AP Calculus AB Y Unit #6 Applications of the Derivative
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AP Calculus ABY Unit #6 Applications of the Derivative
Topic: Related Rates

Goal: To solve problems that involve the rate at which a rate is changing.

GeoGebra applets at https://www.geogebra.org/m/CHDeZPzY

Click the play button in the lower left corner of the screen.

Mr. Slowbe is Electric-Sliding to the right at 1 meter per 5 seconds.

1) The red segment will always be longer than the green segment. Why?
2) Which segment, red or green, is growing at the fastest speed?

Explain your answers fully.
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Watch the animation several times to develop intuition about this growing square. Then sketch what you
think the Time vs Area graph would look like.
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AP Calculus AB Y Unit #6 Applications of the Derivative

A square is increasing in size. Its side length is growing at a rate of 3 inches per minute. When its side_

length is 9 inches, find the rate of change of its area, %. %_1 -2 Y
§=9

1) There are actually three varying quantities in this problem: ‘iime, Side Length, and Area.
First, let’s organize these variables in a table for specific values of time.

Time Side Length Area
(minutes) (inches) (in?)
0 O @)

1 3 9
2 b 4
3 q g\
4 |- 114
2) Sketch the graph of side length vs. Area. N Area

150 +

160 +

50 T

t—+—F+—+—1+—> Side Length
3 6 9 1)
3) Write an equation for the function in #2. What does the slope of the tangent represent in each?

2
a) In Side Length vs. Area, the equation of the function is /qr =8 , and the slope of the
tangent lines tell us_chate sn area with W«SP&T o _side !&1:}7‘7&1

4) Use your knowledge of implicit differentiation to answer the question at the top of the page.
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AP Calculus AB Y Lesson 1B

Unit #6 Applications of the Derivative

Identify what is given and what you are asked to find by annotating the problem. The answers to the
questions below will assist you in solving these problems.

20 1

15 1

10 1

A circle's radius grows at

3 inches per second. Find
how fast the Area is increasing
when the radiusis 5 inches.

Area = 81.71 ___3?3'_7“
10 20 25 30 35 40 45

-151

1. What rate are you given?
dr -
3= e
3. What other info are you given?
r=5In

whean The map*uj /3 S//],
The_area of TR curele
(5 1mcreasing at & fatc

o€ o /"r’%cc_
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2. What rate are you asked to find?
aA
de

4. What info can you get from the problem?

A = mr* cannot sub 5 for I
ble  1s changing

fg(ﬂzn’rl)

i’:’i - gﬁ'(‘j.g (=3 j_é“.—, 3
% = 2 (5)(3)

flﬂg = 3ol WZ’ec,
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AP Calculus AB Y
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Unit #6 Applications of the Derivative

A circular pool of water is expanding at the rate
of 16min?/sec. At what rate is the radius expanding
when the radius is 4 inches? How about 20 inches?
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rate. ot
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%(ﬂ'ﬂrr) el P:wm)dr
=2l 20) Al
A, - oprdr loft = 2”("*)3% e =2162) £
dt '
‘ 16l = dp 4t = Z
4421 wor 9 GE S Ve
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AP Calculus ABY Unit #6 Applications of the Derivative
SPHERES |

What's the Trick? Focus on what you are trying to find and what you need in order to find that variable.

Often the problem will give you the information you need, but you have to solve one thing in order to find
another.

A spherical balloon is being inflated at a constant rate of 5 cubic inches per minute. When the radius of the
balloon is 4 inches, how fast is the surface area of the balloon changing? s

At
ds_
at
1. What rate are you given? 2. What rate are you asked to find?
av. _ g ds _ 7
dt ~ dt >
3. What other info are you given? 4. What info can you get from the problem
r=HY and what formulas will you need?
Vol S pheje. = %— f?’f‘3
Use Vo| To 3e.f _6_‘_[“_ SA Sphcuf_’,: ‘fﬁrl
dt ¥ start he
4 v= 4 3 d
Je = dar) rrd U Tl ae
A = qpr*d
AV = ar 45 4
£ T - = 8 [ 4r
zdt At At
S:Lflr"-l(if_ &:8”"%‘5
E. o db
1 at ds 2.0

