AP Calculus ABY

Unit #8: Integration

Unit #8—Integration (Antiderivatives)

You are responsible for doing all of the homework and checking your work. If you get stuck, the solutions
are worked out at the end of the unit and the odd numbered exercises are also available online through the
textbook publisher. If you still have questions on the homework problems after going over the solutions,
then come in at lunch by appointment, afterschool, or during intervention as class time will not be devoted

to going over the homework.

Assignment #1:
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Assignment #2A:

Assignment #3:

Assignment #4:

' Assignment #5:
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Assignment #7:
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U-Substitutions
Page 334: 27, 31, 33, 37, 39, 43, 65

Antiderivatives and Indefinite Integration
Page 334: 47, 48, 50, 52, 55

Practice
Handout

Integrating Logarithms
Page: 339: 1-5, 8, 59, 60
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Handout

Integrating e*
Page: 334: 63, 64, 65, 66 Page 339: 33, 38, 47, 48, 49, 57

Integrating a*
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Integrating Inverse Trig Functions
Page 338: 9, 13, 14, 15, 17, 19, 21, 23, 35, 44, 45, 55
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AP Calculus ABY Unit #8: Integration
Warm-Up Lesson 1

“ Give the derivative of each.

1. y=(3x+2)° 2. y=(2x*+9)*
: 3

y'= S(x+a)"3 y'= dq(’+9) - 6X "

3.y=+v5x+8 4.y =(e*+9)"
1

= (sxro)h )= ogex+q)' e

y'= L (sx 1—8)”’“. g
5. y = sin( 5x) 6. y =tan(x*+1)

}/‘ = Cos(5x) -5 / = .ﬁccz(xzﬂ) » 2 X
Toy= esc(x*+)

y'E mOsC(RPr1) eot (x¥+1) -2X
Vo
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AP Calculus ABY

Topic: U-Substitutions

Unit #8: Integration

~. Goal: Be able to use u-substitutions to find antiderivatives.

U-Substitutions [(x? + 1)%(2x) dx let v= x*¢ ]
____________ p _
| Flo() 5 (e = f fapdu | | b from gt G (v = XTr)
_ § U () dv dv = 2x
u_ﬁ:g(x) _____ ; =
\ au = 2x dx
5 u du '
(X H) = dX
Ify=(7x*=2)3, U $C = 3 +C _zx
%
theny'= 3(7)(11) , 2\)(1 f(3x +1)°(15x*) dx i 1 e 3X5+{
§ oS T3xE) dv du _ 4
So J 21x%(7x3 = 2)2 dx = 5% Ax = 3%
!7x3~1)3 v du du = 15x 1 dx
5. ¢ Ut e = (3x%+i1) < o
A@,cw Oel
[3(Bx—1D*dx V= 3x-1\ [@2x+ 1)(x*+x) dx
4 du « U= X X d
3 dg . d *X2x+l dx Aot UH
dv = 3 dx ;U" 2X
v® = d
~— + C au _ = aX v du
S - dX AXF] S
(3x )5 C. _Li.z 2 &
S g ~
(x*+x) = &,
T3P aE =3 di : [ (;j;}z dx &
= 43 30~ U2 dv 2 .
REA z’ S 3% S"“lx(l"'?() dx 5"’1)('(} l_dj_
dv = 3x% dx y, " —2X
Av = i Su Ju p= =X SZU—Q'JU
Y 3> A du = —2X dX 8
%U +C ) -2V + C
v
3 —e—— e dx = oyt +_ C
E_(X'-‘-zé (. =X 2(1-x%)
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AP Calculus ABY

[¥2%x—=Tdx= p
~ ) U*
§ (2x-1)"* dx ; —‘i"l.,-_—"—'
v=2x-1 2 %0 ¢
dv = 2 dx 2
¥
%‘1 = dx Jg(lx"l)l +

~defv of x- 9
[(x%—-9)3(2x) dx =

build in reverse.
(x*-4q)"
I-l

v L.

[Vt  +5de =
S48 (£1+5) gt
Qlcrw of €145 15 4t

L2 (et es)
LS

Assignment #1 Page 334: 27, 31, 33, 37, 39, 43, 65
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Unit #8: Integration

x%+2 _

J—Q7rdx=
S X
x1

Cx* 4 26 dx

_%.
K

=) -3
= AR e

—

E',_,_\derlv G'p X3+5
[#(x* +8ytdx=

5
(X*5)
+-
3 -
§xJzx=T dx
SX(lXﬂ)yﬁﬂ AX V= | 20=1
Sx vk dy dv = 2 dx
< 6%]_ T 0{)(
Need to sub for x
v = 2X —|
Ut 2.X
U+l .UJ/Q'- v vt = (X
(el & -
Ut Uk du
fyh sy
%
2, U” L Uk
5 T3y TC
%,
(2= 2(x-)
55— T t F



AP Calculus ABY Unit #8: Integration

Warm-Up Lesson 2

“ Give the derivative of each.

