AP Calculus AB Syllabus
Prerequisite: Pre-Calculus Honors or Pre-Calculus with teacher recommendation

Course Description:

This course is designed for students who have excelled in Analytic Geometry & Precalculus and
plan to take the Advanced Placement Examination in Calculus. This course covers everything in
the Calculus AB topic outline including limits, differentiation, applications of differentiation,
anti-differentiation, the definite integral and its applications, natural logarithms, exponential
functions, techniques of integration, vectors and parametric equations, polar coordinates, infinite
sequences and series, power series, differential equations, hyperbolic functions, multiple
integrals and partial derivatives. Additional calculus topics will be introduced after the AP
exanl. Throughout the year students are given examples of AP Free Response questions in the
form of class work, homework, quiz, and test questions,

Teaching Strategies:

During the first few weeks of school extra time is spent familiarizing students with their
graphing calculators. Throughout the year graphing calculators will be used to solve problems,
interpret results, support conclusions, and experiment. Students are taught to represent functions
in a variety of ways, graphically, numerically, analytically, and verbally. They are also expected
to relate the various representations to each other, Communication is an important goal of the
course. Students are expected to explain problems using proper vocabulary and terms. This is
done in small groups or presented to the entire class using the board, Smart Board, and
PowerPoint presentations,

Technology:

The instructor uses a TI-84+ graphing calculator, view screen, Smart Board, and PowerPoint
presentations during instruction. Each student has a graphing calculator. The school supplies
TIB4+ if needed. Some students have their own graphing calculator.

Calculators will be used to investigate discrete data. Information will be given in table
numerically and regressions will be performed. The resulting functions will be used to estimate
values of limits, rates of change, and values of the definite integral.

Primary Textbook:

AP Edition Calculus Graphical, Numerical, Algebraic Third Edition, copyright 2007, Finney,
Demana, Waits, Kennedy.

Supplementary Textbooks:

Calculus of a Single Variable, Eighth Edition, Larson Hostetler, Edwards
Calculus Concepts and Contexts, Stewart




Technology Resources:

Texas Instruments Technology Resource Manual, Finney, Demana, Waits, Kennedy,
Internet resources,

» Visual Calculus hitp://archives math utk edu/visual caleulus/

» Tutorials for the Calculus Phobe,
http://www.calculus-help.com/funstuff/phobe.htm)

¢ Calculus on the Web, http://eow.math temple.eduw/~cow/cgi-bin/manager

» Math Graphs on line, http://www.mathgraphs.conymg_calc8¢e html

Course Planner

Section Topics Timeline #
Unit Perguisites for Calculus 10
1.1 Lines
1.2 Functions and Graphs
1.3 Exponential Functions
1.4 Parametric Equations
1.5 Functions and Logarithms
1.6 Trigonometric Functions

Test
Limits and Continuity 10
2.1 Rates of Change and limits
2.2 Limits Involving Infinity
2.3 Continuity
2.4 Rates of Change and Tangent Lines
Test
Derivatives 30
3.1 Derivative of a Function
3.2 Differentiability
33 Rules of Differentiation
3.4 Velocity and Other Rates of Change
3.5 Derivatives of Trigonometric Functions
3.6 Chain Rule
3.7 Implicit Differentiation
3.8 Derivatives of inverse Trigonometric Functions
3.9 Derivatives of Exponential and Logarithmic Functions
Test




Applications of Derivatives 24
4.1 Extreme Values of a Function
42 Mean Value Theorem
4.3 Connecting /” and f* " with the Graph of f
4.4 Modeling and Optimization
4.5 Linearization and Newton’s method
4.6 Related Rates
Test
The Definite Integral 24
5.1 Estimating with Finite Sums
5.2 Definite Integrals
5.3 Definite Integrals and Anti-derivatives
5.4 Fundamental Theorem of Calculus
5.5 Trapezoid Rule
Test
Differential Equations and Mathematical Modeling 18
6.1 Slope fields and Euler’s Method
6.2 Anti-differentiation by substitution
6.4 Exponential Growth and Decay
6.5 Logistic Growth
Test
Applications of Definite Integral 20
7.1 Integral as Net Change
7.2 Areas in a Plane
7.3 Volumes
7.5 Applications from Science and Statistics
Test
8.1 L’Hopitals Rule
After the Exam
6.5 Anti-differentiation by Parts After exam
7.4 Lengths of Curves After Exam
6.5 Anti-differentiation using Partial Fractions After Exam

Other BC topics as time permits

Our school schedula is block schedule; we meet 1 block {78 minutes) every day.




Student Evaluation:

Quarterly grades are determined by quizzes, chapter tests, projects, classwork and hamework. After
each quarter we have a guarterly exam. These exams are similar to the AP exam, multiple choice and
free response, with and without a calculator, Well written sentences will be required for justification of
free response questions. The student’s final grade is based on four marking periods and the average of
the four quarter examis.

Projects: Four projects will be completed throughout the course, one per marking peried. Students will
have a choice of topics and will be given the opportunity to create their own upon instructor review and
approval, Students will be required to explain and justify their work in well written sentences. Project
descriptions are found in course curriculum,

Examples:

» Function Signature: Students will experiment writing functions to create 2
“signature.” The choices of functions must be explained in well written
sentences and displayed on a minimum of 11x17 posters.

¢ Personzl Polynomial: Students flip coins top create a “personal polynomial.”
The graphing calculator will be used to explore their function. They are
required to sketch and discuss intervals{inc/dec/concave up/concave down),
points of inflection, relative and absolute exirema in well written sentences.






AP’ Calculus AB and
AP’ Calculus BC

Course and Exam Description
Effective Fall 2016

@ CollegeBoard

New York, NY



About the College Board

The College Bosard is a mission-driven not-for-profit organization that connects
students to college success and opportunity. Founded in 1900, the College Board
was created to expand access to higher education. Today, the mambership
association is mads up of over 6,000 of the world's leading educational institutions
and is dedicated to promoting excellence and equity in education. Each year, the
College Board helps more than seven million students prepare for a successful
transition to college through programs and services in college readiness and
college success — including the SAT® and the Advanced Placement Program®. The
organization also serves the education community through research and advocacy
on behalf of students, educators, and schools. For further information, visit
www.collegeboard.org.

AP Equity and Access Policy

The Collegs Board strongly encourages sducators to make aquitable access a
guiding principle for their AP® programs by giving all willing and academically
prepared students the opporiunity to participate in AP. We ancourage the
elimination of barriers that restrict access to AP for students from ethnic, racial,
and socioeconomic groups that have been traditionally underrepresented. Schools
should make every effort to ensure their AF classes reflect the diversity of their
student population. The Collage Board also baliavas that all students should have
access to academically challenging course work before they enroll in AP classes,
which can prepare them for AP success. It is only through a commitment to
aguitable preparation and access that true equity and excallence can be achieved.

AP COURSE AND EXAM DESCRIPTIONS ARE UPDATED REGULARLY.

Revisad August 2016 to correct an error in the sample exam question on p. 83.
The series now begins st 1 {n=1) instead of zaro (n=0)}.

© 2016 The College Board. Collage Board, Advanced Placemant Program, AP AP Central, and the acorn
Iogo ara registered trademarks of the Collage Board. All other products and sarvices may be trademarks of

thelr respective owners. Visit the College Board on the Web: www.collegeboard.org.
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About AP

About AP’

The College Board's Advanced Placament Program?® {AP?) enables students to
pursue college-level studies while still in high school. Through more than 30 courses,
each culminating in a rigcrous exam, AP provides willing and academically prepared
students with the opportunity to sarn collage cradit and/or advanced nlacement.
Taking AP courses also demonstrates to college admission officers that students
have sought out the most rigorous course work available to them,

Each AF course is modeled upon a comparable college course, and collage

and university faculty play a vital role in ensurng that AP courses align with
college-level standards. Talented and dedicated AP teachers help AP students in
classrooms around the world develop and apply the content knowledge and skills
they will need later in college.

Each AP course concludes with a college-level assessment developed and scored by
college and university faculty, as well as experienced AF teachers. AP Exams are an
essential part of the AP experience, enabling students to demonstrate their mastery
of collage-lavel course work. Most four-year colieges and universities in the United
States and universities in more than 60 countries recognize AP in the admission
process and grant students credit, placemerit, or both on the basis of successful AP
Exam scores. Visit www.collegeboard.crg/apereditpolicy to view AP credit and
placement policies at more than 1,000 colleges and universities.

Performing well on an AP Exam means more than just the successiul completion

of a course; it is a gateway to succeess in collegse. Research consistently shows that
students who receive a score of 3 or higher on AP Exams typically experience greater
academic success in college and have higher graduation rates than their non-AP
pears.! Additional AP studies are available at www.collegeboard.org/research.

Offering AP Courses and Enrolling Students

This AP Course and Exam Description details the essential information required
to understand the objectives and expectations of an AP course. The AF Program
unequivecally supports the principle that each school implements its own
curriculum that will enable students to develop the content knowledge and sidlis
described hers.

Schools wishing to offer AP courses must participate in the AP Course Audit,

a process through which AP teachers’ gyllabi are reviewed by college faculty. The
AT Course Audit was created at the request of College Board members who sought
a means for the Coliege Board to provide teachsrs and administrators with clear
guidelines on curricular and resource requirements for AP courses and to help
collagres and universities validate courses marked “"AP"” on students’ transcripts.
This process ensures that AP teachers' syllabi meet or exceed the curricular and

Hee the following research studies for more details:
Linda Hamgrove, Donn Godin, and Barbara Dodd, College Outcomes Comparisons by AP and Non-AP High
Schoo! Experiences (New York: The College Board, 2008).

Chrys Dougherty, Lynn Melor, and Shuling Jian, The Relationship Betwesh Advanced Placement and
College Graduation {Austin, Texas: National Center for Educational Accountability, 2006).

Hatumn ta
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About AP

rasource axpectations that collage and sscondary school faculty have established
for college-level courses. For more information on the AP Course Audit, visit
www.collegebeard.org/apoourseaudit.

The College Beard strongly encourages educators to maks equitable accesg a
guiding principle for their AP programs by giving all willing and academically
prepared students the opporiunity to participate in AP, We encourage the
elimination of barriers that restrict access to AP for students from ethnic, racial,
and socioeconomic groups that have heen traditionally undemnrepresented. Schools
should make every effort toc ensure their AP classes reflect the diversity of their
student population. The College Board also believes that all students should have
access to academically challenging course work before they enroll in AP classes,
which can prepare them for AP success. It is only through a commitment to
equitable preparation and access that true equity and excellence can be achieved.

How AP Courses and Exams Are Developed

AP courses and exams are desighed by committees of college faculty and expert
AP teachers who ensure that each AP subject reflects and assesses college-level
expectations. To find a Hst of sach subject's current AP Development Committee
members, please visit press.collegeboard.org/ap/committees. AP Development
Committees define the scope and expsactations of the course, articulating through
a curriculum framework what students should know and be able to do upon
completion of the AP course. Their work is informed by data collected from a
range of colleges and universities to ensure that AP coursework reflects current
scholarship and advances in the discipline.

The AP Development Committeas are also responsible for drawing clear and welfl-
articulated connections between the AP course and AP Exam - work that includes
designing and approving exam specifications and exam questions, The AP Exam
devalopment process is a multi-year endeavor; all AP Exams undergo axtensive
review, revision, piloting, and analysis to encure that questions are high gquality and
fair and that there is an appiopriate spread of difficulty across the questions.

Throughout AP course and exam development, the Collage Board gathers feedback
from various stakehelders in both secondary schools and higher education
institutions. This feedback is carefully considered to ensure that AP courses and
exams are able to provide students with a collage-leve] learning experience and
the opportunity to demonstrate their qualifications for advanced placement upon
college entrance.

How AP Exams Are Scored

The exam scoring process, like the course and exam development procass, ralies

on the expertise of both AP teachers and college faculty. While multiple-choice
questions are scored by machine, the free-response guestions are scored by
thousands of college faculty and expert AP teachers at the annual AP Reading.

AP Exam Readers are thoroughly trained, and their work is monitored theoughout
the Reading for fairness and comsistancy. In each gsubject, a highly respsacted collage
faculty member fills the role of Chief Reader, who, with the help of AP readersin
leadership positions, maintains the accuracy of the scoring standards. Scores on

Hamim to
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About AP

the free-response gquestions are weighted and combined with the regults of the
computer-scored multiple-choics queastions, and this raw score is converied into a
composite APscoreof 6,4, 3,2, 0or 1.

‘The score-setting process is both precise and labor intensive, involving numerous
psychametric analyses of the results of a specific AP Exam in a specific year and

of the particular group of students who took that exam. Additionally, to ensure
alignment with college-level standards, part of the score-setting process inveolves
comparing the parformance of AP students with the performance of students
enrolled in comparable coursaes in colleges throughout the United States. In general,
the AP composite score points are set so that the lowest raw score need to earn an
AP score of b is sruivalent to the average score among college students earning
grades of A in the college course. Similarly, AP Exam scores of 4 are equivalent to
college grades of A-, B+, and B. AP Exam scores of 3 are equivalent to college grades
of B-, C+, and C.

Using and Interpreting AP Scores

Caollege faculty are involved in every aspect of AP, from course and aexam
devslopment {o scoring and standards alignment. These faculty members ensure
that the courseas and exams meeat colleges” expectations for content taught

in comparable college courses. Based upon outcomes research and program
evaluation, the American Council on Education (ACE) and the Advanced Placement
Program recommend that colleges grant credit and/or placement to students with
AP Exam scores of 3 and higher. The AP score of 3 is equivalent to grades of B+, C+,
and C in the equivalent college course. However, colleges and universities set their
own AP cradit, advanced standing, and course placement policies based on their
unique needs and objectives.

AP Score Recommeandation
5 Extramely weli qualified
: - quahﬁad
; T
: O
: No recommendation

Additional Resources

Visit apcentral.collegeboard.org for more informatian about the AP Program.

Heturm to
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4

About the AP Calculus AB and AP Calculus BC Courses

About the AP Calculus AB and AP
Calculus BC Courses

Building enduring mathematical understanding reqguires students to understand
the why and how of mathematics in addition to mastering the necessary procedures
and skills. To foster this deeper level of leaming, AP® Calculus is designed to
develop mathematical knowledge conceptually, guiding students to connect topics
and representations throughout each course and to apply strategies and techniques
to accurately solve diverse types of problems.

AP Calculus includes two courses, AP Calculus AB and AP Calculus BC, which wera
developed in collaboration with college faculty. The curriculum for AP Calculus AB
is equivalent to that of a first-semestar college calculus course, while AF Calculus
BC is equivalent to a first-semester collegs calculus course and the subsequant
single-variable calculus course. Calculus BC is an extension of Galculus AR rather
than an enhancement: comrmon topics require a similar dapth of understanding.
Both courses are intended o be challenging and demanding, and each is designad
to be taught over a full academic year.

College Course Equivalents

AP Caiculns AB is roughly equivalent to a fizst semester college calculis course
devoted to topics in differential and integral calculus. AP Calculus BC is roughly
equivalent to both first and second semester college calenlus courses; it extends
the content learned in AB to different types of equations and intreduces the topic of
sequences and series.

Heturn to
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About the AP Calculus AB and AP Cajculus BT Courses

Prerequisites

Before studying calculus, all students should complete the equivalent of four years
of secondary mathematics designed for college-bound studernts: courses which
should prepare them with a strong foundation in reasoning with algebraic symbaols
and working with algebraic structures. Praspective calculus students should take
courses in which they study algebra, geometry, trigonometry, analytic geometry,
and elementary functions. These functions include linear, polynomial, rational,
exponential, logarithmie, trigonometric, inversa trigonometric, and piscewise-
defined functions. In particular, hefore studying calculus, students must be familiar
with the properties of functions, the compaosition of functions, the algebra of
functions, and the graphs of fluinctions. Students must also understand the language
of functions {domain and range, odd and even, periodic, symmetry, zeros, intercepts,
and descriptors such as increasing and decreasing). Students should also know how
the sine and cosine functions are defined from the unit circle and know the values

T
6
Students who take AP Calculus BC should have basic familiarity with secquences
and series, as well as some exposure to polar equations.

N . . i mx . .
of the trigonometric functions at the numbers 0, ety and their multiples.
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Participating in the AP Course Audit

Participating in the AP Course Audit

Schools wishing to offer AP courses must participate in the AP Course Audit.
Participation in the AP Course Audit requires the online submission of two
documents: the AP Course Audit formn and the teacher's syllabus. The AF Course
Audit form is submitted by the AP teachsr and the schoel principal (or designated
administrator) to confirm awareness and understanding of the curricular and
resource requirements. The syllabus, detailing how requirements are met, is
submitted by the AP teacher for review by college faculty.

Plaase visit http:/ fvrvrw.ecollagehoard.com/html/aprourseaudit/taacher htmil for
miore information to support syllabus development including:

Annotated Sample Syllabi — Provide examples of how the curricular regquirements
can he demonstrated within the context of actual syllabi.

Curricular and Resource Requirements — Identify the set of curricular and
resource expectiations that ccllege faculty nationwide have established for a
collage-lavel course.