_ _ S p*
Z?E—- “'@"' = m/m;ﬂ

when The. radivs of 7he. ballawa 153 “ aches
7he surface area of The balloon

/S cl‘\cmyng
at a rate of %_//Jl/mu‘).
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AP Calculus ABY Unit #6 Applications of the Derivative

Related Rates Practice Problems

1) A pebble is dropped into a calm pool of water, causing ripples in the form of concentric circles. If each
ripple moves out from the center at a rate of 1 ft/s, at what rate is the total area of disturbed water
increasing after 4 seconds?

\_-V.—-._..

dr . dh _ P
r=H ¢t &= 3 ™
! - At at
r'”“““t{b{ Ny
' : A=l
: dd — a4l
At At
4o g
it
d

2) A balloon is being inflated at a constant rate of 4.5 cubic feet per minute. Find the rate of change of
B et
the radius when the radius is 2 feet.

Rosagese Rgm_ S av -5
ac _ 7 a2 At
at
= Lpped
v gl
dv - 4t de
& At
4.5 = 4m 2 4r
at
e~ 15 f
at I id min
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AP Calculus AB Y Unit #6 Applications of the Derivative

3) A balloon is being filled with helium at the rate of 4 cubic ft/min. Find the rate, in square feet per
y . . - . 32 .
minute, at which the surface area is increasing when the volume is Tn cubic feet.

i.% =Y -Fta/{wm Find _g__g. when Vel = '5%'5 %i% and = 28

i ™
=D A= YT
BV e i, T
3003 “dA - g (dl
8= e dt
il Need dr
[N / yo
av 3
A = qirrde
e Jt A - girep - L
L‘f - "fﬂ"ll él\ i1 *-j{‘f
AT
a4 _ 2
de _ “‘E‘*Ll%/mm
at  qy
4) The radius of a sphere is increasing at the uniform rate of 0.3 inches per second, At the instant when
the surface area, S, becomes 1007 square inches, what is the rate of increase, in cu bic inches per
second, in the volume, V?
z.
@:0,33{1 S:/OD/?///? _d___kf_ = T
6 (=95
-
A= 4 ' %_ﬂ, F:‘L’
joorr = 4y T+
25 = 1% A = gt dr
= 5 e It
d\/ %
— = 4ff +S7(0.?
it (¢
di B )_00 rn '__3_
& = 301 )i’
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AP Calculus AB Y Unit #6 Applications of the Derivative

al 5.35
R va— _Q_
A 13t ladder is leaning vertically against awall. ithe 177 Time (seconds)
bettom of the ladder sides away from the wall at arate 151 — .
o12 feet per secand, how fast s the top of the adder __ | || show function & tangent Questions:
:"f‘;:faf:ﬂ::;‘:‘:a“:::’r_:”“" s Does the top of the ladder
131 fall fasterneart = O orast
121 gets bigger?
:; As t gets biggel
g d
Heigh
ooy 81 Why is % negative?
T
6 blc The heght of
1 The_ fadder 15 dec.
: Does the ladder change
M length? AJo
1. What rate are you given? 2. What rate are you asked to find?
K . dh _ 7
& =2 Ysec & =+ whea x=5
3. What other info are you given? 4. What info can you get from the problem
C=13 and what formulas will you need?
p
) ar*t+ b’ =cC
a. xl_"_h'?_ — ;3?—- h1_+ 5},:!3}_
ol ) 7 a9
h*=1
- L
Mdﬁ‘_fi—hd@:O—aﬂmdh W=l
At T
D52+ ZFludh =0
At h changes an d x ch an9es
20 + 24 41 =¢ So yeau cannat subh Phese
at 1nto }/'0(.) - Orlgi1 al eg vation .
Mdh ~ =20
dt
fj';’i g - :*!-D - = :
2 = 20 = T3 ¢y
dt PR A Sec