1. y=sin (x) 2. y=cos (x) 3. y=tan (x)
y'= a3 % yl=—5IAx y'-‘-‘—jCCzK
4. y = csc (x) 5. y=sec (x) 6. y=cot (x)

F oo i 2.
)/‘: —¢cscX CotX y‘f— Jec X Can X }/ - csc X

7. Determine on what interval y = In(x) — x? is increasing on the interval 0 < x < 2. Use your calculator.

N I . y 15 1ac 0n (0,0.707)

o~
B)’ Hano{
y'= Lo-ax  K=0 kot met 0 (o 2)
A unad
G = &)= 3X
X x:}’g_, X=1
2X = -'x— y' ;\,f@__\_—gi——\
2 3
Xz - '!5_ >/ YA dec.
X = i L ’ = --}--' ) el
e . X = § a maX
o~
X = j_;_ n (O,l)
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AP Calculus ABY

Topic: Antiderivatives and Indefinite Integration

Unit #8: Integration

~~. Goal: Be able to find the antiderivative of simple trigonometric functions and trigonometric functions using

P e

u-substitution.

Trigonometric
Antiderivatives
[sinxdx =
Jcosxdx =

[ sec? xdx =

[esc? xdx =

[secxtanxdx =

[cscxcotxdx =

2019-2020

If y = sin 8x
theny'= Co0S (8x) 8

If y = tan 6x
2
theny'= SécC ((,’,X) 6

If y = sec 13x
theny'=3 5ec 13X tan 13X

If y = sin x?

theny'= Caj(xuj ZX

If y = tan x3

. 2
theny'= S&CL(_X 3_) 3X

If y=cos x* .
4
theny'= — S!/IQ’( j“'”(

So, | cos 8x dx =

8

So, [ sec? 6x dx =

Laa & &
[~

So, J sec 13x tan13x dx =

23

So, | 2x cos x* dx =

smxT+c

So, | x2 sec? x3 dx =
tan X2 4 ¢
3

So, | sin x* dx = -—(ZC)j)(H T

card't do ple The
deriv of x5
MISSINg In The_ m?’&gf‘ai,



AP Calculus ABY
[ 5cos 5xdx

——

S SN ©E

Ae,f‘;ﬂ 3k
[ 3 sin?3x cos 3x dx
J = Sm 3){
. du = cas 3x -3 dX
du _ Jx
3 cos X
S 3 0%cos 3%+ dY_
3cos 3X
§ u*du
U
3 r C
Sm3 3X +C
3

~= Assignment #2: Page 334: 47, 48, 50, 52, 55

Assignment #2A: Worksheet

2019-2020

Unit #8: Integr:Jtion |

Us Eas X S - dv
Ju = —sinx dx U“'I'C'
dV__ = dx stxf”i—c
=SIn X |

\ |
Sin X JU —— ¥ C
S U*  —SINX o3 X
R
[ cos? 11x sin 11x dx
U= ¢oS A
du = =i (1) 1l dX
v

—11 $1n(ux)

5 lesm JIX ¢ JUW
—~1) $IN i




AP Calculus ABY
Topic: Antiderivatives of Natural Logarithms—Integration

~ Goal: To integrate with natural logarithms.

Find the derivative of each.

y=mn(x*+1) y=In(x3+x-2)
Yl - A X y,; 3x2 4/
X5+ X3+ x -2

The general rule for integrating is below:

fidx=£n|x|+c

Unit #8: Integration |

Lesson 3
yi={x>+ 1) * i
-3 ||
)/'::. —2_(/\'11‘!)' X
|

[2dax= 2 In|x| tC

_JEd= In|x-1| ¥ ¢ et 0 [sx-1] r = o 1% ln ¥

! 5 | |[ 5

-_-_Js-(lnl‘i-ln‘i) = -Llr’\i,_% o

3
/ww P s ﬂ : In(g)ys
[ des (a)x| | iz ax= Intanx] l";:
=IniS -/n3 ‘-:’”lfﬂ"%l'/”ltm%j
:In%s_ = [dw B TR ol pran
= In J3
I3x:—1 dxk ln}sz—!} +c [ 5= dx= /n[sx?-,.ll + C

doesa't wofK becavse
~ There 15 Ao X in the
nomeiator {or Jeriy.