Example Textbook List — Includes a sample of AP college-level textbooks that
meet the content requirements of the AP course.

Syllabus Development Guide — Inclhndes the guidelines reviewers use to evaluata
syHabi along with three samples of evidence for each requirement. This guide also
specifies the level of detail required in the syllabus to receive course authorization.

Syllabus Developmant Tutorial — Describes the rescurces available to support
gylabus development and walks through the syllabus development guide
requirement by requirement.

Return to
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Curriculum Framework

AP Calculus AB and AP Calculus
BC Curriculum Framework

The AF Calculus AB and AP Caiculus BC Curriculum Framework specifies the
curriculum — what students must know, be able to do, and understand — for both
coursas. AP Calculus AB is structured around three big ideas: limits, derivatives,
and integrals and the Fundamental Theorem of Caloulus. AP Caloulus BC explores
these ideas in additional contexts and alsc adds the big idea of series, In both
courses, tha concapt of limits is foundational; the understanding of this fundamental
tool leads to the development of more advanced tools and concepts that prepare
students to grasp the Fundamental Theorem of Calculus, a central idea of

AP Calculus.

Overview

Based on the Understanding by Design (Wiggins and McTighe) model, this
curriculum framework is intended to provide a clear and detailed description of the
course requirements necessary for sfudent success. It presents the development
and organization of learning outcomes from general to specific, with focused
statements about the conient knowledge and understandings students will acquire
throughout the courge.

The Mathematical Practices for AP Caleulus (MPACs), which explicitly articulate
the behaviors in which students need to engage in order to achieve conceptual
understanding in the AP Calculus courses, are at the core of this curricuinm
framewaork. Each concept and topic addressed in the courses can be linked to one or
more of the MPACSs.

This framework also contains a concept outline, which presents the subject matter
of the courses in a table format. Subject matter that is included only in the BC course
is indicated with blue shading. The components of the concept outline are as follows:

Big ideas: The courses are organized around big ideas, which correspond to
foundational concepts of calculus: imits, derivatives, integrals and the Fundamental
Thearem of Caloulus, and (for AP Calculus BC) series.

Enduring understandings: Within each big idea are enduring understandings.
These are the long-term takeaways related to the big ideas that a student should
have after exploring the content and skills, These understandings are expressed as
generalizations that epecify what a student will come to understand about the key
concepts in each course. Enduring understandings are labeled to correspond with
the appropriate big idea.

Learning objectives: Linked to sach enduring understanding are the corresponding
learning objectives. The lsarning objectives convey what a student neads to be
able to do in order to develop the enduring understandings. The learning objectives
serve as targels of assessment for each course. Leaming chjectives are labeled to
correspond with the appropriate big idea and enduring understanding.

Return to
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Curriculum Framework

Eesential knowledge: Eszential knowledge statements describe the facts and
basic concepts that a student should know and be able to recall in order to
demonsirate mastery of each learning objective. Essential imowledge statements
ars labeled to correspond with the appropriate big idea, enduring understanding,
and learning cbjective.

Further clarification regarding the content covered in AP Calculus is provided by
examples and exclusion statements. Examples are provided to address potential
inconsistencies among definitions given by various sources. Exclusion statements
identify topics that may be covered in a first-year college calculus course hut ars
not assessed on the AP Calculus AB or BC Exam. Although these topics are not
assessed, the AP Calculus courses are designed to support teachers who wish to
introduce these topics to studants.

Mathematical Practices for AP Calculus (MPACSs)

The Mathematical Practices for AP Caleulus (MPACs) capture important aspects of
the work that mathematicians engage in, at the level of competence expected of
AP Celculus students. They are drawn from the rich work in the National Council
of Teachers of Mathematics (NCTM) Process Standards and the Agsociation

of American Colleges and Universities {AAC&U) Quantitative Literacy VALUE
Rubric. Embedding these practices in the study of calculus enables students to
establish mathematical lines of reasoning and use them to apply mathematical
concepts and tools to solve problems. The Mathematical Practices for AP Calculus
are not intended to be viewed as discrete itams that can be checked off a list;
rather, they are highly interrelated tools that should be utilized frequently and in
diverse contexts.

The sample items included with this curriculum framework demonstrate various
ways in which the learning ohjectives can be linked with the Mathematical
Practices for AP Calculus.

The Mathematical Practices for AP Calenlus are given below.

MPAC 1: Reasoning with definitions and theorems
Students can;

a. use definitions and theorems to build arguments, to justify conclusions or
answers, and to prove results;

h. confirm that hypotheses have been satisfied in oider to apply the conclusion
of a theorem;

c. apply definitions and theorems in the process of solving a problem;
d. interpret quantifiers in definitions and theorems (e.g., “for all," “there exists"},
e. develop conjectures hased on exploration with technolegy; and

f. produce examples and counterexamples to clarify understanding of definitions, to
invastigate whether converses of theorems are true or falsa, or to test conjectures.

Hetim to
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Curriculum Framework

MPAC 2: Connecting concepts
Students can:
relate the concept of a Hmit to all aspercts of calculus;

use the connection between concepts {(e.g., rate of change and accumnulation;
or processes (e.q., differentiation and its inverse process, antidifferentiation) to
solve problems;

connect concepts to their visual representations with and without techniology; and

d. identify a common underlving structure in problems involving different
contextual situations.

MPAC 3: Implementing algebraic/computational processes
Students can:
select appropriate mathematical strategies;

a.
b. seqguence algebraic/computational procedures logically;

o

complete algebraic/computational processes correctly;

e

apply technology strategically to solve problems;

e. attend to precision graphically, numerically, analytically, and verbally and
specify units of measure; and

f. connect the results of algebraic/computational processes to the question asked.

MPAC 4: Connecting multiple representations
Students can:
a. associate tables, graphs, and symbolic representations of functions;

b. develop concepts using graphical, symbolical, verbal, or numerical
rapresentations with and withont technology:

c. identify how mathematical characteristics of functions are related in different
representations;

d. extract and interpret mathematical content from any presentation of a function
{e.g., utilize information from a table of values),

. construct one representational form from another (e.q., a table from a graph ora
graph from given information); and

f. consider multiple representations (graphical, numerical, analytical, and verbal)
of a function to select or construct a useful representation for solving a problem.

MPAC 5: Building notational fluency
Students can;

a. know and use a variety of notations (e.g., f(x}, ¥, % %

Return to
AP Calculus AB/BC Course and Exam Descriptinn Tahle of Contents
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Curriculum Framework

b. connect notation to definitions {e.g., relating the notation for the definite
integral to that of the limit of a Riemann sum};

c. connect notation to diffarent representations (graphical, numerical, analytical,
and verhal); and

d. assign meaning to notation, accurately interpreting the notation in a given
problem and across different contexts.

MPAC 6: Communicating
Students can:
a. clearly present methods, reasoning, justifications, and conclusions;

b. use accurate and precise language and notation;

URRICULUM FRAMEW

c. explain the meaning of expressions, notation, and results in terms of a context
(including units);

d. explain the connections among concepts;

e. critically interpret and accurately report information provided by technology,
and

f. analyze, evaluate, and compare the reasoning of others.

Raturn to
10 AP Caleculus AB/BC Course and Exam Description Table of Contents
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Concept QOutline: Big Idea 1

The Concept Outline

Big Idea 1. Limits

Many calculus concepts are developed by first considering a discrets model and
then the consequencss of a limiting case. Therafora, ths idea of limits is essential
for discovering and developing important ideas, definitions, formulas, and theorems
in calculus. Students must have a solid, intuitive understanding of limits and be
able to compute various limits, including one-sided limits, limitg at infinity, the
lirnit of a sequence, and infinite limits, They should be able to work with tables and
graphs in order to estimate the limit of a function at a point. Students should know
the algebralc proparties of limits and technigues for Bnding limits of indetarminate
forms, and they should be able to apply limits to understand the behavior of a
function near a point. Students must also understand how limits are used ta
determine continuity, a fundamental property of functions.

YHOMIWYH WATNIILHND. -

Enduring
Understandings
{Students will
understand that ... )

Learning
Objectives
{Students will
beableta ...}

Essential Knowledge
{Students will know that ... }

EU 1.1:The concept
of a limit can be used
to understand the

hehaviar of functions.

LO 1.1A{a}: Express
limits symbalicatly

using correct notation.

L0 1,7A(b): Interprat
[imits exprassed
symbolicaily.

one-sided limits, limits at infinity, and infinite limits

EK 1.1A1: Given a function f, the limitof fir as x

approaches ¢ is a raal numbar Rif f(x}can be made

arbitrarily close o R by taking X sufficiently close to ¢ {but
not egual to o). If the limit exists and is a real number,

then the common notation is lim f{x) =R,
Xy

EXCLUSION STATEMENT {EK 1.1A1k R

The epsilon-delta definition of & limit is not assessed
on the AP Calcutus AB or BC Exam. However, teachers
may Incitude this topic in the course if timea permits,

EK 1.1A2: Tha cancept of 2 limit can be axtendad ta inciude

EK 1.1A3: A fimit might not exist for some functions at
particular values of x. Some ways that the limit might not
exist are if tha function is unboundesd, if the function is
oscillating near this value, or if the limit from the left does
not egual the limit from the right.

-EKAMPLES OF LIMITS THAT DO NOT EXIST”

hm%nm . lisn sin(l)does natsxisr
=l x : - = X

lire I-fl does not axist

| . ..
iim - does not ex;sr
) X 53X _

LO 1.1B: Estimate
limits of functions.

EK 1.1B1: Numerical and graphicai information can ba used
to estimate fimifs.

Note: In the Concept Outline, subject master that is included only in the BC course is indicated with blue

shading.

AP Calculus AB/BC Course and Exam Description

Beturn to
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Ceoncept Outline: Big Idea 1

Enduring
Understandings
{Students will
understand that ... )

Learning
Objectives
{Students wil
be able to ... |

Essential Knowledge
{Students will know that ... |}

Et 1.8 The cancept
of & Himit ¢can be usend
to understand the

hbebhavior of functions.

{oontinuedi

L0 1.1C: Determing
limits of functions.

EK 1,141 Limits of sums, differences, products,
guotients, and composite functlons can be found using
the basic theorems of limits and algebraic rules.

EK 1.1C2; The itmit of a function may be found by
using atgebraic manipulation, alternate forms of
trigonometric functions, or the sgueeze theores:.

EK 1.1C3: Limits of the indetesminate forms 3 and =
=)

may be eveluatad using LLHospital’s Rule.

LO 1.1D: Deduce and
interpret behavior of
functions using limits.

EK 1.1D1: Asymptctic and unbounded behavior of

EK 1.71D2; Relative magnitudes of functions and their
rates of change can be comparad using limits.

EU 1.2: Continuity
is a key property

of functions that is
defined using limits.

10 1.2A: Analyze
functions for intervals
of continuity or peoints
of discontinuity.

EK 1.2A1: A function f is continuous at x = ¢ provided

EK 1.2A2: Polynomial, rational, powaer, exponantial,
logarithmie, and trigonometric functions are
continuous at alf points in their domains.

EK 1.2A3: Types of discontinuities include
remuovable discontinuities, jump discontinuities,
and discontinuities due to vertical asymptotes,

£0 1.2B: Beterming
the applicability of
important ealeubus
theorems using
continuity.

EK 1.2B1: Continuity is an essential condition for thenrams

such as the Intermediate Value Theorem, the Extreme
Value Thearermn, and the Maan ValueThaorem.

AP Calculus AB/BC Course and Exam Description

Haturn to
Tabla of Contents
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Concept OQutline: Big Idea 2

Big ldea 2: Derivatives

Using derivatives to describe the rate of change of one variable with respect to
another variable allows students to understand change in a variety of contaxts.

In AP {alculus, siudents build the derivative using the concapt of limits and use
the derivative primarily to compute the instantaneous rate of change of a function.
Applications of the derivative include finding the slope of & tangent line to a graph
at a point, analyzing the graph of a function (for example, determining wheathar

a function is increasing or decreasing and finding concavity and extreme values),
end solving problems involving rectilinear motion. Students should be able to use
different definitions of the derivative, estimate derivatives from tables and graphs,
and apply various derivative rules and properties. In addition, students should be
able to solve separabie differential equations, understand and be able to apply the
Mean Value Thaeoram, and be familiar with a variety of real-world applications,
including related rates, optimization, and growth and decay models.

Enduring Learning
Understandings Objectives
{SBtudents will {Students will ba Essantial Knowledgs
understand that ... ) ableto ...} {Students will know that ... }
EU 2.1: The derivative  LO 2.7A: Identify EX 2.1A1: The di ; (ath)- fla)
At +JA .1A1: The difference quctients
of a function is the derivative of a f(x)— fia) f
defined as the limit function as the limit of and ~-——<—— exprass the average rata of
of a difference a diffarance guotient. Xwd
quotient and can be change of 2 function over an interval.
da!ermined using = % T e o e e e e .
variety of strategies. EK 2.1A2: The instantansous rate of change of a function
AN
at a point can be exprasssd by limM or
b~ h
litn M, providad that the limit exists, These are
X X—i
cammon forms of the definition of the derivative and are
denoted f'{a).
EK 2.1A3: The derivative of { is the function whose value
- H)= .
atxis hmM provided this Jimit exists,
fi—= h
EK 2.1A4: For y = f(x). notations for the derivative include
dy .
=, f'(x), and y'.
o f ¥
EK 2.1A5: The derivative can be reprasented graphicatly,
numericalby, analytically, and verbally.
L0 2,18: Estimate EK 2.1B1:The derivative at & point can be estimated from
derivatives. information given in tables or graphs.
Retum to
AP Caleulus AB/BC Course and Exam Desceription Table of Contants 13
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Conecept Outline: Big Idea 2

Enduring Learning
Understandings Objectives
{Students will {Students wilk be
understand that ... ) ableto ...)

Essential Knowledge
{Students will know that.,.. )

EU 2.0 The derivative LD 2.1C: Calculate
of & function is derivatives.
defined as the Himit

uf a diffarence

auatient and can be

datermingd using a

varisty of stralogios.

fenrtimed;

EK 2.1C1: Direct application of the dafinition of the derivative
can be used ta find the derivative for selected functions,
intluding palynomial, power, sine, cosine, exponential, and
logarithmic functions.

EK 2.1C2: Epecific reles can he used to calculate derivatives
for classes of functions, inciuding polynomial, rational,
power, exponential, logarithmic, trigonometric, and inverse
trigonometric.

functions can be differentiated using derivative rules,

EK 2.1C4:The chain rule provides a way to differentiate
compasite functions,

EK 2.1CB:The chain rule is the basis for implicit differentiation.

EK 2.1C6: The chain rula can be used to find the derivative
of an inverse function, provided the derivative of that
function exists.

EK 2.1C7: (BC) Methoads for calculating derivatives of real:
be Bx hctions,

U 2.10; Determing
higher order
derivatives.

EX 2.1D1: Differentlating f* produces the second darivative

1", provided the derivative of {' exists; repeating this
process produces higher order derivatives of f.

EK 2.1D2: Higher order derivatives are rapresantad with a
variaty of notations. For y = f{x), notations for the second
2
derivative include %—-2}:, f™x), and y". Higher order derivatives
X

Ll

d
dxf" or f™(x),

can be denoted

Hetum to
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Concept Outline: Big Idea 2

Enduring Learning

Understandings Objectives

{Studants will {Students will be Essential Knowiedge

understand that ... } ableta ...} {5tudenis will know that ... }

EU 2.2: A function’s L0 2.2A: Use EK 2.2A1: First and second derivatives of a function can

derivative, which is
itself a function, can
ba used to understand
the behavior of

the function.

derivatives to anzalyze
properties of a function.

provide information about the function and its graph
including intervals of increase or decrease, local {relative}
and globai {absalute) extrema, intervals of upward

or downward cancavity, and points of inflection.

EK 2.2A2: Key features of functions and their derivatives
can be identified and related to their graphical,
numerical, and anabytical representations.

EK 2.2A3: Key features of tha graphs of f, f*, and " are
related to one anather.

HOMAWYH WM INDIEHN;

L0 2.2B: Recognize the
cannection betweean
differantishifity

and continuity.

EK 2.2B1: A continuous function may fail to be differentiable
at a point in its domain.

EK 2.282: If a function is differentiable at a point, then it is
continuous at that point.

EU 2.3: The derivative
has multiple
interpretations

and applications
incleding thosa that
invelve instantanequs
rates of change.

HD 2.3A; Interpret the
maaning of a derivative
within a problem.

EX 2.3A1: The unit for f{x) is the unit for f divided by
the unit for X

EK 2.3A2: The derivative Of a function can be !nterpreted
as the Instantaneous rata of change with respect to
its independent variable.

L0 2 38: Soive
proklems involving the
slope of a tangent line.

EK 2.3B1: The derivative at a2 point is the slape of the ling
tangent to a graph at that point on the graph.

€K 2.3B2: The tangent fine is the graph of a tccally linear
approximation of the function near the point of tangency.