The. top of e Ladder
/s falhns at a frete of

-‘z- £t per séc when The ba

ol The ladder ;s 5 £t
Lrom The wall.
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AP Calculus AB Y Unit #6 Applications of the Derivative

time = 1 . ()
| |show distance to 2nd base? -@——— Running Speed (ft/sec) 24

A baseball diamond is a square with side 90 feet.
A batter hits the ball and runs toward 1st base declreasing

withaspeedof 24 fisec. da = — 24 £
7 t/sec.

a) At what rate is his distance from 2nd base de h
changing when he is halfway to 1stbase? =— = 7 when

At a=45
b) Atwhat rate is his distance from 3rd base
changing at the same moment?

2 2 =\ d 2 z )&L

@) (at+ q0*= %) & b) (x*+ 90" = 7t
2ada. - 2cdc awdX = 3 dE
dt e | At ac

Need C wheq o= 24 veed Z whea X =29

EF= g g™ Hes z-= g0 + 24"
o2 JOD, 6238 {.’.’t ~ V3 = 100s£623 {_‘t

2(24)(-a4) = 2 (10.623) d 2 dt

de d‘%g =T8S ¥ gne
de= 10T Fec |
| The batecs distaace from
The batters distence from. 3rd base I3 in¢teasing
Lad base /3 Jdecreasing ot a rate of /0733 '%/m
’ ! ). 133 £
ot a fate of /0-733 f/fc' whepn he 13 ha}é’w?/ 7o
when he /3 -”)Q?fﬂwd}f 70 /st base
/5T bqs€. ‘
Assignment » #1+2 nexl page
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AP Calculus ABY

Unit #6 Applications of the Derivative

1) A ladder 35 ft. long is leaning against a house. If the base of the ladder is pulled away from the wall at a

rate of 3 ft/s, how fast is the top of the ladder moving down the wall when the base of the ladder is 10
e ————

ftf th 1? - 2
rom the wa dY B uiben RSO 0%t ‘y*-# 38
it y2=1123
" -
e ‘ X+ py? =33 Y = Juas
(rt.; N =
§ \ f;i.._. (‘xz+y2-—.35) 10(3) + Jias f!l’_ = O
= \35 ft At s
2 Y 2x A%+ 2y dY =
N\ iE & 4f =39 ¢¢ free
. _\\\ X?_éfﬁ b )’.‘_ﬂi -0 Jiras
ﬁ_,,__;.<_ .= == Jt—
Ty . 34:%:, peed ¥
iInereasing dl‘: whea X =10
How fast is the angle between the ground and the base of the ladder changing in the problem above?
; X - Junas dé _ _L_,
N 05 § = - 28 & 2(3)
N co - T 35
/= 32 4 X 4@ 3 733
l REIN i f9 - %z G Y = e 8
Ju_fs; N 35) Jde 35 JWas
X< |0 ~5n@)d8 - L dX de - =3 rd/s,,
A6 _ 2 T4t 35 At A& 7725 /d
it "
decreasing

2) A windlass is used to tow a boat to the dock. The rope is attached to the boat at a point 15 ft below the
level of the windlass. If the windlass pulls in the rope at a rate of 30 ft/min, at what rate is the boat
approaching the dock when there is 75 ft of rope out? When there is 25 ft of rope out?

3 2 = =
Windlass L% 2576 _g'i_{ = 75 ( 30)
15 ft " ‘\A olx ad CJX = M
eoiteLsn N e, = — e 7
I At 4 de  30J6
............... xdx = 2d& AX = =75
X ik At ¢ ¢ o
dX = 7 when Need X
de T z2=7% :
- =4 15* #X =T
decceasing x*= SH%
X = Jsqeo
X = ROJ-(;
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AP Calculus AB Y

1754 175
150 ¢ 156 |
125+ 125
100 100
Distance
between 79T 75
ships
(km) 504
251
1 2 3

At HPHM, gach ship has saled
Lot H  houls .

