin 2x . tanx 1 2 .
=9 = 2 .
.\-“}{]} X = \h—rffl: x : 23. _§ 25. _F |
4. 27. 4 y=4x—5 29. L y=1e+3 |
3 5 ]
0001 o —
tashaedl / F . : e I
_1_ -4 _5
== .1_;'".
lim 1] Y2 = 0333 lim x cos x = 0 ok :
X — X r—{
—| r
| 49. 51. 2.\. ./.2
" [£C = [x] sin x : ) = : sin & | I
S [\ . \ I \‘{T’ !
L p | L ~2
E— e e e e IR \ﬁ/ e N
J / [ \/ x -2 | =-15|-1] —-05 |0
— 2 LA E / N oL f&x) | 2 1.125 | 05 | 0125 | 0
y=x| 5 == '—\':\T| = Fasy 1
— = | -2 |-15|-1|-05|0
- inx = SN S . ,
!l% |x] sinx =0 1111{1] xsin = 0 | - 05 | [ 15 | 2
53. (a) 0. Direct substitution  (b) 1 | f&) | 0125 | 0.5 | 1.125 | 2
" 1 | 9105 |1 |15 |2
5.3 SL.—= Bk-3 - |
2Vx
61. —32 feet per second 63. Answers will vary. They appear to be the same.

65. True 67. and 69. Answers ‘vill vary.
M. x—2—-3=0 73. Neither orthogonal nor parallel

75. Neither orthogonal nor parallel
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33. ;

-2k 2

= T —

x | -2 | -15]| -1 | -05]|0 |

&) ! 1| 1225 | 1414 ‘ 1.581 | 1.732

1 T T q L - —

f&) | n.sJ 0.408 | 0.354 ‘ 0.316 l 0.289 0.0 51104850 ‘
———————————1 Section 12.4 (page 841) |
x 05 |1 1.5 2 1
— ] — l.(¢) 3.( 50 7.-1 9.2

' 2 2.121 | 2.236 _
i f® ] 1.571 | 2 | ~121 5 11. Does not exist 13. —1 15. -4 17. —5 iy
| f&x) | 0.267 035__;_923_6 0224 ‘ 19. . 27,

They appear to be the same.

T
1
i AL L 1 L il i 4
4 1 8
1
i
I

35. f'(x) = 2x — 4; Horizontal tangentat (2, -1  |[=—" I

37. f'(x) = 9x* — 9; Horizontal tangents at (—1,6) and i : K_
(1, —6) L 1 35.

-6
39. (a) y = 0.073¢% + 7.8912 — 192.41 + 1955 .
Horizontal asymptote: y = —3
(b) es000
21. 4
o : s - 37.

500. In 1980, the per capita debt is increasing at the

rate of $500 per year. Horizontal asymptote: y = 0

& 7.5, Sl T~ | T T
() =5.000 x 100 10! 102 107
flx) | —0.7321 | —0.0995 | —0.0100 . —0.0010
ﬂl (30, 5255) x 10 | 107 108
1 () | —1.0x 107* | —1.0x 1073 | —1.0x 1076 |
}l o f&) | _I 39.
X The slope given by the graphing utility (478.1) is close 2
to the estimate (500). &l Ly - P
{ —_—
{ 41. True 43. (b) 45. (d) r
it 47. Answers will vary. Example: a sketch of any linear func- L
| tion with positive slope F
49. Answers will vary. Example: a sketch ol‘\any quadratic 0 (b)
function of the form y = a(x — 1) + k -~
lim f(x) =0 \c
X~+00
|
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25, 2
* X 10% 10! 10? 10° 41. False. Graph y = w

| b )

flx) | —0.7082 | —0.7454 | —0.7495 | —0.74995

43. Let f(x) = % glx) = % and ¢ = 0. Now

| x 10¢ 105 | 106 _
=M. : lim L, = oo, and lim[f(x) — g(x)] = 0.
flx) | —0.749995 | —0.7499995 | —0.75 el =
‘ = 4s. 47.
1 5 360
[ °
4 K T K] ®
L k L]
@
L h* [ .
L ! ®
= ‘ ® o4 I e ® .
L L= &80 i1 ooe® e 11
7 ) [
_s lim flx) = —% Converges to 0 Diverges
27 l%%%% 29, L% l% *7‘%1 49, —4,5,0,0 51. 3
Limit: 0 Limit does not exist. I = é
i | i 10— !. i L ' il 10 g T N | ’ " —
31. 2,3,4,5,6 33 -L,3, -5 3 f i .
Limit does not exist. Limit: 0 I
35. . = | ' I r
n 10° | 10! 10 107 i F
| =150 ]
| a, | 2 1.55 | 1.505 | 1.5005