LD 2.30: Solve
problems involving
related rates,
Gpllmtzatmn rec!lllnear

EK 2.3C1: The darivative can be used to solve rectilinear
motion problems involving position, speed, velocity,
and acceleration,

EX 2.3C2: The derivative can be used to salve related rates
problems, that is, finding & rate at which ang quantity is
changing hy relating it ta ather guantitiss whase ratss

of changa are known,

EK 2.3C3: The derivative can be used to solve
aptimization problarns, that |s, finding a maximum or
minimum value of a function over a given interval.

: _[BC} Derwatlvss t:an be use
velacity,

Return to
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Concept Outline: Big Idea 2

Enduring Learning
Understandings Ohkjectives
{Students will {Students will be Essential Knowledge
undarstand that ... ) ableto ...} {Students will know that ... )
ELF 2.3: The derivative LD 2.3D; Solve EK 2.3D1: The derivative can ba used o expross
has multiple problems involving information about rates of change in applied contexts.
intarpretations rates of change in
and applications applied contexts.
inciuding thoss that
inwolve instantansaus L 2.3E: Verify EN 2.3E1: Solutions to diffarential equations are functions or
rates of change. solutions to differential families of functions.
feontinse) equaﬂons‘ : : :
EK 2.3E2: Derivatives can be used to verify that a
function is a sofution to a given differential equation.
LO 2.3F: Estimate EK 2.3F1: Slope fields provide visual clues to the behavior
solutions to diffarantlal  of solutlons to first order differential equationa.
equatians. e
quations, Edler's méthod.
oldti
EU 2.4: The Mean Valug LO 2.4A: Apply the EK 2.4A1: If 2 function § is continuous over the interval
Theorem connects MeanValueThearem [4, &] and differentiable over the interval {a.b), the Mean
the behasvior of a to describe the Valee Theorem guarantaes a polnt within that open
differentiabls function  behavior of a function  interval where the instantanecus rate of change equals
over an interval to over an interval, the average rate of change over the interval,

the bahavior of the
derivative of that
function at & particular
point in the intarval,

Return to
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Concept OQutline: Big Idea 3

Big Idea 3: Integrals and the Fundamental
Theorem of Calculus

Integrals are used in a wide variety of practical and theoretical applications.

AP Calculus students should understand the definition of a definite integral
involving a Riemann sum, be able to approximate a definite integral using different
methods, and be able to compute definite integrals using geometry, They should
be familiar with basic techniques of integration and properties of integrals. The
interpretation of a definite integral is an important skill, and students should be
familiar with area, volume, and motion applications, as well as with the use of

the definite integral as an accumulation function. It is critical that students grasp
the relationship between integration and differentiation as expressed in the
Fundamental Theorem of Calcuius — a central idea in AP Calculus. Students should
be able to work with and analyze functions defined by an integral,

Enduring Leaming

Understandings QObjectives

{Students will {Students will be Essential Knowledge

understand that ... ) ableto ...} |Students will know that ... )

EU 3.1: LO 3.1A: Recognize EK 3.1A1: An antiderivative of a function f is a function
Artti_dlfferentiation is anti'derivatilves of g whose derivativa is f.

the inverse process basic functions. s a1 o

of differentiation. EK 3.1A2: Differentiation rutes provide the foundation

for finding antiderivatives.

EU 3.2;: The definite LO 3.2A(zk Interpret the EK 3.2A1: A Riemann sum, which reguires a partition of
integral pfa furl(_:lion c!ef!nire imggral asthe  anintervat I, is the sumn of products, each of which is the
over an interval is the  limit of a Riemann sum. yalue of the function at a point in a subinterval multiplied

timit of a fiiemann UM 4 A 32400 Expressthe DY the langth of that subinterval of the partition.
aver that interval and

can be calculated using
a variaty of stratagies.

[ERrEIE ©F 3 BIBITIAIEI SLII et orrss oot rers s ornss et on e e e s et st o
in integral notation. EK 3.2A2: The definite integral of a continuous function

b
f over the interval {a, b], denoted by I Flx)dx, is the
a
[imit of Riemann sums as tha witdths of the subintervals

approach 0. That is, J-:f(xjdxz m}lﬁduif(x;}&x,
iy

where x; is a value in the ith subinterval, Ax; is the width
of the ith subinterval, i is the pumber of subintervals, and
max Ax;is the width of the largest subinterval. Another

form of the definition is f’ flx)dx = lim i f[x; )ﬁxs»
a H—vsa 4 L

b-n . R .
where Ax; =—— and x; is a value in the ith subinterval.
"

EK 3.2A3: The information in a definite integral can be
translated intq the fimit of a refated Riemann sum, and the
limit of a Riemann sum can be written as a definite integral.

Retumn to
AP Caleulus AB/BC Course and Exam Description Table of Contents 17
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Concept Qutline: Big Idea 3

Enduring Learning

Understandings Objectives

{Students will {Students will be Essential Knowledga

understand that ... ) ableto ...} (Students wilt know that ... |

EU 3.2: The definite £0Q 3.28: Approximate  EK 3.2B1: Definite integrals can be approximatad for

intagrat oof a function
gwer gn interval is the
limnit of a Blemann sum
over that Interval and
can be calogiatad using
a variety of stratagies.

a dafinite integral.

functions that are represented graphically, numerically,
algebraically, and verbally.

EK 3.282: Definite integrals can be approximated using a left

Riemann sum, a right Riemann sum, 2 midpoint Rlemann
sum, or a trapezoidal sum; approximations can be compuated

gy inued using either uniform or nonuniform partitions,
LD 3.2C: Calcutate a EK 3.2C1: in some cases, a definite intagral can be evaluated
definite integral using by using geemelry and the conneciion between tha definite
areas and properties integral and area.
of definite integrals. . e e e e et e
EK 3.2C2: Propenrties of definite integrals include the integral
of a constant timas a function, the Integral of the sum of two
functions, reversal of limits of integration, and the integral of
a function over adjacent intervals.
EK 3.2C3:The definition of the definite integral may be
axtanded to functions with ramavable or jump discontinuities,
20 (BC) Evaluata’
properintegral of
that an improper.
ntegral diverges. N
EK 3.202: (BC} Improper integrals can b
lirnits of definite integrals.
EU 3.3: The LO 3.3A: Analyza EK 3.3A1; The definite intagral can be used to define new
FundamentalTheorerm  functions defined

of Caleulus, which

has two distinet
formulations, cannects
diffarentiation and
integration.

AP Calcult= AR/BC Course and Exam Description

by an integral,

functions; for example, f(x)= J‘xe_rzd! .
0

EK 3.3A2: {f { is a continuous function on the interval [a, ],

then %U:f{t)d:): f(x), where x is between 4 and b.

EK 3.3A3: Graphical, numerical, analytical, and verbal
representations of a function f provide tnformatian abaut the
function g defined as g(x)= rf(t)df.

&

Retum to
'Tabla of Contants
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Concept Outline: Big Idea 3

Enduring
Understandings
{Students will
undarstand that ... )

Learning
Objectivas
{Students will be
ableto ... )

Essential Knowledge
{Students will know that ... }

FU3.3:The
Fundamental Theoram
of Caloulus, which

has two distine
forrndations, connscts
diferontiation snd
integration,

e T

L0 3.3B(a}: Caiculate
antiderivatives.

LO 3.3B{b): Evaluate
definite integrals.

EK 3.381: Tha function defined by F(x}zr Fitxt is an
A

antiderivative of f.

EK 3.3B2: If f is continuous on the interval [a, bl and F 1s an

antiderivative of f, then j:f(x)dx= F{In— F(a}.

EK 3.383: The notation If[x)dx = F{x}+C means that

Fx)= f(x), and _[ flx)x is called an indsfinits integral of
the function f.

algebraic manipulation such as long division and completing
» substitution of variables, (BC) Integration
nd foniepeating linear partial fractions;

EU 3.4: The definite
integral of a function
over an interval is a
mathematical tool with
many interpretations
and applications

involving accumulation.

AP Caleulus AB/BC Course and Exam Dascription

LO 3.8A: interpret
the meaning of a
definite intagral

within a problem,

EK 3.4A1: A function defined as an integral reprasents an
accuamulation of & rate of change.

EK 3.4A2: The definite integral of the rate of change of a
quantity over an interval gives the net change of that
quantity over that interval.

EK 3.4A3: The limit of an approximating Riemann sum can
be interpreted as a definite integral.

LD 3.4B: Apply definite
integrals to problems
invalving the average
value of a function,

EK 3.4B1: The average value of a function f over an interval
.1 gt
[a, bis EL Flx)dx.

LO 3.4C: Apply definiie
integrats to problems
involving maotion.

EK 3.4C1: For & particle in rectilinear mation over an
interval of time, the definite integral of velocity reprasents
the particle's displacement aver the interval of time, and
the definite integral of speed reprasents the particle’s

tatal distance traveled over the interval of time.

_ﬁi'( 34(:2 {BC} ":?ﬁé;ﬁiﬁﬁﬁi'ta '_F'r'i:'mgl_'al _
displacement. distance, and position «
along 8 curva givan by paramatric or véctor

Return to
Table af Contents 19
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Concept Outline; Big idea 2

Enduring Leaming

Understandings Ohjectives

{Students will (Students will be Essential Knowledge

understand that ... ) able ta ... } [Studants will know that ... )

EL 3.4; The definite 10 3.40: Apply EK 3.4D1: Araas of certain regions in the,
integrat of & function definite integrals to calculated with definite mtegrals B A".
avar an interval is a problems involving ;

meatharnatical toa! with

many interpretations
and applications
ivohving acocumutation.

EK 3.2D2Z: Volumes of solids with known cress sections,
inclutling discs and washars, can be calculated with definite
integrals.

{comtinad;
LO 3.4E: Use the EK 3.4E1: The definite integral can be used 1o express
definite intagral 1o information about accumulation and net change in many
salve problems in applied contexts.
various contaxts,

EU 3.5: LC 3.5A: Analyze EK 3.5A1: Antidifferentiation can be used to find spacific

Antidifferentiation is differantial equations solutions to differential equations with given initial

an underlying concept  to obtain general and conditions, including applications to motion along.a llne.
invoived in solving specific solutions. expeonential growth and decay, (80
saparable differential
eguations. Solving
separable diffarantial
eguations invglves

EK 3.6A2: Some differential equations can be salved by
separanon of variables,

determining a function
or relation given s EK 3.5A3: Solutions to differential equations may be subject

rate of change. to domain restrictlons.

EK 2.5A4: The function F defined by E(x)=c+ j’: fldt isa
general salutlon to the differential equation %=_f(x},
and F{x):yn—tvj:ff(t)dt is a particular sofution ta the

differential eguatian ?—-f(.t) satisfying F(a)= 1.
X

LC 3.8B: Interpret, EK 3.581: The model for exponential growth and decay that
create, and solve arises from the statement “The rate of change of a quantity
differential equations
from problems

in contaxt.

is proportional to the size of the quantity” is %nky .
i

Hetum o
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- Concept Oitline: Big Idsa 4

Understandmgs
{Stidants will -
undemtand that-. }:

1Students wdi i:e Esssutlal Know!edge .
] e {Studenw Wlll kncwthat"

_E_i_.l_ti.‘_l_: '_l'ha sum of
ai infipite number
. of real numbers
" midy converga. . -

2 EKdJA‘I.The ath pamal sum is def’ned as the sum uf the o
: ﬁrst_n tarms cfa séfuance. - o sl e

' o 'EI( 4¢1A2‘ An anﬁmte series of numbars canvarges tﬁ a real
- number $ {oi Has sum 5}, ifand only if the imitafits. -
o sequence of partia! sUM3 exists and aquals 5. f.j-;

asnas, the harmonic series, and p-sEries. .

' EI(4 1M A series may be abaalute!v convergen
convergant or divergent. D

af partia! sums of the saries, methcds for datérmining: .
whetheér a serigs of numbers converges or diverges: are Ehe S
mh term tast, the comparison test, the iimit cumpanson test,' S
the mtagrar test, the ratm test, and lhe aitematmg senes test.

EXCLUSION STATEMENT {EK 4 1A5} )

Other mathods far dateérmining mnvargem:.‘e or -
divergence of a series of numbers are not assessed’ cm
the AP Calculus AB or BC Exam. Howevar, teachers may
mc!ude these topics in the coisrse if ime permits, .

Vel DL T e
AP Caqulus AB;‘BC Caurse aud Exam Desc:ription T Tabls af Cantents SR 21 :
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Concept Outline; Bigldead .~

Enduring - -
. Undsrstand‘ngs
- {Students wilt -
understand that_,.. } .

':.EEssantiai Knuwledge R
'-.tStudents witl know that ... }_ . 5 g

B 4.1 The sum iof

aninfinig numb
. of reel numbers -
‘ 3may mnwerge

_'EI(4.1B1 1f aiga mat nurnber and r |s a real number such

n of &gerigs. -

 that || <1, then t .
_lha |r|< en ha anmetrtc 3er|§s Zar lﬁr |

. EK 4. 132. lf&n aitemaﬂng series cunverges bv tha atternat:ng '
 series test, then the alternating series érror bound canhe &, % .
- used to estimate how close a partlai sum is to the value uf o
i the |nFnrte sefies. : o

o EI( 4?153 ifa seraes ccmvergas absolutelyt then any 8
. “obtained from'ik by regmuping or rearrangi 1t lhe Ll
"+ tha game value i

} LG ] 2A; Canslruct and 'EK 4.2A1 Tha coafﬁciem of tha nth degree term n
useTavlor pulynomlals :

' omia! cﬁnterad at x=a for tha functtcn f : .

“sefiés over the intervel
- of convérgence for
-thé power serjes.

: EK42A2 Twlcr pchrnumlaisfor & funtion f cantarad atx=a ' %
:can be. used to appmxlmats fum::inn va!ues cffnear x-a L
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AP Calcuius AB and AF Calculus BC Instructional Approaches

AP Calculus AB and AP Calculus
BC Instructional Approaches

The AP Calculus AB and AP Calculus BC courses are designed to help students
develop a conceptual undsrstanding of college-lavel calculus content, as well as
proficiency in the sgkills and practices needed for mathematical reasoning and
problem solving. After complsting the course, students should be able to apply
critical thinking, reasoning, and problem-solving skills in a variety of contexts: use
calculus terminology and notations appropriately; and clearly communicate their
findings using mathematical evidence and justifications.

When designing a plan to teach the course, teachers should keep in mind that in
order for students to master the content and skills relevant to caleulus, students
need prerequisite content knowledge and skills. Addressing these conceptual
gaps — particularly those relevant to algebra — will require ongoing formative
assessment, strategic scaffolding, and targeted differentiation. Taking the time
to plan ahead and anticipate these challenges will ultimately provide a stronger
foundation for students’ understanding of the concepts presented in the
curriculum framework.

This section on instructional approaches provides teachers with recommendations
for and examples of how to implement the curriculum framework in practical ways
in the classroom.

l. Organizing the Course

The AP Caleulus AB and AP Calculus BC Curriculum Framework presents a concept
sutline that is designed teo build enduring undesstanding of the course content.
While teachers typically address these concepts sequentially, the frameawaork is
dasigned to allow for flexibility in the instructional approaches teachers choose

to incorporate. Three sample approaches organized by topic are shown in the

table that foHows,

Note that while each organizational approach has a particular emphasis, none are
mutually exclusive from the others. For example, courses employing a technology-
based approach would not focus entirely on technology, nor would courses designed
around the other approaches neglect the use of technolagy. An AP Calculus
classroom often incorporates elements from different approaches across various
units of instruction. The table that follows notes the strengths for each type of
approach and highlights ways in which each could incorporate strategies from and
make connections to the others.

Retum to
24 AP Calculus AB/BC Course and Examn Description Table of Contants

@ 2013 The Colings Boar




AP Calcuius AB and AP Calculus BC Instruetional Approaches

Approach

Key Characteristics

Making Connections

Inguiry

Organizing the course with
an inquiry-based approach
allows studants to explore
tontent through investigative
activitias such as experiments
and hypothetical scenarios.

>

Encourages the creation
of knowledge versus the
memorization of facts

Provides opportunities for
students to derive definitions
and take ownarship of
concepts by exploring
patterns and relationghips

Emphasizes questioning
and discussion, with a
focus on the “why" rather
than just the “what”

Technelaogy

Students can conduct investigative
activities using calculators,
applets, or madeting software

ta visualize patterns and explore
changes as they occur.

Applications

Students can conduct experiments
relevant to their class, school,

or community and use thair
findings to make generalizations
to braader contexts.

Application

A course organized with an
applications-based approach
emphesizes the use of real-
world applications and problem
solving in diverse contaxts.

Encourages exploration of
cancepts through real-world
problem-solving scenarlos

Makes connections to career
and industry applications

Emphasizes modeling and
communication of resuits
to a broader audience

Technalogy
Students can use calculators,
applets, or modeling software
populated with real-warld
data to explore relationships
and solve problers within

a particular context.

inquiry

Students can sofve problems
presented as case studies

or real-world investigations
and then cammunicate their
salutlons as though presenting
to a particular audience.

Technelogy

Organizing the course using a
technology-based approach means
that instructionat exercises and
independant practice emphasize
the use of technology to deepan
understanding of course content
Technology can include graphing
calculators, online simulators,
interactive applets, end modsling
software, among other toals,

»*

Allows students 1o explore
and verify hypotheses

farmed by examining data
and manipulating graphs.