Jhip A 4(35) = MO KA

ship B H(25) =/0KH

Jwnce. ‘S’“P A 5 SQJ!Mj
east, /7~ O myles

Tb QJM ,Shrp B Jf'df—fc&
(2= 10" 100"

& 1?@ c = joo-43%9 KA

Unit #6 Applications of the Derivative

At noon, ship A Is 150km west of ship B.
Ship A is salling east at 35 km/hr, and
ship B is sailing north at 25 km/hr. How
{ast is the distance between the ships
changing at 4:00pm?

Hours = 1.1
1; Show point (hours, distance) -

ced - decreasmng
green -dec
blue - ¢nC

inerecimg
distence

c B é—q:'wmﬂhi‘

dE
wher B= joo

whe

an .
2 =
a5

dat
o‘ eclees;
disteaes

-

AT+B*=C
AN 3 afe changing JSo )/oc)
carnot svb for any variable

d (47+8° =¢?)
dt _ ¢ de

Je dt ¢ ;
= <
200)C35) + 2(1e0)(>3) = l(mj??) =
I, 7 o 5000 = 200-773Z§_
H 300 =
de -

21,393 kK,

53
At 4 pr the distaace. between Fhe c‘SJ\r,DS
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AP Calculus AB Y Unit #6 Applications of the Derivative

55 { Angle of minutes =3.65 A rockel fies vertically at a spaed of 4 miles per minuts.
- Elevation L 2 You watch the rocket from a distance of 30 miles away.
(degrees) ighow point? A\l What rate s tha angie of elevation fo the rocket
a5 i  changing after 12 minutes?
40 80 t om :
ESS & L
. 7 | 1t 4 m /mzfl
3o 60 [5: 30 M
Altitude - ?
my Z £= )L min =7 A= 48 mc
20 40
15 30 1
10 20
5 10 }
051015202530. 2 4 6 B 10 12 14 16 18 20
slﬂ. a = ﬁ_
A A *h A .
K 15 chargi g Hy chegi3 Cos k= B
c-
A i
tan = A
B=30 o B
¥ not .-:.Aazag 13
Tan & = ,_',9_.
30
ten & = BJ‘OA
—?-l"Ctp/lﬁ’( = —_A)
at B
5¢. 604 « — L4
566-20( C_;f'.(_ = 3_2 '3{'% Q 30 offt N 30()
dt _ 2
: de - 4 30
when A =48 axd B=30 Tt 30 (56604
: %
L5 ety 5o
Ql-f'{" — 0,037 rﬁ/ﬁyﬂ
C = S56.co% d
sec o = §6:604
30

Assignment | #|+2 next page_
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AP Calculus ABY

Unit #6 Applications of the Derivative

.j] Suppose a person is standing along a straight road 1/4 km from a railroad that crosses the road at right
angles. If a train is moving at a constant speed of 80 km/h, at what rate is the distance between the
person and the engine changing when the engine is 1/2 km past the crossing?

,_/ncleaging

= 8O KA [y

<l |

1/4 km

x*+(E) =d®
ACRICLY.
j.X?_{_X_, = Qdéj_
I At
xdx _ d dd
dt dt

need d
=d*

4 /6
g =ad®
j&
d= s

«..'

2) The base of a triangle is increasing at the rate of 2 ft per sec. and the height is increasing at the rate of
3 ft per sec. What is the rate of change of the area of the triangle changing when the base is 4 ft and

the height is 9 ft?

d h - 3 'F% s r
t .
n
3

_@_E = 2'\[{:/586'_

at

dA _ o when

dt b=~
el

2018-2019

Area = -li bh
4 (a=Lbh)
dr

dA _ .La'é h++ bfﬂ“’*
rs 2 Je dt
ad - L)+ 4 L(4)(3)
dt

A _ s £%/sec
I
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CONES

What's the Trick? To take the derivative of the volume of a cone, you need to use a proportion. The radius
and height will always be related in some way and you will need to write an equation to show that.