2019-2020
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AP Calculus ABY

Igsae= X% x| +c¢
e el
J.025'.;»;2':!75: l”}3X‘i’lI J:

=n& _ In 2

-3 3
e - i =G
= g8 ~lna) = 3/ind
= dx § -)%LS X du
et v=InX
2 A0 _U_ﬁ_. +
du - dx : o
X du = dx \°
In
G
Let u = x + 3, then rewrite the integral

Unit #8: Integration

f xZ4x+1

: dx=5x+l+;<&_3x

= ,Qg.‘..x + 1n]x| i

x{!n x}3

5(_"_"— dx

= (m\xl)- L C
T =2

xT dxand integrate wmth respect to u.

v=X+3 —> u—?'xtx S V=co +0 Jy
du = | dx (U*B)z'-i“l '—“-XL'!“I ‘35 o
Ju = dx V-6u 9+l = -6+ L2 du
vr-ev F 1o = X2+ 3
fimits .UE-Q,U 1—/0/n/u/ /
X=0 V=3 ; . |
~N =R p=j s 6.5+to/n5~(..i.-(,-3+/0/n3)

Assignment #3: Page: 339: 1-5, 8, 59, 60

2019-2020
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AP Calculus ABY Unit #8: Integration
Topic: Antiderivatives of Natural Logarithms—Integration Lesson 4

~ Goal: To integrate with natural logarithms involving trigonometric functions.

Jtanx dx = 5_—‘1{’_."(_ dx or Jet U= Cos X
Cos X

= —/n }Casxl +iC.

lash
Trigonometric Identities Flas Ca-(‘cl 3
You need to memorize each one of these.

[sinu du=—cosu+c [cosu du=sinu+c
[tanudu = [ ==du = —In|cosu| + ¢ [cotudu = [==—du = In|sinu| + ¢
cosu sinu
—
[ secu du = In|secu + tanu| + ¢ [escu du = —In|cscu + cotu| + ¢
[ sin*x dx=§—sm2x+c [ cos® 2% dx=’2—f+5m2x+c

Jeos8xdx= Sin8X 1 C
8

[sinllxdx= — cosw#X T C

/!
[sec?4xdx = fan HX & &
<
fcsczgxdx= — Co'é(-‘i)() a2 TEe
[ sec2xtan2x dx = Sec. 2X o é
~ >~
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AP Calculus ABY
[tan36 do
™~ —Infews 36| +C
—

%
b ol

[36%cot6® do
36° cos @ 4o
S Sin 93 d

MJS;/J 93) v L

Jv cos® @
1-sin2 @

Cos®©
Cos* @

§ s o 46

S @ T

Assignment #4: Handout

2019-2020

Unit #8: Integration

0
J sec d6

8-/n}5«sc—‘?8-+ibn% : gl

[ csc 8% sin 6% do

S |
sin §*

S 1 e
e 1+ C

’Sfﬂgljé

&
2]
Jerv A
/

sec? @
f1+tan6‘

Jn[f+tm9/ +C
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AP Calculus ABY

Topic: Integrating e*

Unit #8: Integration
Lesson 5
7™ Goal: To find the antiderivative of e*.
Find the derivative of each.
l.y= g™ 2.y = e*x’ 2 3, y = gSinx
5 ¥ 511 X
ye g y'= € y'=cosx - €
General Rule for integrating e [e*du =e% +¢
[9e® dx= e_qx ol
|
v
+ et v=3x+I e dv
[ e3%+1 dx= __|__\63K | . P o S 3
dd = dx - e’ + C
1 e:g,x +1 + &
—~ ¢ ] o} 3
Sxe™ dx= 5 C -
- t e e §sxe”du
du = —ax dx -2.X
au  _ v
o Rl S3e’ dv
e LW %D
J.x‘_z d.x= ,_1
. s e re
et u=g =x" ~X*du = dx . >
= v -
du = ~\ X% dx S —-———-'e'l X du
dv = —L. }/;(_
A * dx S-e“du —-eu'f"C — & 4= G
[(sinx)es* dx =

2019-2020
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AP Calculus ABY Unit #8: Integration