Allows students to
"see"” the concepts

Incorparates both
graphing calculators and
modeling software

Allgws students to compare
multiple reprasentations
of functions

Inquiry

Studants can use technology to
explore patterns and relationships,
use their findings to derive new
inforrnation, and then verify that
information again using technotogy.

Applications

Students can explore
representations providad

by technology as a way to
visualize information relevant
to real-world scenarios.

Students will benefit most when all three approaches are incorporaied regularly
throughout the course, allowing them to see how calculus concepts can be explored
through inguiry, applied to real-world contexts, and visualized through the use of

technology.

AP Calculus AB/BC Course and Exam Description
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AP Caiculus AB and AP Cualeuius BC Instructional Approachss

ll. Linking the Practices and the Learning Objectives

‘The six Mathematical Practices for AP Calculus (MPACE) presented in the curriculum
framework sxplicitly describe the practices students will need to apply in order to
build conceptual understanding and demonstrate mastery of the learning chjectives.

Teaching the learning objectives in connection to different practices

Each of the six mathematical practices contains a list of subskills that students must
acquire in order to reach competency in that practice. Each learning objective in

the curriculum framework can be tied to one or more of these subskills. Thus thera
are many opportunities for integrating these skills with the content of the course,

as many mathematical practices will naturally align with more than one learning
objective.

For example, the mathematical practice of interprating one representational form
from another (MPAC 4d) is reflected in Leaming Objective 1.1B, where students
may need to use either tables or graphs to estimate limits of functions:

Learning Objective 1.1B MPAC 4: Connecting multiple representations

Estimate limits of functions Students can sxtract and interpret mathematical content from any
presemtation of a function (e.g., utilize information from a tabig of
vaiues). - MPAC 4d

This same learning objective cauld alsc be taught with an emphasis on
confirming that the conditions for a hypothesis have been satisfied (MPAC 1b},
because in order to determine the limit of a function, studeants must
demonstrate awarenass of the conditions under which a limit exists:

Laearning Objective 1.1B MPAC 1: Reasoning with definitions and theorems

Estimate limiis of functians Students can confirm that hypothesas have been satisfied in
order to apply the conclusion of a theorem. -~ MPAC 1b

Scaffolding practices acrass multiple learning objectives

The sequential nature of the learning objectives within a big idea provides multiple
opportunities to apply mathamatical practices in various contexts and scaffold the
devalopment of students’ critical-thinking, reascning, and problem-solving skills
throughout the course.

For example, Learning Objective 1.2B is often addressed early in the course, and
students could be asked to produce examples and counterexamples to clarify their
understanding of those theorems (MPAC 1f). This same practice could then be
revisited with increasing levels of complexity at multiple points later in the conrse;
for instance, when addressing leaming objectives 2.2B and 3.1A:

Return to
AP Calculus AB/BC Course and Exam Description Tabia af Contants
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AP Calculus AR and AP Calculus BC Instructional Approaches

MPAC 1: Reasoning with definitions and theorems

Students can produce examples and counterexamples to clarify undsistanding of
definitions, to investigate whether converses of theorems are true or false, or to test
conjecturss. (MPAC 1f)

Scaffolding opportunity #1

LO 1.2B Determine the applicability of important calculus theorems using continuity.
Scaffolding opportunity #2

LO 2.2B Kecognize the connection betwesen differentiability and continuity.
Scaffolding opportunity #3

LO 3.1A Recognize antiderivatives of basic functions.

When planning the integration of these practices, teachers should take special note
of which MPACS could also help to scaffold algebraic computational and reascning
skills. For example, students wha struggle with connecting their results to the
question being asked might beneflt from instructional activities that emphasize
MPAC 3f at multiple points and in a variety of contexts:

MPAC 3f

Students can connect the resulls of sigebraic/computational processas to the question asked.

L01.1C LD 2.1C Lo 2.38

Datarmine the limils  wwasmm— Calgulate derivatives. _— Solve problems

of functions. involving the sfope

of a tangent line.

lll. Teaching the Broader Skills

The MPACSs help students build conceptual understanding of calculus topics and
develop the skills that will be valuable in subsecuent math courses. Thase practices
are also critical for helping students develop a broader set of critical thinking skills
that can be applied beyond the scope of the courss. Through the use of guided
questioning, discussion techniques, and other instructional strategies, teachers can
help students practice justification, reasoning, modeling, interpretation, drawing
conclusions, building arguments, and applying what they know in new contexts,
providing an important foundation for students’ college and carger readiness.

The table that follows provides examples of MPACs and strategies that help
to support the development of each of these broader skills. See section IV fora
glossary that defines and explains the purpose of each strategy.

Return to
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AP Caloulus AB and AP Calculus BC Instructional Approaches

Questioning and Other strategies
Students can display this instructional 1o develop
Broader skill by {sample MPACs) cues proficiency
Justification MPAC 1: Heasoning with How do you Errer analysis
definitions and theorems know ... 7

How could we
test... ?

* Using definitions and theorems to build
arguments, to justify conclusions or

answers, and to prove results (1a) Show me an

*» Confirming that hypotheses have example of a
been satisfied in order to apply the solution that
conclusion of a theorem (th} would NOT work

» Producing examples and counterexamples " 1S Context.

to clarify understanding of definitions, to
investigate whether converses of theorems
are true or false, or to test conjectures {1f)

MPAC 6: Communicating

* Clearly presenting methods, reasoning,
justifications, and conclusions {6a)

* Using accurate and precise

language and notation {5k}

Reasoning MPAC 1: Reasoning with

definitions and theorams

* Lsing definitions and theorems to build
arguments, to justify conclusions or
answers, and to prove results (1a)

* Confirming that hypothesas have
been satisfied in order to apply tha
conclusion of a theorem (1b}

MPAC 2: Connecting concepts

* Relating the concept of a limit to
alt aspects of calculus {2a)

* Using the connection hetween concepts
ar processes 1o solve problems (2b)

* |dentifying a common underlying
structure in problems involving
differant contextus! situations (2d}

MPAC 4: Connecting multiple representations

* |dentifying how mathermnatical
charactaristics of functions are related
in different representations (4¢)

MPAC 5: Building notational fluency
* Connecting notation te definitions (5b)
MPAC B: Communicating

*» Clearly presenting methods, reasoning,
justifications, and econclusions {6a)

* Using accurate and precise
language and notation (8b)

*» Explaining the connactions
ameng concepts (6d}

» Ansalyzing, evaluating, and comparing
the reasoning of others {8f)

28 AP Calculus AB/BC Coursze and Exam Description

Critique reasoning

Sharing and
respanding

Think-pair-share

conditions ... 7

How is this
rafated to ... 7

What wouid
happen if... 7

How is this similar
to for different
fram} ... ?

What paiterns
do yoi: sea?

Quickwrita
Nate-taking
Look for a pattern

Construct an
argumant

Graphic arganizer
Think aloud
Critlque reasoning
Debriefing

Sharing and
responding

Think-pair-shars

Return to
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AP Calculus AB and AP Calculus BC Instructional Approaches

Questioning and Other sirategies

Students can display this instructional to develop
Broader skill by (sample MPACs) cues proficiency
Modeling MPAC 1: Reasoning with What would a Lfse manipuiatives
definitions and theorems graph of this

, , Graph and switch

» Developing conjectures based on equation ook like?

expioration with tachnology {1e} How could

this graph be Create

represented as representations

» Connscting concepts to their an equation?
viaual representations with and

without technology (2c}

Note-taking
MPAG 2: Connecting concepts

Bebriefing
How can this
sftueation be

MPAC 4: Connecting muitipla representations reprasanted in Sharing and

» Agsociating tables, graphs, and symbalic & diagram? responding
representations of functions {dal Whyis___a Think-pair-share
mare appropriata

reprasentation
than __ ¢

Ask the expert

» Developing concepts using
graphical, symbokical, verbal, or
numerical representations with
and without technology (4b)

* Identifying how mathamatical
characteristics of functions are related
in diffarant represantations (4¢)

» Constructing one representational
form from ancther {4e)

» Considering multiple raprasentaticns of a
function {graphical, numerical, analytical,
and verbal) to select ar construct a useful
representation for solving a problerm (4f)

MPAC 5: Building notational fluency

*» Connecting notation to different
raprasentations (graphical, numerical,
analytical, and verbal} {Ec}

MPAC 6: Communicating

r Using accurate and precise

Retun to
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Questioning and

Other strategies

Students can display this instructionat to develop
Broader skill by {sample MPACSs} cues proficiency
Interpratation MPAC 1: Reasoning with What d0eg e Notation read-aloud

definitions and thecrems mean? Note-taking

* Interprating quantifiers in How is this similar
definltions and theorems {1d) to (or different Ask the expart
MPAC 4: Connecting multiple reprasantations from) ... ? rsa'::;l?:%i?ar;d
. . - What units are
» Extracting and intarpreting N
mathamatical content from any appropriate? Think-pair-share
presentation of a function 14d)
* Constructing one representational
form from another {de)
MPAC 5: Building notational fluency
» Assigning meaning to notation, accurately
interprating the notation in a given problem
and across different contexts (5d)
MPAC 6: Communicating
* Using accurate and precise
language and notation {8b)
* Explaining tha meaning of expressions,
notatlan, and results in terms of &
context lincluding units) (6e)
* Critically intarpreting and
accurately reporting information
providad by technology (6e)
Drawing MPAC 1: Reasoning with Whet patterns Look for a pattern
conclusions definitions and theorems do you see? Predict and confirm
* Using defmltlo_ns gnd theorems to build What would we identify a subtask
arguments, to justify conclusiens or expect to happen
answers, and to prove results (1a) based on this Guess and check
. information? ;
MPAC 4: Connecting multipls representations Work backward
* Extracting and interpreting :Z?j:r_:gi‘:;:: Think aloud
mathematical content fram any . . :
presentation of a function (4d) ;;‘.;h:;%';;:;"f Qeifkwme _
MPAG 6: Communicating u Critique reasoning
i ; owean we Sharing and
* Clearly presenting methods, reasoning, confirm that this respondi
s gt ) ! ponding
justificatians, and conclusions {8a) soiution is carrect?
. \ Think-pair-share
* Using accurate and pracise
language and notatian [Gb)
* Explaining the meaning of exprassions,
notation, and rasults Interms of a
context {including units} (6c)
*  Critically interpreting and
accurately reporting information
pravided by technology (Ge}
Retum to
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AP Calculus AB and AP Celculus BC Instructional Approaches

Questioning and Other strategies
Students can display this instructional {0 develop
Broader skiil by [sample MPACs} cues proficiency
Building MPAC 1: Reasoning with iWVhat is your Construct an
arguments definitions and theorems hypothesis? argument
* Using definitions and theorems to build What Jine of Create

argumants, to justify conclusions or
answers, and to prova rasults {1a}

Produging examples and counterexarmples
ta clarify undarstanding of definitions, to
investigate whether converses of thearems
are true or false, or to test conjectures (1f]

MPAC 3: Implementing algabraic/
computational processes

»

Sequencing algsbraic/computational
procedures logicaily {3k}

Attanding to precision graphicatly,
numerically, analytically, and varbaily,
and specifying units of measure {3e}

Connecting the results of algebraic/
computational progesses o
the quastion asked [3f}

MPAC 4: Connecting multiple representations

»

Extracting and interpreting
mathematical cantant from any
presantation of a function (4d}

MFACL &: Building notational fluency

»

Connecting notation to different
representations (graphlical, numerical,
analytical, and verbal) {5e}

Assigning meaning to notation, accurately

interpreting tha notation in a given problem

and across different contexts {5d)

MPAC &: Communicating

-

Clearly presenting mathods, reascning,
justifications, and conclusions {a}

Using accurate and precise
language and notation {Bb)

Fxplaining the meaning of expressions,
notation, and results in tarms of a
context {including units) {6z}

Explaining the connections
among concepnts (6d}

Eritically interpreting and
accurately reporting information
pravidad by technology (6e}

reasoning did
you use 1o . 7

How does this step
build to the step
that follows?

What does
mean?

What evidence
do you have to
support .. 7

What can you
conclude from
the evidence?

representations
Critique reasoning
Error analysis
Quickwrite

Sharlng and
respanding

Think aloud

AP Caleulus AB/BC Course and Exam Description
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AP Calculus AB and AP Calculus BC Instructional Approaches

Questioning and  Other strategies
Students can display this instruttional 1o develop
Broader skill by [sampie MIPACs) cues proficiency
Application MPAC 1: Reasoning with What is the prablem Modal questions

definitions and thaorems

*  Applying deflnitions and thaorems in
the procass of salving a problem {1c)

MPAC 3: implementing algebraic/
computational processes

*» Selecting appropriate
mathematical strategies (3a}

* Sequencing algebraic’computational
procedures logically {3b)

» Completing algebraic/computational
processes correctly [3c)

*» Applying technalegy strategically
to solve problems {3d)

*» Attending to precision graphically,
numericaliy, analytically, and verhally
and specifying units of measure {3e}

* Connecting the results of algebraic/
computational processes to
the question asked (3f)

MPAC 4; Connecting multipla representations

» Considering multiple representations of a
function (graphical, numerical, analytical,
and verbal} to select or construct a useful
representation far solving a problerm (4f)

MPAC 5: Building notational fivency
* Knowing and using a variety of notations {Sa)

* Assigning meaning to notatlon, accurataby
interpreting the natation in a given problem
and across different contaxts (5d)

MPAC 6: Communieating

* Using accurate and precise
language and notatian {6b)

asking us to find?

What are the
conditions given?

Can wa maks
a reasonable
prediction?

What information
do you need ... ?

Have wa sofved
a problem
simiiar to this?

What would be a
simpiified version
of this problem?

What steps are
neaded?

When would
this be used?

Did yvou usa all of
the infarmation?

is there any
information that
was not neaded?

Doas this answer
the question
being asked?

is this solution
reasonable? How
do you know?

Discussion groups
Predict and confirm
Create a plan

Simplify the
probiem

tdantify a subtask
Guess and check
Work backward
Marking the text
Paraphrasing
Think aloud

Ask the expert

Sharing and
responding

Think-pair-share

AP Calculus AB/BC Course and Exarn Description
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AP Calcuius AB and AP Caleulus BC Instructional Approaches

IV. Representative Instructional Strategies

The AP Calculus AB and AP Caleulus BC Curriculum Framework outlines the
concepts and skills students must master by the end of the courses. In order to
address those concepts and skills affactively, teachers must incorporate into their
daily lessons and activities a variety of instructional approaches and best practices
- gtrategies that research has shown to have a positive impact on student learning.

The table below provides a definition and explanation for each of the strategies
referenced in section II, along with an example of its application in the context of a
calculus classroom.

Strategy Definition Purpose Example

Ask the expert Students are Provides When learning rules of differentiation,
assigned as opportunities for the teacher assigns students as "experts”
*gxperts” on students to share on product rule, guotient rule, chain
problems they have  their knowledge rile, and darivatives of transcendental
masterad; groups and learn from functions. Students rotate through
rotate through the one another stations in groups, working with the
axpert stations station expert to complets a saries of
{0 learn about problems using the corresponding rule.
problems they have
nat yet mastered.

Construct an Students use Helps develop the This strategy can he used with word

argumaent mathematical process of evaluating  problems that do not lend themselves

reasoning 1o present
assumptions about
mathematical
situations, support
conjectures with
mathamatically
relevant and
accurate data, and
provide a logical
progression of
itdaas leading to

a conclusion that
makes §6N58.

mathematical
information,
developing
reasoning skills,
and enhancing
communication
skills in supporting
conjectures and
conclusions

to immediate application of a formula

or mathematical process. The teacher
can provide distance and velochy

graphs that represent a motorist’s
tehavior through several townson a
map and ask students to construct a
mathematical argument either in defense
of or against a police cfficer’s charge of
speeding, given a known speed limit.

Creata a plan

Students analyze the
tasks in a prablem
and create a process
for completing the
tasks by finding the
information needed,
interpreting data,
choosing how to
solve a problem,
communicating

the results, and

Create
reprasentations

Students create
pictures, tables,
graphs, lsts,
equations, models,
andior varbal
expressians to

interpret text or data.

Assists in breaking
tasks into smaller
parts and idantifying
the steps needed

to complete the
entire task

Helps organize
information using
multiple ways

to present data
and answer a
questian or show a

prociiem's solution.

AP Calculug AB/BGC Course and Exam Description

Given an optimization probiem that asks for
a choice hebween two boxes with diffarent
dimensions but the same cross-sectional
perimeter, students identify the steps
needed 1o determine which box will hold
the most candy. This involves selecting an
appropriate formula, differentiating tha
resulting function, applying the second
derivative test, and interprating the rasults.

In grder to evaluate fimits, the teacher can
intraduce a variaty of methods, incluging
constructing & graph, creating a table,
diractly substituting a glven value into the
function, or applying an algebrale process.

Retum: to
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AP Calculus AB and AP Calculus BC Instructional Approaches

Strataegy

Definition

Purpose

Example

Critigue reasoning

Through
collaborativa
discussion, students
respond to the
argurments of athers
and guastion the
use of mathematlcal
terminology,
assumptions,

and conjectures

to improve
understanding

and justify and
communicate
conclusions.