Example 1: A circular conical reservoir has depth 20 feet and radius of the top 10 feet. Water is leaking out
so that the surface is falling at the rate of% %. Find the rate, in cubic feet per hour, at which the water is

leaving the reservoir when the water is 8 feet deep.

Far-_-.;':i Whé.f]
h oo~ 5 ;
5‘;*-3% AV h=8 ft
At

V= ‘%fr(lh Tee many valiables
Relatinship between rashvs « height

L.z 12

——

n 20 Selue. fof ¢ ble we
= loh Know 4dh |
200 ) Tt

2 -
V:érr(-‘;h} h f= xh sow Sub 4 h for .

= 1 3
W L Y
_ 3
jiﬁ(\/”zﬁﬂh )
dv . 3 O Subh dh=L and h=
r mfrh%% b=t and h=8
o= Ly (9)6
A :
= 8f7’1ﬁ%r
whea The watet 15 8 tt high | the Volome
o waler 1n The Tank s decieasing at
o rate of gfr 'foé"/g/;?r\
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AP Calculus AB Y Unit #6 Applications of the Derivative

THE SHADOW PROBLEM
— What's the Trick? You have to define your variables in a very specific way to make this problem
manageable AND you have to use proportions (remember the cones earlier?)

Example 1: A young boy is out at night running toward a street lamp at 6 feet per second. If the
streetlamp is 30 feet tall and the boy is 5 feet tall in his running stance, how fast is his shadow length
changing when he is 4 feet from the base of the lamppost?

at
25dy = §dx
at At
= 25 J;f - SJ’Q)
dx Zef, at .
dv whe ¥=4 o_?_L = "38 0t/
At 2.5 Aef.

assionment: #(-3 pext 2 paie>
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AP Calculus AB Y Unit #6 Applications of the Derivative

Related Rates Practice Problems

1) A water tank has the shape of an inverted cone with altitude 15 ft and base radius 5 ft. If water is
pumped in at 13 ft? per minute, how fast is the water level rising when the water s 6 ft deep?

dt

-
=
S
»~
>
Gl

i
i
e
‘J
s
¢

Y st
) 5T (%) 132%4‘*@

1S h Vel b -

Let 39 By - db

= V=gl Giy 1rn gt

_t\“_.r 21

n -

d=2n
2) Sand is being poured onto a beach creating a cone whose base diameter is always twice its height. The
sand is being poured at the rate of 20 cubic inches per second. When the height of the conical pile is 6
inches, how fast is the radius changing? g}ﬁ_ =20 h=6
&

4t
ar_ = 20 v
PraE 1 fsec
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Unit #6 Applications of the Derivative

AP Calculus AB Y
) Sand is falling into a conical pile at the rate of 40 cubic feet per minute. The diameter of the base is

always four times the altitude. At what rate is the height of the pile changing when it is 20 ft high?
v - 40 ft/mm altitvde = heisht

N\ At
d=4h dh = ?  hea h =20
hi %  ar=% &8 -

e r=2h
7o

S Volume. = ——ﬂ‘f‘ h N —
. dani wané to .a’o 'Jf‘ b/c wé ]“.

; d )
\ 2. y= -‘—/?’F h) don't haugava!ua ‘t“o plug 17 i

ey

dat
Sn)b 2.h ﬁor C

d(y=2iWyhd
d(vay )

_A_K e -‘//?"A’L_‘_}_’l

dt dt

0= Y47 (20)*dh

Y (20) o
__,__‘7.@.._.—- = gf_‘f‘__
Yir(hoo)  dE

dh _ | 4¢

g /mm
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AP Calculus ABY

Unit #6 Assignment #1 Handout

Unit #6 Applications of the Derivative

Related Rates: Change/Time
Purpose: To develop a method for calculating the rates of change of two or more related variables, each of

which changes with respect to time.