53. 60 55. 150

Section 125 (page 849)
1. 1830 3. 44,100 5. 5850

| n | 10¢ 10° 106

| a, | 1.50005 | 1.500005 | 1.5000005

L 7. =Tt
3% — 4n”
n | 100 | 100 | 102 10° e ==
- L _ n 10° | 10! 10? 10°
a, | 16 | 6.16 | 54136 | 53413 _ i i
===t ' 03025 | 0.255025 | 0.25050025
4 : | |
' 4 5 6
0.0010 ol 10 | 10 Limit: 4
—— a, | 53341 | 533341 | 5333341 Tt 4 3 T
=" . ! 9, S(}}] — ¥

i g, =18 2n°
ima, =3

__.“ =y T T T . 1
x 10 J : no | 100 100 | 102 10°

39, {a) 3500

S(n}[ 6 1.185 | 1.0154 | 1.0015
[t ) | | S SN —

Limit: 1 |
14n* + 3n + |
11. S S N
(n) 63
(b) 3022.9 thousand students ¥ R | 107 | 10! 107 10°
e o ; = |
(¢) As time approaches infinity, the number of high school Sn) | 3 ‘ 0.2385 | 0.02338 | 0.00233 |

graduates approaches zero.
Limit: 0
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13. S(n) = %

n 10° I 10! 102 108

Sw) | © : 0.615 | 0.66165 | 0.66617

Limit: 5
15. 1425  17. 1.2656
B 4 |8 |20 |50

Approximate Area | 18 ; 21 | 22.8 | 23.52
el 4 |8 |20 |50

._ Approximate Area | 3.52 | 2.85 | 2.48 | 2.34
23.2 258 274 293 311 33

35. Areais 105,208.33 square feet = 2.4153 acres
37. True

39. Answers will vary.
(b)
6T

5
4+
3

3
14

T S \(J o

-2 4 -7 <+

(c) (d)

6 L5

4T 4-|—

L it

2F -3-.1—

1+ 1|L
e § T ’ _—
R A &J: ] 4 =2 =1 | B 4

43. (24, —30) 45. 18

Review Exercises (page 852)

1. I
x 19 | 199 | 199 |2
| f() | 01299 | 0.1255 | 0.1250 | ?
| x 2001 | 201 | 21 \
| £x) | 0.1250 | 0.1245 | 0.1205
: x— 2 1
L vy v—r

Answers to Odd-Numbered Exercises and Tests

3.Yes 5No 7.5 97 1L0O 59, _ &
13. (a) 64 ()7 ()20 (d) 3
511 1777 199 21 -1 231 e
25. -3 27.-1 2.1 31l 67. £
33. 4 3s. ., —_

I J I 77. ()}
B P . TP P, S S

L \ i (bl

Does not exist
37. 3

lim g(x) = 2

Does not exist

x=3{)
39. - [ ' 7
X 1.1 1.01 1.001 1.0001
f(x) | 05680 | 0.5764 | 0.5772 0.5?1“
J H' + T - \r‘_‘ ) I - V_.'l'_\
_}inll_ : _I " >~ 0.577. (Aclual limit is —_f)
41. —1 43. 1
45. 47.
4 4

B SN WA TS

Limit does not exist.

Limit does not exist.

49, 3 —2x 51. Slope: 2 2
o [
53. 55. '
4 : d
/ i
L SRS W e //i.'f‘:l‘/ |
L 1 XL 1 TN T T 6
4 z_ Hﬂj
2 ;
57. 2x—4; (a) —4 (b) 6
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- 3. 4

PR —_ € 4 b = r
59 x—g7 @ (b) —1 [
’ 6l. f(x) =0 63.g(x)=0 65 h'(x) = —3 W U
5 1 1
1 . 4 L
L) = —— 69. o'(s) = —- e K
67. f'(1) W g'(s) G+ 3P i }
71. 2 73. 0 75. 4 -4
77. (a) C = 22.50(100) + 12,200 = $144.50 The limit does not exist.
— C = 22.50(1000) + 12,200 = $34.70 4. 4
T 8
(b) $22.50. As the number of calculators gets very large,
the average cost approaches $22.50. A
79. 335 4.2 81. —2,1,2,5 % -
Limit: 0 Limit: 4 e i 7 S i
; 3n+ 1)n+9 -
83. S(n) = —i 4}(:1 )
n= Nk k:
_ 1111{1} "’m“"l =3
no | 100 | 10! 102 10° o B
Sn) | —15 | —1.5675 | —0.8257 | —0.7575 x —0.02 | —0.01 __ 0| 0.01 0.02
- flx) | 2998 | 2.999 | 3 | 2.999 | 2.998
Limit a | S|
85. 1 ~ 35313 5
0 e =
[ n |4 | 8 20 50 *‘
: Approximate Areaj 10 | 105 | 10.64 | 10.6624 . J
89.9 913 .9 1 S R
/3 e A
3 ) 95. True. lim [ f(x) + g(x)] = lim f(x) + lim g(x)
3 P = =k e.?x -1
li =~ 2
Chapter Test (page 856) 0 x
- : |
1. : x | —0004 | —0003 | —0.002 | —0.001 | O

JI / f@) | 1992 | 1994 | 199 | 1998 |2
k N — . — L il

@
=
| 2

3 F
= 3 T : i
ist, lim ——= —— N 2,0

(st -2 2x 4 »

2. 2 5
Y e .—./....B m=17
! / 7.6224+6, 12 8 -3 9, 4x—7
| 1
I L —e——. AL O 1L -3
’]/ f/ [ 0. -G+
="F =% S 13. Does notexist 14, 0,2, 13,13, %, Limit: §
X x—3 15. 0, 1,0,3, 0; Limit: 0
IlmI | = =5 " 2
R A 2

B e

16. 2 17.8 18
19. (a) y = 8.79x> — 6.2x — 0.4  (b) 81.7
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