Helps students
learn frorn each
other as they make
coanections between
mathematical
concepts and learn
io verbalize their
understanding

and suppoit their
arguments with
reasoning and
data that make
sense to peers.

Given a tahle that lists a jogger’s
valocity at five different times during her
workout, students explain the meaning
of the definite integral of the absoluta
value of the velocity function batwasn
the first and the last time recorded.

As students discuss their responses in
groups, they learn how to communicate
specific concepts and quantities using
mathematical notation and terminclogy.

Debriefing

Discussion groups

Ervor analysis

Studenis discuss
the understanding
of a concept to lead
to a consansus

on its meaning.

groups to discuss
conteqnt, ereatn
prablem solutions,
and explain and
justify & solution.

Helps clarify
misconceptions
and deepen
understanding
of content.

In order to disgern the differance batwesn
average rate of change and instantaneaus
rata of change, students roll & ball down a
simplified ramg and measure the distance
the ball travels over time, every second for
5 seconds. Plotting the points and sketching
a curve of bast fit, studanis discuss how
they might determine the average velocity
of the bel! over the 5 seconds and then

the instantanesous velacity of the ball at 3
seconds. A discussion in which students
address the distinction between the hall’s
velacity between two points and its velocity
at a single particular time wouid assist In
clarifying the concept and mathematical

Aids understanding
through the
sharing of ideas,
interpretation of
concepts, and
analysis of problem
gcenarios

Students analyze an
existing solution to
detarmine whether
{or where) errors
have occurrad.

Graph and switch

Generating a graph
{or sketch of a

graph} to model a
certain functlon, then
switch calculatars
{or papers) to

review each other’s
solutions.

Allows students

to troubieshoot
arrors and focus on
solutiong that may
arise when they do
the same procedures
themsalves.

Onee students learn all methods of
Integration and choosa which is the most
appropriate given a particular function,
they can discuss in small groups, with
pencils down, why a spacific method
should be used over angther.

When students begin to evaluate

d=finite intagrals, they can analyze their
answsers and troubleshoot any errors
that might Ipad to a negative area when
there is a positive accumuiation,

Allows students
ko practice
craating different
representations of
functions and both
giva and receive
feedback on each
other’'s wark.

As students Jearn about integration and
finding the area under a curve, thay can
use caleulatars to shade in the appropriate
area bebween lower and upper lirmits while
calculating tha total accumutation, Since
input keystrokes are critical in obtaining the
carrest numerical value, students calculate
their own answers, share their steps with

a partner, and receive feedback on their
calculator notation and final answer.

AP Calculus AB/BC Course and Exam Description
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AP Calcuius AB and AP Calculus BC Instructional Approaches

Strateyy

Definition

Purpose

Example

Graphic organizer

Guess and check

Students arrange
information into
charis and diagrams.

Builds
comprehension and
facilitates discussion
by representing
information in
visual form.

In order to detarmine the location of relative
extrema for a function, students construct

a sign chart or number line while applying
the first darivative test, marking where

the first derivative is positive or negative
and determining where the original

function is increasing or decreasing.

Students guess

the solution t& a
probiem and then
chack that the guess
fits the information

in the problem and is

ap accurate solution.

Allows exploration
of different ways
ta soive a problem;

guess and check may

be used when other
strategies for solving
ara not obvious,

‘Teachars can encourage students to employ
this strategy for drawing a graphical
representation of a given function, given
written sfope statemnents andfor limit
notation. For example, given two sets of
statemeants that describe the same function,
students sketch a graph of the function
described from the first statement and
check it against the second statament,

Studenis break
a problem into
smaller pigces
whase autcomas
iead to & solution.

Helps to organize the

pieces of a compiex
problem and reach a
complete salution.

After providing students with the rates

in which rainwater flows into and out
of a drainpipe, students may be asked

to find how many cubic feet of watar
tlow into it during a specific time peried,
and whether the amount of water in

the pipe is increasing or decreasing at

a particular instance. Students would
begin by distinguishing functions from
sach other and determining whether
differentiation or integration is necessary;
they would then perfarm the appropriate
calculations and verify whether thay
have answered the question.

‘SHOVOUAAY TYNOLLONMLSNI

Leok for a pattem

Students abserve
information or
traate visual
representations
to find a trend.

Marking the text

underline, and/
OF annotate text
ta focus on key
infarmation to
help understand
the text or solve
the problem.

Helps to ldentify
patterns that may
be used to make

Patterns can be detected when
approximating area under a curve using
Riemann sums. Students calculate

idantify important
information in the
text and make notes
in the text about
the interpretation of
tasks requirad and
concepts to apply

predictions. areas using feft and right endpoint
rectangles, midpoint rectangtes, and
trapezoids, increasing and decraasing
the width in ordar to determine the
best method for approximation.
Helps the student

This strateqy can be used with problems
that invalve related rates. Students read
through a given probiem, underline the
given static and changing guantities, list
these guantities, and use the quantities
to label & sketch that modals the situation
givan in the problem. Students then

use this informatlon to substitute for
variables in a differential equation.

AP Caloulus AB/BC Course and Exam Description
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Strategy

Definition

Purpose

Example

Model gquestions

Students answar
items from released
AP Cateulus Exams,

Provides

rigorous practice
and assesses
students’ ability

to apply multiple
makthematical
practices on content
prasented as either
a muitiple-choice
or a free-rasponse
guestion.

After fearning how to construct slope
fields, students practice by completing
free-response questions in which they
are asked to sketch slope fields for givan
differential equations at points indicated,

Notation read aloud

Students read
symbals #nd
notatfonal
raprasantations
aloud,

Helps students

to accurately
interpret symbolic
representations.

This strategy can be used to introduce
new symbols and mathematical notation

to ansurs that students learn proper
terminalogy from the start. For example,
after introducing summation notation the
teacher can ask students to write or say
aleud the verbal transtation of a given sum.

MNote-taking

Students create a
recard of information

Helps in organizing
ideas and processing

Students can write down varhal
descriptions of the staps neaded

while reading a infarmation, to solve a differential equation so

text or listening that a record of the process can be

to a speaker. referrad to at a later point in time.
Paraphrasing Students restete in - Assists with After reading a mathematical definition

thair own words the
essential information
in a text or prablem
description.

comprehension,
racall of iInformation,
and problem snlving.

from a textbook, students can axprass
the definition in their own words. For
exarnple, with parametric equations
students explain the differance betwaan
y being a function of x directly and x and
y both being functions of a parameter ¢,

Predict and confirm

Students make
conjectures about
what results will
develop in an
activity and confirm
or modify the
conjectures hased
on outcomes.

Stimulates thinking
by making, checking,
and torracting
predictions hased
on evidence from
the outcome.

Given two sets of cards with functions and
the graphs of their derivatives, studants
attempt to match the functions with

their appropriate derivative. Students
then calculate the derivatives of the
functions using specific rules and graph
the derivatives using calculators to
confirm their original match selection.

Quickwrita Students write Helps generate ideas 7o help synthesize concepts after having
for a short, in a shot time. learned how to calculate the derivativa
specific amount of a function at a point, students list as
of fime about a many real-world situations as possibls in
designatad topic. which knowing the instantaneous rate of

change of a function is advantageous.

Sharing and Studenis Gives students Given tax-rate schedufes far single

respoending communicate with the opportunity to taxpavyers in a specific year, studaents

anothser person or
a small group of
peers who respond
to a propased
problem solution,

discuss thalr wark
with peers, make
suggestions for
improvement to
the work of others,
and/or receive
appropriate and
relevant feedback

on their own work,

AP Calculus AB/BC Course and Exam Dascription

construct functions to represent the amount
of tax paid for taxpayers in spacific tax
brackets. Then students come tagether

in a group to review the constructed
functions, make any necessary corractions,
and build and graph a single piecewise
function ta represent the tax-rate schedule
for single taxpayers for the specific year.
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AP Calculus AB and AP Calculus BC Instructional Approaches

Strategy

Definition

Purpaose

Exampie

Simplify the problem

Students usa
friendlier numbers
or functions to help
solve a problem.

Provides ingight into
the problem ar tha
strategies needed to
salve tha problem.

When applying the chain rule for
diffarentiation or u-substitution for
integration, the teacher reviews how to
procead when there Is na "inner function,”
before addressing composite functions.

Think aloud

Students talk
through a difficult
problem by
describing what
the taxt means.

Heips in
comprehending the
tenet, undarstanding
the components

cf a problem, and
thinking ahout
possible paths

to a salution.

in ordsr to determine if a series convergas
or diverges, students ask themselves a
series of questions out loud to identify
series characteristics and corresponding
tests (e.g., ratio, root, integral, limit
comparison} that are appropriate

for determining convergence.

Think-Pair-$hare

Students think
through a problem
alona, pair with

a partner to

share ideas, then
share results

with the class.

Enables the
development of
initial ideas that
are then tested
with a parinerin
preparation for
revising ideas and
sharing them with
a larger group.

Given the agquation of a discontinuous
function, students think of ways to
make the function continugus and
adjust tha given eguation to establish
such continuity. Then students pair with
a partner to share their ideas before
sharing out with the whole class.

Lise manipulatives

Students use
objects to examine
relatianships
batween the
infarmation given.

Work backward

Students trace a
passible answer
back through the
splution pracess ta
the starting point.

Provides a visual
representation of
data that supports
comprehension
of information

in a problem.

Provides another
way to check
possitle answers
far accuracy.

To visualize the staps necasseary to find
the volume of a salid with a8 known

cross gection, students build a physical
made! on a base with a standard function
using foam board or weighted paper

Students can check whether they
have found a carrect antiderivative
by differentiating their answer and
camparing it to the original function.

V. Communicating in Mathematics

Bach year the Chiaf Reader Reportis for the AP Caleulus Exams indicate that
students consistently strugeole with interpretation, justification, and assigning
meaning to solutions within the context of a given problem. For this reason,
teachers should pay particular attention to the subskills listed under MPAC 6:
Communicating, as these make explicit the discipline-specific communication
practites in which calculus students must be able to engage.

Students often need targeted support to develop these skills, so teachers should
remind their students that communicating a solution is just as important as
finding a solution, because the trus value of a solution lies in the fact that it can be
conveyed to a broader andience,

AP Calculus AB/BC Course and Exam Description
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AP Caleulus AB and AF Calculus BC Insiructional Approaches

Teachers should also reinforce that when students are askad to provide reasoning
or a justification for their solution, a quality response will include:

a logical gequence of steps:
an argument that explains why those steps are appropriate; and

an accurate interpretation of the solution {with units} in the context of the situation,

In order to help their students develop these communication skills, teachers can:

hava students practice explaining their solutions orally to a small group or to
the class;

present an incomplete argument or explanation and have students supplement it
for greater clarification; and

provide sentence starters, template guides, and tips to halp scaffold the
writing process.

Taachers also need to remind students that the approach to communicating a
solution will, in some cases, depend on the context of the farum or the audience
being addressed. For example, a justification on an AP free-response question
could possibly include more symhbolic notations and a greater level of detail than a
narrative description provided for a team projact.

VI. Using Formative Assessment to Address
Challenge Areas

Formative assessment is a process used to monitor student leaming and provide
ongoing feedbacl so that students can improve.? Unlike summative assessments,
{ormative assessments do not result in a score or grade because the goal is instead
to provide specifle, detailed information about what students know and understand
in order to inform the leaming process.

When teachers use robust formative-assessment strategies, they have a better
understanding of their students’ leaming needs and how those needs could be
addressed. For AP Calculus specifically, teacher surveys and student assessment
data indicate that gaps in algebraic understanding often contribute to the
challenges students experience with foundational concepts such as:

theorems

the chain rule

related rates
optimization

tha analysis of functions

area and volume

https://www.crnu edufteaching/assessment/hasies/ fonmative-summative htiml
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AP Caleulus AB and AP Calculus BC Instructional Approaches

In order to mitigate these challenges, teachsrs must design their course in a way
that incorporates both a rigorous approeach to formative assessment and a plan for
addressing critical areas of naed. There are several steps teachers can take in order
to mitigate these challenges and support thsir students' success, including:

Understanding What Students Know

The process of addressing students’ misconceptions and gaps in undsrstanding
begins with agsessing what they already know. This can be done in a variety of
ways, such as:

Preassessments: These are assessments administered hefore teaching a particular
topic or unit. Tt is recommended that teachers begin by examining the upcoming
learning objectives, then consider what prerequisite knowledge and skills their
students should have in order to ultimately be successful at those objectives.
Questions do not necessarily need to be on-level for the course as it may be
informative for a teacher to see, for example, whether a particular algebra skill has
been masterad hefora moving on to course-level material. Note that preassessments
are particularly helpful when they include questions of varying difficulty so that
teachers can develop lessons and activities appropriate for students at different
levels of mastery.

Student self-analysis: Teachers provide students with a set of questions that
address the content and skills for a particular unit and ask them to rate their ability
to solve each one. For example:

i you answered
How confident are *1 know how to solve
you in your ability this, use the space
to solve this? below to soive:

For what value of k. ifanpfs [ kee ™ dx=17 = idon;t kn:}v how
o solve this.

1
(A) T 7 I'may know how to
sobve this, but | could
{B) 1 use Some assistance.

<4 = 1 know how to solve this.
1) There is po such value of k.

This is a low-stakes exercise that allows students to realistically consider their
awn level of mastery, while providing the teacher with valuable information about
students’ skills and confidence.

Addressing gaps in understanding

After determining where students are in terms of their content and skills
development, teachers can design instructional resources and implement strategies
that provide suppert and address existing gaps. For example:

Supplemental rascurces: For independent practice and supplemental guidance on
particular topics, teachaers provide additional rescurces such as warksheets, onlina
tutorials, textbook readings, and samples of student work.

Return to
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Breaking down activities into subtasks: For students struggling with a particularly
long or challenging type of problem, teachers provide a brief guide that takes
students through one of the exercises by identifying subtasks that hreak the
problem up into smaller steps. For instancs, if the ultimate goal of the problem is to
determine the height of the water in a tank when the height is changing st a given
rate defined by a function over an interval, then the subtasks could be to first find
the derivative and then substitute values into that function.

Structured note-taking: To help students process information being provided
through text readings or direct instruction, teachers provide a note-taking sheeat
that scaffolds the information with headings, fill-in-the-blank sentences, graphic
organizers, space to work out examplas, and reminder tips. '

Graphic crganizers: Teachers use organizers such as charts, Venn diagrams, and
other representations to help students visualize information and processes.

Self-check assignments: Teachers provide independent practice with self-checking
mechanisme embedded into the task. One way to do this is to include an appendix
that provides the comrect answers and steps for each problem so students can
assess their own progress. Another way is to provide a scrambled list of answers
without indicating which problems they are for; students can then see whether
their answer is one of those listed, and if their solution is not thare they know to
revisit the problem using a different approach.

Assessing learning while teaching

Formative assessment occurs in real time and preovides information to teachers
about whether students understand the information being prasented. Incorporating
strategies to gauge student understanding during instruction allows teachers to
make adjustments and correct misunderstandings before they become ongoing
challenges that impact student learning of other concepts. These strategies can
includs:

Checks for understanding: Using hand signals, journal prompts, exit tickats,
homework checks, or another approach to assess student learning of a particular
topic.

Debriefings: Guiding a discussion with targeted questions in order to deepen
students’' understanding of a particular topic.

it is alse recommended that teachers spiral back to previously covered topics, as
this provides additional opportunities to assess retention and reinforce student
learning.

Providing feedback

It is important to provide students with real-time feedback hoth during the
learning process and after a formative assessment has occurred. Students who
receive spacific, meaningful, and timely feedback are moie likely to leamn from thetr
mistakes and avoid making those errors again in the future.

Effective feadback has the following characteristics:

It is provided as soon as possible after the error occurs.

Return to
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It addressas the nature of the emor using language that is clear and specific.
It provides actionable steps and/or examples of how to address the error.

For example, consider the {eedback statements balow:

Ineffective Feedback Effective Foadback

fix) does not mean to multiply, fixy means thet x is the independent variable
associated with the function £ To find the
value of {', substitute a value in for x.

When finding the derivative of a product of
] . dv s dy functions, the derivative is calculated as the first
The derivative of v= Lx“sinxis not a-—s.r- oSy function times ihe derivative of the second, plus
t i the sacond function times the derivative of the
first, In this case, the first function is f(x)=3«* and
tha sacond function is

g(x}=sinx, 50 the derivative is

i3 _f_f__ . ...Ei;.. 3
(3x J(dtsm.r]é-{smx)(dxlx )

Tha Mean Value Theorem is not applicable because Although f(x) has a limit at x = 4, there

fixy s not continuous on the closed interval, is a hola at that point 8o the function
is not cantinuous. Therefore the Maan
Value Thecrem cannot be applied.

VIli. Building a Pipeline for Success

Teachers should taks note of areas that appear to preseni broader challenges or
to trigger recurring student misunderstandings, as addressing these will require a
more long-term strategy such as:

Communicating with the school’s vertical team

Teachers should seek the advice and support of colleagues and administrators,
particularly those who are involved with designing the curriculum for prerequisite
courses. Scheduling regular check-in meetings will allow for discussion of concemns
and the development of collaborative solutions. Areas of focus for these sessions
may includa:

Content across the curriculum: What is being taught in each course and how do
those topics relate to one another or build towards subsequent courses?