1) The volume of a cylindrical can is given by V = zr"A. The radius of the can is 10 feet. If water is being
poured into the can at the rate of 4 ft3/min, what is the rate of change of the height? (1/25zft/min)
\-———--—-"""‘“-.v-—-w————‘—""‘ -

Eiz_, = "/I‘ﬂf%ﬂ;ﬂ

P i
T > #
— )
1 l‘ V =n7e )h
} Vv = /0077 A
\i __4,_.. V::/oo/?"}a)

5._’..! = /6’0/72&7
It dr

H = /oa/x‘"gfﬁ
AT

dn
d&

2) The volume of a cylindrical can is given by V = zr°A. The radius of the can is 6 feet. If the height of the

water is changing at the rate 2 ft/min, what is the rate of change of the volume? (727 ft3/min)
\_____.-—"_'____“\\/_________—.______- e — T ——

dh = A AL fmin
Jt

V= 70)h
b1y =k
dt(v k)

E'_.'{:36/fg_‘_ﬁ

dt dt

v — 3¢ (1)

At

: 3

AV = 7 {£ /mm
dt

2018-2019
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AP Calculus AB Y

Unit #6 Applications of the Derivative

3) The length of a rectangle is increasing at the rate of 4 yards per minute and the width is decreasing at

the rate of 2 yd per minute.

A. What is the rate of change of the area, when the length is 8 yd and the width is 5 yd? (4 yd?/min)

FEYCUCENRING [— dec
wJ/ dw
P

[

me >
j%g;:: 4 Yfgénaﬂ

d (a=1Lw) At
dt

L=8 w25

- =2 ‘yal/mn’}
2 = 4(s) +8()

Area = LW oe
é_ﬂ-r = H yﬂ{:‘/m,/}

dA _ db ¢ LedW
A dt dt

B. What is the rate of change of the perimeter, when the length is 8 yd and the width is 5 yd?

(4 yd/min)

p=2aL + AW

,qi_(p = 2L F2W)
At

dP = 2dL | 2dw
At dt dt

dp 2(4) + 2(-2)
At

T

C. If the length is always twice the width and the rate of change of the length is now 7 yd/min, what is
the rate of change of the area when the width is 20 yd? (280 yd?/min)

[ =AW or -;—?:W
oL _
,C.E_g - 7/04//%/!7
ad _ 7
d&
when w=20
Thea L=40

2018-2019

A::Z_LA) 0{
1A = 40(7
g= Lok = e
A= gk ‘i’%: 280 yd Y,
d o i ®
olt(A 2 )
Q‘L'Lq_:: Lé_l;_
At t
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AP Calculus AB Y

Unit #6 Applications of the Derivative

4) A ladder 25 ft. long is leaning against a house. If the base of the ladder is pulled away from the wall at a
rate of 2 ft/s, how fast is the top of the ladder moving down the wall when the base of the ladder is:

a) 7 ft. from the wall? How fast is the angle the base of the ladder makes with the floor changing?
(-7/12 ft/sec, -1/12 rad/sec)

% gk ™ 6= L
le}/ = 25 51N e
7i¢ yr=an* )
YL: 576 j’l_‘.é (sme= 5_!‘3)
aat cos & d¢ = —'-,S-‘ﬁ
i 2
4 (klf}’li 25°) - i
At 7 48 - . "1
ax dX + 2/dy - o 25 dt &S L
de A& T .25
I n-.--i--"'
xdX +ydy =0 2 25 2
dé _ -1
7(.1)4—;1“[%:0 o 75 rod/sec.
Ay — =7
B’E . )"‘i#f/jec,

b) 15 ft from the wall? How fast is the angle the base of the ladder makes with the floor changing?
(=3/2 ft/sec, —1/10 rad/sec)

2018-2019

oy Wt den x=iS g
s, 2 = WSS X = (eSS @ — &=
at = 4 at ’ 2%
gyt = 28° - d@= L dx
= | “RARCET 28 9P
ax 4;* rAY = . B
j‘ } .z» ;..., ol o S § = ,}L J= 20 wnen
. ( 2.3 X =15
5 +y*=z 2s / Sin 9 = 29
y*=4oo ; %
y = 20 . _0 ﬁ% o e &
\ 2% at A
2.(;5)()_)1*1(20} éi - O = .y
iﬁi{r \ jf% - - e Ll ff»lt',_%:."
Ay P 20 10 (el
A . =60 . -3 g | at
dt o~ 2 Jsec \