Jy e %dx = f_jxr B o d e_"‘_ —Jief’ s Bl g 0
A~ -—2‘ o 2‘ ;26.1 .2-
1 B "XQ' | ~) o l |
_fxexdx= e :"".-l--e _.,___'-L-e = —-______'+-"_'
f132_fdx= )(1 - 3
- l ____3AU~5\9>< ‘é—c"[-
= & = 3y X=1
. 3 v 2 g o5
dv=-3x* Ix 5% ..-X—.JU —é@x
du= =3l [ E i
. 53~‘ e’dv -Le'—--Lg’
Mixed Integration I 3 3 3
e e Inx
i "+ = X ¢
© ainXx
e I-L
) & dx
e
dermv of In X
, A2) . - o[
. xe \?/dx= Xeﬂ ZS_eUGJU::—e_ 5
U= —_);:" W . v=o ; :
du = -x dx B =T
dy = dx = "',__'__. + |
" e
o r s
limits x=0 V= -=0"=¢
A
X=Ja
WE=30 ==

2019-2020
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AP Calcul;: ABY p Unit #8: Integration
—~ derwv of desom
X

Jo o= Iﬂ/lf-(_‘ix[ /oj = /n!l-{-CI—/n/Ifé"'/

= /n/{f(_‘,’/-—//) 2
— L1E
2.
f_olexcose"dx= sin ex /o
-
= sise’ - sne
= Sin | — 351N —é—
Cmdre /n]x+2/ /:
=In 3 =/ /
= JAa |3
|
= in 3
. o o
[§ odx= ; '>'I€'E|7 X du M}Inxl /e
VU= InX 2 2|
il h I« 5&_:7 P Inline.f /nj/ne{
X do = dx e* % =i |
!n[u/ } /In 2.
x=€

Assignment #5: Page: 334: 63, 64, 65, 66 Page 339: 33, 38, 47, 48, 49, 57

2018-2020
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AP Calculus ABY
Topic: Exponential Functions in General—Derivatives

“™ Goal: To differentiate functions of the form y = a*.
General Rule: ia” = (Ina)a*u’

Find y' if ...
y = 3% y=12%
y'=3"1n3 y'= 12" In i
y = 10% y = 23%
4 3
y' = Jo* Jn 10 )/’:: )_3‘M /n 23 63X

Topic: Exponential Functions in General--Integrating

Goal: To integrate functions of the form [ a*dx.

1
General Formula: [ a*du = —a" + C

Unit #8: Integration

Lesson 6

y - Stanx

y::_ 51‘44-\( In§ 56(-'-1)(

y = 4secx

y'= H¥"In 4 seex ton %

VY
[ 8%dx= | 8)“ . J ashE coskzdxdx= .
/ﬂg eriv o CXP
35142X
2__//} 3 g 9
11 I ax 2y { __ g% -
oz dx= § 27 e
o
- X | — ,_._.I__-- ,52‘-—- ..--,—-
gyt S |
2 /0 InS /5
V=1 ,2° = 23 . 3
;;:.L'Z - m’?‘ )nS /nS
2In 2 In 2 /5
2019-2020
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AP Calculus ABY Unit #8: Integration

%
[x5%dx= - '5)( : gl

Py 2in5
[@x + D)7+ dx= / .7x“*+>< & g g i o
denv o expotedt a7
[sec?py12tnxgn= I, jg ¥t X
L /12 = C
denwv of exp
/-\-fzx(zx+1)3 dx= 5){ (U)E. du _L U‘{
ikt B w2 2 TG
dvu = . 92X y
di in 2 :27 dx SUS_@H ;ﬁ—i@x*’) & &
7S . X n
a2 - d /1 2
I e /”/?"+‘1/ oL A =T
nq

Assignment #6: Page: 339: 27, 28, 29, 30, 31, 37, 65, 70
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AP Calculus ABY Unit #8: Integration

Lesson 7
~~ Topic: Integrals Involving inverse Trigonometric Functions

Goal: To be able to integrate using the inverse trigonometric functions.

The formulas for the inverse trigonometric functions are:

f—ﬁdu = Sin“lu +c fﬁ__l?du — COS“IH +c fl-:uz du = tan_lu +c
Play Time Y: :m“’" b
1 =1 any = SN S %
f1+x2 dr = ta./'l X + ¢ Siny
Sny = A
I~
g’
LA y = %) n,%x 1= x4
X X2 =
COSyé}{: ‘; p—x % 2
A~ d){
dy ‘ see A
1 5 R -
J-1~x2dx = an[)( t+ C E)E C&Sy
dy |
jx \__x?-
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AP Calculus ABY Unit #8: Integration

1 ! )
~rm® 2§ —— X = a3+ C

Assignment 7: Page 338: 9, 13, 15, 17, 19, 21, 23, 35, 44, 45, 54, 68

Assignment 8: Review Handout
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