Assessment: Do the current assessments reflect the leaming objectives?

Challenging concepts: What topics do teachers struggle to teach or do students
struggle to learn? What are some common student misconceptions surrounding
those topics? How can thesa challenges be mitigated?

Vocabulary coordination across the curriculum: Are teachers using consistent
vaocabulary when addressing the same topic? Are students able to describe
mathematical terms using everyday language?

Hetirn 1o
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Notation coordination across the curriculum: What are the notations that cause
students difficulties? Are symholic representations (e.g., parentheses) being used
consistently from ons course to ancther?

Planning for in-classroom support

Engaging in professional reflections and noting areas for improvement are critical
to maintaining an effective instructional practice. After each lesson, teachers
should write'down observations about what worked and brainstorm ways to make
adjustments the next time that lesson is tanght. Having inforrnal, one-on-ona
conversations with students will alse provide additicnal insights into which parts
of the lesson were engaging, what strategies Lelped them make connections, and
areas where they could use additional support.

VIiIl. Using Graphing Calculators and
Other Technologies in AP Calculus

The use of a graphing calculator is considered an integral part of the AP Caleulus
courses, and it is requirad on some portions of the exams. Professicnal mathematics
organizations such as the National Council of Teachers of Mathematics (NCTM), the
Mathematical Assaciation of America (MAA), and the National Academy of Sciences
{NAS) Board on Mathematical Sciences and Their Applications have strongly
endorsed the use of calculators in mathematics instruction and testing.

Graphing calculators ars valuable tools for achieving multiple compeonents of the
Mathematical Practices for AP Calculus, including using technology to develop
conjectures, connecting concepts to their visual representations, solving problems,
and critically interpreting and aceurately reporting information. The AP Calculus
Program also supports the use of other technologies that are available to students
and encourages teachers to incorporate technology into instruction in a variety of
ways as a means of facilitating discovery and reflection.

Appropriate examples of graphing caleulator use in AP Caletnhis include, but
certainly are not limited to, zooming to reveal local linearity, constructing a table of
values to conjecture a limit, developing a visuat 1gpresantation of Riemann sums
approaching a definite integral, graphing Taylor palynomials to understand intervals
of convargence for Taylor series, or drawing a slope field and investigating how the
choice of initial condition affects the solution to a differential equation.

IX. Other Resources for Strengthening
Teacher Practice

The College Beard provides support for teachers through a variety of tools,
resources, and professional development oppertunities, inchuding:

a. AP Teachar Community: The online communrity where AP teachers discuss
teaching strategies, share resources, and connect with each other:
https://apcommunity.collegeboard.org.

Hatura to
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b. Teaching and Assessing AP Caleulus: A collection of free, online professional
development modules that provide sample questions to help teache1s
understand expectations for the AP Calculus exam, and resources to heip them
implement key instructional strategies in the classroom.

¢. APSI Workshops: These one-wesk training sessions begin in the summer of
the launch year and will provide in-depth support regarding the new course
updates and targeted instructional strategies.

d. “Try Thisl Calculus Teaching Tips™: An online article explaining a variety of
in-class and out-of-class calculus activitias that support student engagement
through active leaming: http://apcentral.collegeboard.com/apc/members/
courses/teachers corner/9748.html.

e. Principles to Actions: A publication by the National Council of Teachers of
Mathematics that includes eight research-based teaching practices to support
a high-quality mathematics education for all students: https:/fwww.nctm.org/
upluadedFiles!Standards__andﬂ[-‘ositicns/P:AExecutiveSummary,pdf.
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The AP Calculus Exams

Exam Information

Students take either the AP Calculus AB Exam or the AP Caleulus BC Exam. The
exams, which are identical in format, consist of a multiple-choice section and a free-
I85ponss section, as shown helow.

Percentage
Graphing Number of of Total

Section Part Calculator Questions Time Exam Scoare
Section | Pan A Not permitted 30 60 minutes
Mu]t]ple Choica e, e e e

Part B Required 18 45 minutas Kot

TOAL . o 45 . dhourds

S PR T i minutes -

Section 1k Part A Required 2 30 minutes
Fres Response R e e

PartB Not permited 4 50 minutes 50%

TOTAL o R e T i hour 30

Studsnt performance on these two parts will be compiled and weighted to
determine an AP Exam score. Each section of the exam counts toward §0
percent of the student’s scors. Points are not deducted for incorrect answers or
unanswered questions.

Exam questions assess the leamning ohjectives detailed in the course outline; as
such, they requirs a strong conceptual understanding of calculus in conjunction
with the application of one or more of the mathematical practices. Although topics
in subject areas such as algehra, geometry, and precalenlus are not explicitly
assessed, students must have mastered the relevant Preparatory matearial in order
to apply calculus techniques succassfully and accuraisly.

The multiple-choice sactions of the AP Calculus Exams are designed for broad
coverage of the content for AP Calculus. Multiple-choice questions ara discrete,
a8 opposed to appearing in question sets, and the questions do not appear in the
order in which topics are addressed in the curriculum framework. Each part of the
multiple-choice section is timed. Students may not retum to questions in Part A of
the multiple-choice section once they have begun Part B.

Free-response questions provide students with an opportunity to demonstrate
their knowledge of correct mathematical reasoning and thinking. In most cases, an
answer without supporting work will receive no credit; students are required to
articulate the reasoning and methods that support their answer. Some questions
will ask students to justify an answer or discuss whether a theorem can be applied.
Each part of the free-response section is timed, and students may use a graphing

Return to
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The AP Calculus Exams

caiculator only for Part A. During the timed portion for Part B of the free-response
section, students are allowed to return to working on Part A questions, though
without the use of a graphing calculator,

Calculus AB Subscore for the Calculus BC Exam

Common topics are assessed at the same conceptual level on both of the

AP Calculus Exams. Students who take the AP Calculus BC Exam receive an

AP Calculus AB subscore based on their performance on the portion of the exam
davated to Calculus AB topics (approximately 60 percant of the exam). The Calculus
AB subscore is designed to give students as well as colleges and universities
fesdback on how the student performed on the AP Calculus AB topics on the

AP Cealculus BC Exam,

Calculator Use on the Exams

Both the multiple-choice and free-response sections of the AF Calculus Exams
include problems that require the use of a graphing calculator. A graphing calculator
appropriate for use on the exams is expected to have the built-in capability to do the
following:

Plot the graph of a function within an arbitrary viewing window
Find the zeros of functions (sclve equations numerically)
Numerically calculate the derivative of a function

Numerically calculate the value of a definite integral

One or more of these capabilities should provide the sufficient computational

tools for successful development of a sclution to any AP Calculus AB or BC Exam
question that requires the use of a calculator. Care is taken to ensure that the exam
questions do not favor students who use graphing calculators with more extensive
built-in features.

Students are expected to bring a graphing calenlator with the capabilities listed
above to the exams, AP teachers should check their own students’ calculators to
ensure that the recuired conditions are met. Students and teachers should keep
thair calculators updated with the latest available operating systems. Information
is available on calculator company websites. A list of acceptable calculators can be
found at AP Central.

Note that requirements regarding caiculator use help ensure that all students have
sufficient computational tools for the AP Calculus Exams. Exam restrictions should
not be interpreted as restrictions on classroom activities.
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Sample Exam Questions

Sample Exam Questions

The sample questions that follow illustrate the relationship between the

AP Calculus AB and AP Calcnlus BC Curriculum Framework and the redesigned

AP Calculus Exams and serve as examples of the types of questions that will appear
on the examg, Sampls questions addressing the new content of the courses have
been deliberately included; as such, tha topie distribution of thase questions is not
indicative of the distribution on the actual exam.

Each question is accompanied by a table containing the main learning ebjective(s),
essential knowlaedge statement(s), and Mathematical Practices for AP Calculus that
the question addresses. In addition, sach free-response question is accompanied
by an explanation of how the relevant Mathematical Practices for AP Calculus

can be applied in answering the question. The information accompanying each
question is intended to aid in identifying the focus of the cruestion, with the
underlying assumption that learning objectives, essential knowledge statements,
and MPACs other than those listed may also partially apply. Note that in the cases
where multiple learning objectivas, essential knowledge statements, or MPACE ara
provided for a multiple-choice question, the primary one is listed first.
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AP Calculus AB Sample Exam Questions

Multiple Choice: Section |, Part A

A calculator may not be used on questions on this part of the exam.

y y
Iy i
5 5
A
4 7 4
3 - 3
2 24
3 1
- X - E =X
-_Zi. -IE_O} 2 3 4 —"2. -gl_g 2 3NG4
“2— ,_ L2
Graph of f Graphof g

1. The graphs of the functions fand g are shown above. The value of 'lri_{’ni Fle(x)) is
(ay1
(B) 2
3

(D) nonexistent

: 2l Knowl 8
10 1.1C: Determine EK 1.1C1: Limits of sums, differencas, MPAC 4: Connecting
limits of functions, products, quotients, and cemposite multipte representations
furctions can be found using the basic
A R MPAC 2: Connecting
theorems of limits and alpebraic rules. concepts
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Sample Fxam Questions

Tx —sinx
2. lim-5———— =
=0 x° + 5in(3x)
A) 6
B’ 2
(Cy1
(D} O
LO 1.1C: Determine . . . h MPAC 3: implementing
limits of functions. EK 1.1C3: Limits of the indeterminate forms i algebraic/computational
and = may be evaluated using U'Hospital's Ruls, ~ Processes
MPAC 5: Building
notational fluency
Heturn to
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Sample Exam Questions

If f(x) = sin{ln(2x)), then f'{x} =
{A) sin{In(2x))
2x

(B) cos(In{2x))
X

cos(In{2x))
2x

{D) cos (21_x)

(<)

LO 2.1C; Calculate EK 2.1C4:The chain rule provides a way MPAC 3: implementing
derivatives. 10 differentiats composite functions. algehbraicfcamputatianal
processes

MPAC 5: Building
naotational fluency

faturn to
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Sample Exam Questions

4. Three graphslabeled 1, 11, and I1l are shown above. One is the graph of f; one is the graph of
S, and one is the graph of f”, Which of the following correctly identifies each of the three

graphs?

f J F
(A) 1 II i1
(B) I I m
Q) IT 11l I
(D) I | I

LO 2.2A: Use EK 2.2A3: Key features of the graphs of f, MPAC 2: Connecting

derivatives tg analyze ¢ ang £ arg related to one anather. concepts
properties of & function. ’ MPAC 4: Connecting
multiple representations
Hatiym ta
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Sample Exam Questions

The local linear approximation to the function g at x =-li- is y=4x+1. What is the value of
[5)+¢15)

83T

(a) 4

(8B) 5

{C) e
(D)7

10 2.3B: Solve EK 2.3B2: The tangent line is the graph MPAC 2: Connecting

problems involving the  of a locally linear approximation of the congepts
slope of a tengent line.  function near tha point of tangency. MPAC 1: Reasoning
with definitions
and theorems
Return to
AP Calculuzs AB/BC Course and Exam Description Tabla of Contents
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Sample Exam Questions

6. Fortime ¢ 20, the velocity of a particle moving along the x-axis is given by
v(t)=(t=5)(t - 2)*. At what values of ¢ is the acceleration of the particle equal to 0?

(A) 2 only
(B} 4 only
(C) 2and 4

(D) 2and 5

i LO 2.3C: Soive EK 2.3C1: Tha darivative can be used to MPAC 2:; Connecting

' problems involving solve rectilinear motion problems involving concepts
iti tion, R
related rates, position, spaed, velocity, and acceleration MPAC 2: Implementing

optimization, rectilinear

glgebraicfcomputational
PrOCESSES
1O 2.1C: Calculate EK 2.1C3: Sums, differsncas, praducts,
derivatives. and guatients of functions can be
differentiated using derivative rules.
Retutn to
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Sampie Exam Questions

7. The cost, in dollars, to shred the confidential documents of a company is modeled by C.a
differentiable function of the weight of documents in pounds. Of the following, which is the
best interpretation of C'(500) =807

(A} The cost to shred 500 pounds of documents is $80.

(B} The average cost to shred documents is 3%% dollar per pound.

(C) Increasing the weight of documents by 500 pounds will increase the cost to shred the
documents by approximately $80.

(D) The cost to shred documents is increasing at a rate of $80 per pound when the weight of
the documents is 500 pounds.

LO 2.3D: Soive EK 2.3D1: The derivative can be usad MPAC 2: Connecting
probiems involving to exprass information about rates coneapts
;ata;er:: EZz:nget;n of change in applisd contexts. MPAC 5: Building
PR . notational fluency
Raturn to
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Sampie Exam Questions

f i
8. Which of the following integral expressions is equal to  lim 2 [,fl + ELS -1—] ?
n—seo &= non
1
(4) [ VTF3x dx

(B) _[:Jl T xdx
(C) _[14& dx

(D) %_[;J? dx

LD 3.2A(b): Express the  EK 3.2A2: The definite integral of & continuous MPAC 1: Raasoning
limit of a Rlemann sum  function f over the interval [(,_ b], tienated by with definitions

in integral notation. and theorems

MPAG 5: Building
notational fluency

]
j F{x) dx, is the limit of Riamann sums as tha
widths of the subintervals approach 0. That Is,
it X 2 . .
L ffx)dx:mfﬂqugf{x‘- )Ar, whare x, is 3

value in the ith subinterval, Ax; is the width
of the ith subinterval, ris the number of
subintervals, and maxAyx; is the width of the

largest subinterval, Another form of the definition

Is j:f'[-r] dr znliﬂgf(,rf‘]a,r, wherg Axlz"’%"

and x~ is a value in the ith subinterval.

Return to
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Sample Exam Questions

x forx=2
3 forx=2

5. 5=

3

If fis the function defined above, then -[—1 flx)dr is
g

(A) 3
15

(B) >

© i

(D) undefined

L0 3.2C; Calculate a EK 3.2C3: The definition of the definite MPAC 2: Connecting

definite integral using integral may be extanded to functions with concepts
a;a:sfar}:i ?r?pertlies ramovable or jump discontinuities. MPAG 3: fmplementing
@t detiniie inegrais. algebraic/computational
processes
Return o
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Sample Exam Questions

10. fe*cos(e” +1) dx =
(A) sin(e” +1)+ C
(B) *sinfe* +1)+C
(C) e*sinfe” +x)+C

(D) %cosz(e" +1)+C

aming Objéct

. Practica for -
AP Calculus -

Mathematical -

LD 3.3B{a}; Calculate
antiderivatives.

EK 3.3B5: Techniques for finding antiderivatives
include algebraic manipulatian such as lang
division and completing the square, substitution
of variables, {BC) integration by parts, and-
nonrepeating finear partial fractions,

MPAC 3: Implementing
algebraic/computational
pracesses

MPAC 5: Building
notational fluency

hG AP Calculus AB/BC Course and Exam Description

Return to
Table of Conteats
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Sample Exam Qusstions

11. At time t, a population of bacteria grows at the rate of 5¢°* +4t grams per day, where t is
measured in days. By how many grams has the population grown from time ¢ =0 days to

t=10 days?
(A) S +40
(B) 5¢° +195
(C) 256" +175
(D) 25 + 375

Mathematical
Practice for
AP Caleulus”

L0 2.44: Interprat EK 3.4A2: The definite imtegral of the rate of
the meaning of a change of a quaniity over an interval gives the
dafinite intagral net change of that quantity over that interval.
within a problem.

MPAC 2: Connecting
concepts

MPAC 3: implementing
algabraic/computational
processes

AP Calculuz AB/BC Course and Exam Description

Retum to
Table of Conteats
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Sampls Exam Questions

4 miles
Town

4 miles—i

12. The right triangle shown in the figure above represents the boundary of a town that is bordered
by a highway. The population density of the town al a distance of x miles from the highway is
modeled by D{x)=+/x+1, where D(x) is measured in thousands of people per square mile.
According to the model, which of the following expressions gives the total population, in

thousands, of the town?
(A) J';Jx"ﬁ dx

(B) j:sm dx

(® j:er_H dx

D) j':(4 —xWx+ldx

LO 3.4A: Intargret EK 2.4A3: The limit of an approximating Riemann
the meaning of & surm can be interpreted as a definite integral.
definite integral

within a prablem.

MPAC 2;: Connecting
concepts

MPAC 5: Building
notational fluency

AP Calculus AB/RC Course and Exam Description

Eetum to
Table of Contants
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Sample Exam Questions

13. Which of the following is the solution to the differential equation % = ysec’ x with the
initial condition y['—}) =—17
(A) y — _elan.t

(B) y= “e[«I+lan x)

Q) y= —e[secax'iﬁ}/s

(D) y = —2tanx —1

LO 3.8A: Analyze EK 3.5A2: Same differential equations can MPAC 3: Implementing

differential equations he solved by separation of variables. algebraic/eomputational
to obtain genaral and processes

specific solutions. MPAC 2: Connecting

COncepts

Return to
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E
! Sample Exam Qusstions
|
|
l
]
]

M-u
3
N

Graph of f

14. The graph of the function fis shown in the figure above. For how many values of x in the open
interval (—4, 4) is f discontinuous?