Page 23



AP Calculus ABY Unit #6 Applicatio

ns of the Derivative

5) A boat is pulled in by means of a winch on the dock 12 ft above the deck of the boat. If the winch pulls in
rope at a rate of 4 ft/s, determine the speed of the boat when there is 13 ft of rope out. What happens

to the speed of the boat as it gets closer to the dock? {~10.4 ft/s; increases)

_j?:f"‘hff/sac dy_ 7 w«”)’l* 2"
DocK ¢ d Az (;;1 f*)/a =g )
- e - - Wheéa 1=13
Z=3 29dy = 2zd2
X= 12 e W ,_Jt dt
| hy, A
- A
;3t= 125y 5dy = /3(4)
25 =y? dt
P=g

4y =

—

4t

-
Ly
-\-

a—

ks * Fhec

6) An air traffic controller spots two planes at the same altitude converging on a point as they fly at right

angles to one another. (Fig 1) One plane is 150 mi from the point and is moving at
plane is 200 mi from the point and has a speed of 600 mi/h.

a) At what rate is the distance between the planes decreasing?

450 mi/h. The other

3,

(~750 mi/h) e W !
o P 1
e’ Jod} :.--600;-;0‘7 n \\s
X1+y2151 dt 200
0! Ly Yt 2 002 +150%=8"
jt (X v ) ) q;ow + FIS = =5" 45;
= 250 :
;axdx +2ydy =25d;s $=2 Figure 1
X ofX -g-y_afz 35%
= ds _ _750 mph
/50(— 4so) # 200 (~600) = 250;}% 7k P

b) How much time does the traffic controller have to get one of the planes on a different flight path?

(20 min)
200 meC éOO_fZ_E, ,xsgmL « he
h( -
. 450 me
200 me ¢ Al ‘
oo me ) ne
|
=" F
3
2018-2019

20 r427]
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AP Calculus AB Y

Unit #6 Applications of the Derivative

7) A baseball diamond (fig 2) has the shape of a square with sides 90 ft long. If a player is running from
second to third base at a speed of 28 ft/s, at what rate is his distance from home plate changing when

2018-2019

Y he is 30 ft from third base? (~8.854 ft/s) ,
ax - —284{y  2nd
xT+ 905 =5 4s _ 7 at Ve
At 90+= 5%) dE " uren x=30
dat
_2)(61!)( =25 9}5 302-{-5?01.:52
ZE Jt" %5 = 52 3rd 1st
X dX = 5ds
d¢ 4t ] 90
0(-20) = 97.868 ds a8 - -8g54 {¢ sec.
( dt  dt / Home
Figure 2
8) For the baseball diamond in Problem 7, suppose the player is running from first to second base at a
speed of 28 ft/s. Find the rate at which the distance from home plate is changing when the player is 30
ft from second base? (15.532 ft/sec)
A 2 2
a_30 X T ?0 =
“'-.\\ o ax di - 29 \Ct/je(’ d 2 . <?'-
o L (x*+ 90 =5 d5 = /5532 f¢
> it o sec
—_ S} /_.:/ﬂ _&_'é_; T 2_;(__42 o= 252_‘9__5_
)4 =) qE ' dt
§ L whén X=60 X dx = -52_‘0.5_
60*+90*= S At At
$=/08.161 c0(28) = /08.167 _GLZ
at
9) A spherical balloon is inflated with gas at the rate of 20ft®/min. How fast is the radius of the balloon
increasing at the instant the radius is: “""’Tﬁ;"
a)1ft? (1.592 ft/m) - 20 {.é%m b) 2 ft? (0.398 ft/m) Te~ °
f=1 fE d€
; 3
v=4dnar
3 AL = 1,592 8/
Li-dpr)
dt 3
d¥ - e de
dt It
& 20= 4y (1) 41
AT
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AP Calculus AB Y Unit #6 Applications of the Derivative