(A) one
(B) two

(C) three
(D) four

LD 1.2A: Analyze EK 1.2A3: Types of discontinulties include MPAC 2: Connecting
functions far Intervals removabla discontinuities, jump discontinuities, concepts
of continuity or points and discontinuities due to vertical esymplotes. MPAC 4: Connecting

of discontinuity. multiple represantations

Retun to
60 AP Calculus AB/BC Course and Exam Description Tabla of Contents
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Sample Exam Questions

x 0] 1 2
flx) 5 2 -7
F(x) -2 -5 ~14

The table above gives selected values of a differentiable and decreasing function fand its
derivative. If g is the inverse function of f, what is the value of g’(2)?

1

(A) -3

1

(B) 1
1
© 3
(D} 5

LO 2.1C: Calculate
darivativas.

EK 2.1CB: The chain rule can he used to find
the derivative of an inverse function, provided
the derivative of that function exists.

MPAC 3: implementing
algebraic/eomputational
processes

MPAC 4: Connecting
multiie representations

Heturn to
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Sample Exam Questions

Muttiple Choice: Section |, Part B

A grephing calculator is required for some questions on this part of the exam.

| 16. The derivative of the function fis given by f'(x) = —% + cos (xz). At what values of x does f
} have a relative minimum on the interval 0 < x < 37

I[ {A) 1.094 and 2.608

:[ (B) 1.798

; (C) 2372

| (D) 2.493

L0 2.2A; Usa EK 2.2A1; First arwi second derivatives of a MPAC 2: Connecting
derivatives to analyze function can pravide informatian ahaut the concepts
properties of a function. function and its graph including .mtervals of MPAC 3: implementing
Increase or decrease, local {relative) and global . .
. algebraic/eumputational
{absolute} extremna, intervals of upward or rocesses
downward concavity, and points of inilection. P

Return to
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Sampie Exam Questions

==X

2
17. The second derivative of a function gis given by g”(x) = 2™ +cosx + x. For ~5<x <35,

on what open intervals is the graph of g concave up?
(A) -5 <x<-1.016 only

(B} —1.016<x<5 ouly

{C) 0.463<x <2100 only

(D) =5<x<0463 and 2.100<x <5

LO 2.2A: Use EK 2,2A1: First and second derivatives of 2 MPAC 2: Connecting

derivatives to analyze function can provide information about the concepts

pruperties of a function.  function and its graph including intervals of
Increase or decrease, locat {relative} and global
{absolute) extremna, intervals of upward or

MPAC 3: Implementing
atgebraic/computationat

downward concavity, and points of Inflection, processes

.
2 -

i
C .
m -
in
I
=
3. .

Return 1o
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Sample Exam Quastions

18. The temperature, in degrees Fahrenheit {°F), of water in a pond is modeled by the function

Hgiven by H{t)=55-9 cos[%(r + 10)), where ¢ is the number of days since January 1
(r = 0). What is the instantaneous rate of change of the temperature of the water at time
7 =90 days?

(A) 0.114°F/day
E (B) 0.153°F/day
| (©) 50.252°F/day
(D) 56.350°F/day

LO 2.30: Solve EK 2,3D1:The derivative can be used MPAC 2: Connacting
problams involving to axprass infarmation about rates concepts
rates of change in of change in applied contexts.

applied contexts. MPAC 3: implamenting

algebraie/
computational
processas
Haturn to
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Sample Exam Questions

x ] 2 4 8
fx) 3 4 3 13
F(x) 0 1 1 2

The table above gives values of & differentiable function fand its derivative at selected values of
x. If his the function given by A{x) = f{2x), which of the following statements must be true?

(1} hisincreasingon 2 < x < 4.
(IT} There exists ¢, where 0 < ¢ < 4, such that A(c) = 12.

(I11) There exists ¢, where (0 < ¢ < 2, such that A'{(c) = 3.

(A} H only

(B) Tand 11T only
(C) and I only
(D} L1L and TH

Mathematical
Practice for
_ AP Calculus

serial Knowiedge

LO 2.4A: Apply the
Mean ValueTheorem
to describe the
hehavior of a function
over an interval,

MPAC 1: Reasaning
with definitions
and theorems

MPAC 4: Connecting
multiple representations

EK 2.4A%T: If a function fis continuous over
the Interval [ #] and differentiable over

the interval (. &), the Mean Value Theorem
guarantees a point within that open interval
where the instaentaneous rate of change equals
the average rate of change over the interval.

EK 1.2B1: Continuity is an essential condition
for thearems such as the Intermediate

Vaiue Theoram, the Extreme Value

Theorem, and the Mean ValueTheorem.

L0 1.2B: Determine
the applicability of
important calculus
theoremns uUsing
continuity.

Raturn to
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Sample Exam Questions

20. Let 1 be the function defined by i{x) = # If g is an antiderivative of h and g{2}=3,
x+1

whiat is the value of g(4)?
{A) -0.020

(B) 0.152

(C) 3.031

(D) 3.152

Lo 3-:'33'[]1]: Evaluate EK 3.3B2: If fis continuous on tha MPAC 1: Reascning
definite integrals. interval [g, #] and F is an antiderivative with detinitions

and theorems

MPAC 2: Connecting
concepts

of £ then j: Fix)de=F(h)-Fia).

Raturn to
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Sample Exam Questions

Free Response: Section I, Part A

A graphing calculator is required for problems on this part of the exam.

=

y=flx)

e

— Ny w

0

Let R be the region in the first quadrant bounded by the graph of g, and let 5 be the region in
the first quadrant between the graphs of fand g, as shown in the figure above. The region in the
first quadrant bounded by the graph of fand the coordinate axes has area 12.142. The function
gis given by g(x) = (¥x +6)cos (%), and the function fis not explicitly given. The graphs

of fand g intersect at the point (4, 0).
(A) Find the area of §,

{B) A solid is generated when § is revolved about the horizontal line y = 5. Write, but do not
evaluate, an expression involving one or more integrals that gives the volume of the solid.

{C) Region R is the base of an art sculpture. At all points in R ata distance x from the y-axis, the
height of the sculpture is given by #{x) =4 — x. Find the volume of the art sculpture.

ve  Essential Knowledge
L0 3.2C: Calculate a EK 2.202: Propertias of definits integrals include MPAC 1: Reasoning
definite integral using the integrel of a constant times a function, with definitions
areas and properties the intagral of the sum of two functions, and theorems
of definite integrals. fe:erss:li off ’“;mtst?;;néeg:a;jc;:é::tdl;::wats MPAC 2: Connecting
LO 3.4D: Apply EK 3.4D1: Areas of cartain ragiens in the plane MPAC 3: Implementing
definite integrals to lated with definits integrals. algebraic/computational

1IEHTE procassss

MBAC 4: Coanecting
multiple representatians

MPACG 5: Building

LO 3.4D: Apply !
definite integrals to cross sactions, including discs and washers, notational fluency
problems invalving can be calculated with definlte integrals. MPAC 6: Cormmunlcating
arga, velume
length of a ci
Heturn to
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Sample Exam Questions

Free Response: Section ll, Part B

! 0 3 5 6 9

{minutes}

r(t) 72 95 12 | 77 50
{rotations per minuta)

Rochelle rode a stationary bicycle. The number of rotations per minute of the wheel of the
stationary bicycle at time ¢ minutes during Rochelles ride is modeled by a differentiable
function r for 0 ¢ €9 minutes. Values of r{t) for selected values of ¢ are shown in the
table above.

{A) Estimate r’{4). Show the computations that lead to your answer. Indicate units of
measure.

(B) Isthereatimet, for 3< 7 <35, atwhich r(¢) is 106 rotations per minute? fustify your
answer.

(C) Usealeft Riemann sim with the four subintervals indicated by the data in the table to
9 9
approximate j“ ¥(#) dt. Using correct units, explain the meaning of Iﬂ r{t) dt inthe
context of the problem.

(D) Sarah also rode a stationary bicycle. The number of rotations per minute of the wheel of
the stationary bicycle at time f minutes during Saral's ride is modeled by the function s,

defined by s(r) =40 +20:7sin [%] for 0S¢ <9 minutes, Find the average number of

rotations per minute of the wheel of the stationary bicycle for 0 <r <9 minutes.

Raturn to
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Sample Exam Questions

LO 1.2B: Determine
the applicability of
important calculus
theorems using
continuity.

EK 1.2B1: Continuity is an essential condition
for theorems such as the Intermediate

Value Theorem, the Extrame Value

Theorem, and the Mean Vatue Thearem.

LO 2.1B: Cstimate
derivatives.

LD 3.2B: Approximate
a definite integral.

{0 3.3B(b): Evaluate

definita integrals,

HD 3.4A: Intarpret
the meaning of 8
definite intagral

within a problem.

LD 3.4B: Apply definite

integrals to problems
invalving the averagse

value of a function.

LD 3.4E: Use the
definite integral to
solve problems in
various cantexts.

EK 2.1B1: The derivative at a point
can be estimated from information
given in tables or graphs.

EK 3.2B2: Definite integrals can be approximated
using a left Riemann sum, a right Riemann

sum, a midpoint Riemann sum, or & trapezoidal
sum; approximations can be computed using

either uniform or nonuniform partitions.

EK 3.382: If fis continuous on the
interval [«, b] and Fis an antiderlvative

of f, then j:f{,r) de= F{b)~F{a).

change of a quantity over an interval gives the
net change of that guantity over that interval.

EK 3.4B1: The averaga value of a function f
; Ibf{x} dx.
bgda

over an interval [a,b] is

EX 3.4E1: The definite integral can be used

to exprass information about accumulation
and nat change in many applied contexts.

MPAG 1: Reasoning
with definitions
and theorems

MPAC 2: Conngcting

. cancepts

MPAC 3: Implementing
algebraic/computational
rocasses

“ MPAC 4; Connecting

multiple representations

MPAC 5: Busilding
notational flugncy

MPAG B: Communicating

AP Calculus AB/BC Course and Exam Description

Beturn to
Takle of Contents
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Sample Exam Questions

4

N3
P

Graph of f

Let f be a continuous function defined on the closed interval —1 £ x £ 4. The graph of
f» consisting of three line segments, is shown above. Let g be the function defined by

g(.x]=5+_[:f(r) dt for -1<x<4.

(A) Find g(4).

(B} On what intervals is g increasing? Justify your answer.

{C) On the closed interval — £ x £ 4, find the absolute minimum value of ¢ and find the
absolute maximum value of g. Justify your answers,

(D} Let h{x) = x-g(x). Find #'(2).

L0 2.1C: Caleulate
derivatives,

derivatives to analyze
proparties of a function,

downward concavity, and points of inflection.

LO 3.2C: Calculate a

definite integral using
areas and properties
of definite integrals.

EK 2.1€3: Sums, differances, products,
and quotients of functions can be

differantiated using darivative rules.

EK 2.2A1: First and second derivatives of a
function can provide information about the
function and its graph Including intervalg of
increase or decrease, lacal {relative} and global
{absolute} extrema, intervals of upward or

EK 3.2C1: In some casas, a definite integral can be
evaluated by using geometry and the connection
batween the definite integrsl and arsa.

£0 3.3A: Analyze
functions defined
by an integral.

analytical, and verbal representations of a
function f provide information about the

function g defined as gtx):_[x_f{!)df,

MPAC 1: Reasoning
with definitions
and theorems

" MPAC 2; Connecting

concepts

MPAC 3: Implementing
algebraic/computatianal
processes

MPAC 4:

* Connacting multipla

representations
MPAC 5: Building

notational fluency

- MPAC & Cornmunicating

AP Caleunlus AB/BC Course and Exam Description
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Sample Exam Questions

Answers and Rubrics (AB)

Answers to Multiple-Chaoice Questions

1 c
............ . ;
....... : B
4 c
5 b
JT——— :
.............. : -
. A
9 B
10 A
- T
12 ]
13 B
w c
- ——
PR .
- ;
- L
- .

AP Calculus AB/BC Caurse and Exam Description
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Sample Examn Queastions

Rubrics for Free-Response Questions

Question 1

3
E Solutions Point Aliocation
(A) Area of region S = (Area under f) — (Area under g) 1 : integra!
. 4 . .
| =12.142 -j g(x) dy = 12.142 - 6938 31 1: uses area under f
| o 1 : answer
= 5,204 (or 5.203)
. . 2 2 2 : integrand
| (B) Volume = 7 ({5 - g(x))* — (5 - £(x))?) dx 3. {2
; 0 1 : limits and constant

(C) Volume = J':((4 ~ x)g(x)) dx = 17.243

1 : answer

3. { 2 : integral

Return to
72 AP Calculus AB/BC Course and Exam Description ‘Fahle of Contents

£ 2255 The Colegs Boaid




Sample Exam Ouestions

Question 2

Solutions

Point Allocation

(A) ¥'(4) = r(5) F(S) = “2;95 = % rotations per minute per

minute

1 : answer with units

(B} risdifferentiable = ris continucuson 3 £ £ 5
{3} =93 <106 < 112 = r(5)

Therefore, by the Intermediate Value Theorem, there is a time t
3 £¢ <5, such that (1) = 106.

1:
2.{1:

r{3) < 106 < r(5)
conclusion, using IVT

(©
[Preyar = (3-0)-1(0) +(5=3) r(3) 4 (6 = 5)- r(5) + (9 = 6)  r(6)

1 : approximation

: left Riemann sum

=3(72}+ 2(95) +1(112) + 3(77) = 749 3 -
9 ) )
! r{t) dt is the total number of rotations of the wheel of the stationary I explanation
bicycle over the time interval 0 < £ 9 minutes
Y 5, (%)
9 o s(r) dr = 5 40 + 207 sin B dt
1 zt\P .
=% 40 — 360cos[ 7= = 1 ; integrand
! 3: < 1: antiderivative
6 360 - 360 COS( ]) - -9—(0 ~ 360 COS(U)) 1 - answer
b
= 15-9- = 80 rotations per minuie

AP Calculus AB/BC Course and Exam Description
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Sample Exam Questions

Question 3
Sohitions Point Allocation
4 1 13
(A) g(4}=5+_[2f(:)dr=5+(~~2~)+2=T { + answer
(B) g'(x) = f(x)
The function g is increasing on the intervals : { ! :fms‘_mr .
—1<x<1land 3% x<4 because g' = f is 1 justification
nonnegative on these intervals,
© glx)=flx)=0=x=1Lx=3 1: considers g(x) =0
4 1:identifies x =1 and x = 3 as candidates
. e(x) " | 1:answer
1 : justification
7
-1 5
11
: B
9
; 2
13
* 7
The absolute minimum value of g is %, and the
absolute maximum value of g is -1-‘?-.3-
(D) H{x}=1-glx)+x g'(x) 5. { 1: K(x)
B(2)=1-g(2) +2 g'(2) = 1(5) + 2(~1) = 3 1 #H(2)
Raturn to
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Sampie Exam Questions

AP Calculus BC Sample Exam Questions

Multiple Choice: Section |, Part A

A calenlator may not be used on quastions on this part of the exam.

A curve is defined by the parametric equations x{f) = 3e* and ¥r) = &M -1,

2 7
What ig d—% intermsoft?
dx

1
(o) —
12¢'

1
B 5

:
¢
(G 5

() -

MPAC 3: Implementing

L0 2.1C: Calculate

derivatives. algebraic/
computational
processes
MPAC 2: Connecting
concapts
Heturn to
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Sample Exam Questions

% =0 flx)=2
X = 2 f(.\'.f‘) =0
Xy =4 Flxs) =10
2
Consider the differential equation % = M, where A is a constant.
}J‘

Let ¥ = f(x) be the particular solution to the differential equation with the initial condition
F(0} = 2. Euler’s method, starting at x = 0 with a step size of 2, is used to approximate

f(4). Steps from this approximation are shown in the table above. What is the value of A ?
1

(A} 5

(B} 2

(©) 5
13

(D} 5

MPAC 4:
Connecting multiple
reprasentations

MPAC 3: Implemanting

LO 2.3F: Estimate
saolutions to differential
aquations.

algebraic/
computational
processes
Return to
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Sample Exam Questions

(A) =3ln|x =~ 1|+ 3In|x-5]+C
(B} —2ln|x — 1|+ 2n|x - 5|+ C
(C) 3Injx -1 -3lnjx-5]+C

(D) 121a|x —1] + 121nfx = 5| + C

Practice for -
AP Caleulus - .

L0 3.3B(a): Calculate EK 3.3BS: Techniques for finding antiderivatives

antiderivatives. include algabrale manipulation such as long
division and completing the square, substitution
of variables, {BC] iritagration by parts, and
riofirépeating finear partial fractions.

MPAC 3; implementing
algebraic/
computatianal
processes

MPAC 5: Building
notational fluency

AP Caleulus AB/BC Course and Exam Description

Heaturn 1o
Table of Contents
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Sample Exam Questions

1
4. The shaded region in the figure above is bounded by the graphs of ¥ = X - Y and

y= % — x* for -—% <x= ?l!_ Which of the following expressions gives the perimeter of the
region?

(A) 2](:’ 2T 11655 dx

1/2 .
(B) 2]{}! JE+4x7 +162° dx

1/2 1/2
(C) 2]'0’ V1 + 447 czr+2jn/ V14 16x5 dx

(D) 2[{:!21}1 +(x2 - %)2 dx + zﬁﬂJl + (% _ 14)2 dx

MPACG 2: Connecting
concepts

MPAC 4: Cannsacting
muitiple represantations

LO 3.4D: Apply
definite integrals to

P CALCULUS BC SAMPLE EXAM QUESTIONS

Hetum to
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Sample Exam Questions

5. 'The number of fish in a lake is modeled by the function P that satisfies the differential equation

dP
dr
graphof y=P(1}?

(A) P

]

1000+
800+
600+

460+

2001

o

(G

(8)

(D)

=—=0.003P{1000 — P}, where ¢ is the time in years. Which of the following could be the

20
1000}
s00]
600{
s00}

P
F
100+

10 3.5B: interpret,
create and solve
differentiat equations
from problems

in context.

MPAC 2: Connecting
concepts

MPAC 4:
Connecting multiple
representations

AP Calculus AB/BC Course and Exam Description
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Sampie Exam Questions

6. Which of the following series is absclutely convergent?
< n+1 |
(A) Z]( i
< |
® Y =
2V

() i(_‘l)nﬂ o

n+l
n=l1

(D) i(_l}ﬂ+l (%)u

n=1

10 4.1A: Determine EK 4.1A4: A saries may be absolutely convergent, MPAC 1: Reasoning
whether & series conditionally convergent, or divergent. with definitions
converges or diverges. and theorems
MPAC 2: Connecting
concepts
Haturn o
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Sample Exam Questions

Which of the following series cannot be shown to converge using the limit comparisen test

[+ r]

with the series 2—1,- ?
n=l

Wy

am1 30 —n

- AP Calcul
LO 4.1A: Determing EK 4,1A6: In addition to examining the limit MPAC 2: Connecting
whether a series of the sequence of partial sums of the series, concepts

converges ar diverges.  methods for determining whether a series

of numbers converges or diverges are the MPAC 3: implementing

nth term test, the compariean test, the [imit algebralcf_
N . . computational
comparison test, the integral test, the ratio rocesses
test, and the alternating serles tast, B
Return to
AP Calculus AB/BC Course and Exam Description Table of Contents 81
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. S8ample Exam Questfons

8. The third-degree Taylor polynomial for the function f about x =0 is

T(x) = 3 - 4x + 2x% — 3x>. Which of the following tables gives the values of f and its first
three derivativesat x =07

(a) x V)] SE | ) | M)
0 3 -8 6 -12

(b) x Fly | £ | ) | )
0 3 —4 2 -3

(c} x o flxy | | S| )
0 3 -4 4 -18

(d) x fx) | £ x| 7
0 3 —4 4 -9

LO 4.2A: Construct and  EK 4.2A1: The coefficient of tha sth-degres MPAC 1: Reasoning

use Taylor polynomials. term in aTaylor polynomial centered at with definitions
x =a for the function fis Mﬂl, and theorems
nt MPAC 4.
Connecting multipie
representations
Heturn to
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Sample Exam Questions

What is the interval of convergence for the power series i(—[)" ﬂ%— (x —4)" 7
(A) 3 <x<3 et

By -3 <xs3

() t<x<?

(DYt<xs7

Practice
(AP Calculus

10 4.2C: Detarmine EK 4.2C2: The ratio test can be used to determine  MPAC 3: Implementing

the radius and interval  the radius of convergence of a power series. algebraic/
of convergence of computational
a POWET SeTies. Prucesses
: - AR s MPAG 1: Reasoning
LO 4.1A: Petermine EK 4.1A8: In addition {o examining the limit with definitions

whether a series of tha sequence of panial sums of the series,

convarges ar diverges.  mathods for determining whether a series
of numbers converges or diverges are the
nth term test, the comparison test, tha limit
comparison test, the integral test, the ratio
test, and the alternating series test.

and thearams

Return ta
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Sample Exam CQuestions

Multiple Choice: Section |, Part B

A graphing calculator is required for some questions on this part of the axam.

10. For time t 2 O seconds, the position of an object traveling along a curve in the xy-plane is

given by the parametric equations x{f) and ¥(t). where A% 12 4 3and av _ P +r

At what time t is the speed of the object 10 units per sccuncflj{s'lr !
(A) 1.675

(B) 1.813

) 4217

(D) 10.191

L0 2.3C: Solve

problems involving
refated rates, i
optimizatian, rectilinaar parametr

MPAC 2: Connecting
concepts

MPAC 3: implamanting

algebraic/
mat tomputational
PrOCESSES
W
=4
Q
[
[1a]
=
o
Hetum ta
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Sample Exam Quesiions

11. A particle moving in the xy-plane has velocity vector given by v(z) = (esi" ‘ 5:3) for time

t 2 0. What is the magnitude of the displacement of the particle between time ¢ = and
1=27?

{A) 3.778
(B) 11.954
{C) 11.992
{D) 15.001

MPAC 1: Reasoning
with definitions
and thearems

1O 3.4C: Apply definite  EK
integrals to prablems use
involving motion. 3

e MPAE 3: Implementing
algehraic/
computationat
processes

Heturn to
AP Calculus AB/BC Course and Exam Description Table of Contenta 85
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Sample Exam Questions

12. Consider the series 2 (-1)" a,, where a, > 0 forall n. Which of the following cenditions
n=0
guarantees that the series converges?

(A) Hma, =0
A—300
a
(B) lim ——+ <1
H—yon a,,

(C) duy < dy foralln

(D) J: F(x) dx converges, where f(n) = a, foralln

_ lus
L0 4.1A: Determine EK 4.1A8: In acdition ta examining the [imit MPAC 1: Reasoning
whether a series of the sequence of partial sums of the series, with definitions
converges of diverges.  methads for detarmining whether a series and theorems
of numbers converges or diverges are the MPAC 5: Bullding

nth tarm test, the comparison test, the limit
comparison test, the integral test, the ratio
tast, and the alternating series test.

notational fluency

LO 4.1A: Dsterminea EK 4,1A5: If a series converges
whether a series absolutsly, then it converges.
converges or diverges.

Raturn to
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Sample Exam Questions

Free Response: Section |, Part A

A graphing calculater is required for probiems on this part of the exam.

¥
]

)

-

1. Letrbe the function given by r(@) = 36sin & for 0 < 8 £ 2x. The graph of rin polar
coordinates consists of two loops, as shown in the figure above. Point P is on the graph of rand

the y-axis.

(A) Find the rate of change of the x-coordinate with respect to 8 at the poiat P.

(B} Find the area of the region between the inner and outer loops of the graph.

{C) The function r satisfies

dr

da

= 3sin@ + 38cosB. For 0 £ & € 2x, find the value of & that

gives the point on the graph that is farthest from the origin. Justify your answer.

LD 2.2A: Use
derivatives to analyze
properties of a function,

LO 2.3C: Solve
problems involving
related rates,
optimizatian, rectilinear

EK 2.3C3: The derivative can be used

to solve optimization problems, that is,
finding a maximurn or minimum value
of a function over & given interval.

LD 3.4D: Apply
definite integrals to
problems involvin

can be calcylatad with
{BCI'Areas bounded by pol
be talculated with defi

EK 3.4D7: Areas of certain regions in the plane
inite integrals.

MPAC 1: Reasaning
with definitions
and thearems
MPAC 2: Cannecting
concepts

" MPAC 3: Implementing

algebraic/
camputational
PEOCEsS5es

MPAC 4
Connescting multiple

. representations

MPAC 5: Building

notational fluency

MPAC &:
Communicating

AP Caleulus AB/BC Course and Exam Description
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Sample Exam Questions

Free Response: Section ll, Part B

Mo calculator is allowed for problams on this part of the exam.

Consider the function fgiven by f(x) = xe > forall x 2 0.
(A) Find lim f(x).
Yoz

(B) Find the maximum value of f for x 2 0. Justify your answer.

(C) Evaluate -[n f(x) dx, or show that the integral diverges.

£0 1.1D: Deduce and
intarprat behavior of
functigns using limits.

EK 1.1D2: Retative magnitudes of
functions and their rates of change
can be eamparad using Himits,

LO 2.2A; Use EK 2.2A1: First and sacond dertvatives of a

derivatives to anzlyze function can provide information about the

properties of a function. function and its graph including intervals of
increase ar decrease, local (relative) and global
{absolute) extrema, intervals of upward or
downward concavity, and points of inflection,

EK 3.385: Techniques far finding antiderivatives
inciude algebraic manipulation such as long
division and complati ar itution
of variables, (BC). 1

r ing lin

1O 3.3B[b): Evaluate
definita intagrals,

MPAC 1: Reasoning
with definitions
and theorems

" MPAC 2: Connecting

concepts

MPAC 3: implemeanting
algebraic/
computationat
Processes

MPAC 4; Building
notational fluency

MPAC 6.
Communicating

AP Caleulus AR/BC Course and Exam Description
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Sample Exam Questions

The function fis defined by the power series

-2 (x—2)" (r-vf

=] 4

flx) = 2

03" ( n+l

327 83 3’4

for all real numbers x for which the series converges.

(_Y — 2)"
ki (n. + 1)

(A) Determine the interval of convergence of the power series for £ Show the work that leads

to your answer.

{B) Find the value of £7(2).

{C) Use the first three nonzero terms of the power series for fto approximate f{1). Use the
alternating series error bound to show that this approximation differs from f{1) by less

1
than TR

LO 4.9A: Determine
whether a serias
canvergss or diverges.

L0 4.1A: Determine
whether a series

EK £.1A3; Commaon series of numbers
include geometric series, tha
harmonic series, and p-series,

EK 4.1A4: A series may be absolutely convergent,
conditionally convergent, or divergent.

convarges or diverges.

LD 4.18: Determine
ar estimate tha
sum of a series.

EK 4,182: If an alternating series canvarges by the
alternating series test, then the alternating series
error bound can be used to estimate how close a
partial st is to the value of the infinite series.

MPAC 1: Reasoning
with definitions
and theorams

MPAC 2Z: Connecting
concepts

MPAC 3: Implamenting

. algebraic/computational

processes

MPAL 5: Building
notational fluency

MPAC 6: Communicating
LO 4.2A: Construct and  EK 4.2A1: The coefficiant of the nth-degres
useTaylor pelynomials.  term in aTaylor polynomial centered at
n
£ =a for the functian fis ........L.lf( a.
nl
L0 4.2C: Determine EK 4.2C1: If a pawer series converges,
the radius and interval it either converges at & single point or
of convergence of has an interval of convargance.
a power series,
LO 4.2C: Datermine EK 4.2C2: The ratio test can be used to determine
the radius and interval  the ratius of convergance of a power serles.
of convergence of
& QOWEr SEries.
LO 4.2C: Determine EK 4.2C3: If a power series has a positive
the radius and interval  radius of convergence, then the power
of convergence of series is the Tayior series of the function to
& power series. which it converges over the opan interval.
Return to
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Sample Exam Questions

Answers and Rubrics (BC)

Answers to Multiple-Choice Questions

1 A

2 B

3 A

o -

5 A

g D

e c

9 c

10 B

b B

........................ 12 B

Returs to
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Sampie Exam Questions

Rubrics for Free-Response Questions

Questicen 1

Solutions

Point Allocation

(A} x = rcosf = 3@sinfcos @

AtpointP, 8 = z

3
dx .
— = 4712
dé d=nf2

1: x(6)
. . _
3:4 1 :uses @ = >
1 : answer

2 x
(B) Arca = «%—L“(r(e))z a6 - -é-_[a (H8))* d6 = 130.528

5. { 2 : expression for area
"1 1:answer

(C) 3sin@ + 36cos@ = 0 = @ = 2028758, 8 = 4913180

) r{8)

G 0
2.028758 5.459117
4913180 —14.443410

2r 0

The value @ = 4.913 gives the point on the graph that is farthest from

the origin.

7. dar
l.setsﬁ—o

: answer
1 : justification

AP Caleulus AB/BC Course and Exam Description
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Sample Exam Questions

Question 2

Solutions Paint Allocation

(A) lim x¢>% = lim ’ft =0 1 :answer

T—roo R Ll
®) f(x) = e + x{=2e™)

= & 2% (1 - 2x)
f’ existsforall x > 0.
f{fx)=0=x= 1 ‘
) 2: f'(x)
4: 4 1:identifies x = % as a candidate

Because f(x)> 0 ford<x < -,1; and f(x) <0

forx>%, the maximum value of f{x}for x 2 0 is
BW_123_ 1
iz} =2 2e

1 : answer with justification

= aw o [P, [_ —zx(zf_ _1,)]”
Joxe cir—bll)n:cjﬂxe dx—bh_.t)lgo 3 2-+-4

[l -cof]-

0

2 : antiderivative
4:+1;limitas b — oo
1: answer

92
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Sample Exam Questions

Question 3

Solutions Point Allecation
(A) | (x -2y B+ [+l _x-2|
?n+2) (x-2)"| In+2 3
o+l x-2] 1
nsea| 1 + 2 3 - 3|I 2|
%|x—2|<l = [x-2]<3 = ~I<x<5
1 : sets up ratio
The series converges when —1 < x < 3. 1 : computes limit of ratio
5: < 1:identifies interior of interval of convergence
When x = 1, the series is 1 : considers hoth endpoints
1 1 1 | : analysis and interval of convergence
= e — e £
2 3 4
This is the alternating harmonic series, which
converges conditionally.
When x = 5, the series is l+-1-+ L +—!-+---
’ ’ 2 3 4
This is the harmonic series, which diverges.
Therefore, the interval of convergence is
~1<x <5
(B} The power series given is the Taylor series for f
about x = 2. Thus,
£2) 1 gy 2 I : answer
Il el S Al

AP Calculus AB/BC Course and Exam Description
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Sample Exam Questions

© sy ~1+122, 052

32-3
g1 147
=l=g*37=35]

The power series for fevaluatedat x = 1 is

an afternating series whose terms decrease in 3:

absolute value to 0, The alternating series error
bound is the absolute value of the fourth term of

the series.
AN 3 | N N
|f“) 54 <| 374 |~ 108 < 100

1 : approximation
I : uses the fourth term as an error bound
I : analysis

AP Calculus AR/RC Course and Exam Description
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Contact Us

Contact Us

National Office
250 Vesay Stiset
New York, NY 10281
212-713-8000
212-713-8277/55 (fax)

AP Services for Educators

P.O. Box 6671

Princeton, NJ 08541-6671

809-771-7300

888-225-5427 {toll free in the

U.8. and Canada)

610-200-8978 {fax)

E-mail: apexams@info.collegshoard.org

AP Canada Office

2950 Douglas Street, Suite 550
Victoria, BC, Canada V8T 4N4
250-472-8561

800-667-4548 (toll free in Canada only)
E-mail: gewonus&ap.ca

International Services
Serving all countries outside the US. and Canada

45 Columbus Avenue

New York, NY 10023-6992

£12-373-8738

E-mail: international@collegeboard.org

Middle States Regional Office
Serving Delaware, District of Columbia, Maryland,

Nesw Jersey, New York, Peninsylvania, Puerto Rico
and the U.S. Virgin Islands

Three Bala Plaza East

Suite 501

Bala Cynwyd, PA 139004-1501
©10-227-2560

866-392-3019

B10-227-2580 {fax}

E-mail: msro@info.collegeboard.org

Midwestern Regional Office

Serving Rlinois, Indiana, lowa, Kansas, Michigan,
Minnesota, Missouri, Nebraska, North Daketa,
Ohio, South Dakota, West Virginia and Wisconsin
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6111 N. River Road, Suite 550
Rosemont, I, 60018-5158
B856-392-4086

847-653-4528 (fax}

E-mail: mro@info.collagaboard.nrg

New England Regional Office
Serving Connecticuf, Maine, Massachusetts, New
Hampshire, Rhode Island and Vermont

1601 Trapelo Read, Suite 12
Waltham, MA 02451-1382
866-392-4089

781-663-2743 {fax)

E-mail: nero@info.collegeboard.org

Southern Regional Office

Serving Alabama, Florida, Georgia, Kentucky,
Louisiana, Mississippi, North Caroling, South
Caroling, Tennessee and Virginia

3700 Crestwood Parkway NW, Suite 700
Duluth, GA 30096-7155

866-392-4088

770-225-4062 {fax)

E-mail: sro@info.collegeboard.org

Southwestern Regional Office
Serving Arkansas, New Mexico, Oklahoma and Texas

4330 Gaines Ranch Loop, Suite 200
Austin, TX 78735-673b
B66-392-3017

512-721-1841 (fax)

E-mail: swro@info.collageboard.org

Western Regional Office

Serving Alaska, Arizona, California, Colorado,
Hawaii, Idaho, Montana, Nevada, Qregon, Utah,
Washington and Wyoming

20989 Gateway Place, Suite bb(

San Joss, CA 95110-1051
866-392-4078

408-367-1459 (fax)

E-mail: wro@info.collegeboard.org
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