10) At a sand and gravel plant, sand is falling off a conveyer and onto a conical pile at the rate of 10
ft*/min. The diameter of the base of the cone is approximately three times the altitude. At what rate is
N

the height of the pile changing when it is 15 ft high? (0.006 ft/m) v
av - ’ = Loap®
\ i e om V=Lt h
e 2
\ dh _ 7 V=J3—ﬂ’(3ih)h
\ M ~
‘m_j\\\ when h=15 \/:J-ﬁ’-ihs
\ r~ ‘\_;_ 3 H
x\- ¥, |
i Ql_. (V:iﬁ'iha
dt 3 Lt

= 3h p )

# i 2V =3 h“dh
zr‘ 3 de A at
iy 10 = ﬁqm(:s)lé_h__

a

= 21 dh
?,/51/‘6‘/ d_t &—é s 0.006 'F.Vm,n

11) A conical tank (with the vertex down) is 10 ft across the top and 12 ft deep. If water is flowing onto the
tank at a rate of 10 ft*/min, find the rate of change of the depth of the water at the instant it is 8 ft
deep. (0.286 ft/m)

v - ’ < il %
a_g- /0 f‘f/ﬁ?lﬂ V= “3—/?){_‘ h
dh = 7 " Shih
1l v=57(5%)
when h= 8 /= 257 B3
3
d (v=&rn)
. B ac
"o Av . 3950 1% b
/Y e
o= Sh A& ( 3
12 10= 157 (8)* oh
744 It
10~ yp dh = 0.095 ¥
150764 dE At ’/,r;/)
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AP Calculus ABY Unit #6 Applications of the Derivative

12) The edge of a cube is expanding at the rate of 3 cm/s. How fast is the volume changing when each

edge is:

a) 1cm? (9 cm?/s) b) 10 cm? (900 cm?/s)

when X = |

:){3

d o D
E;(V’X)

oo 3)(13;.4‘&
dt Jt

dv_ g3
Wo2300G)  deT e

13) The conditions are the same as in problem 12. Now measure how fast the surface area is changing

when each edge is: \‘“—“T"—""
a)lcm (36 cm?/s) j’% =M, | (,m/j& b) 10 cm (360 cm?/s) at
B
d_(a=ex?) w o
At when X = |
d& = jax dx
At dt
dA - ) (3
It = 1))
A = 3 em?
d set
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AP Calculus AB Y

Unit #6 Applications of the Derivative

14) A point is moving along the curve y = x% so that dx/dt is 2 cm/min. Find dy/dt when:

a) x=0 (0ecm/m)

b) x=3 (12 ecm/m)

L= 2(3)(2)

s = 12 cm/mﬁ

v 2

15) An airplane is flying at 31,680 ft above ground level and the flight path passes directly over a radar
antenna. The radar picks up the plane and determines that the distance s from the unit to the plane is
changing at the rate of 4 mi/min when the distance is 10 mi. Compute the speed of the plane in miles

per hour. (Fig 3) (-300 mph)

A5 . sl
Jg’ ym%w/}

5,280
i{:? whsl
at $=40
&TER &S
(6 rut=s")
EXd_ff. = 2% 45
dt ;'"
X dx - 5ds
dE JE
X —
d—% F mgm%}n

2018-2019

31,689 = ¢ me

Radar Figure 3
Tower
8=x
,‘/’. i
6 /- S
o =~
-5 me 60 Mun — 300 e
A & > /
i hi r
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AP Calculus AB Y Unit #6: Applications of the Derivative

16) A man 6 ft tall walks at a rate of 5 ft/ s away from a light that is 15 ft above the ground. (See Fig 4)
When the man is 10 ft from the base of the light:

a) At what rate is the tip of his shadow moving? (25/3 fi/s)

Jrom base of Ia;h‘(‘_

ISX = 9}/

5
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AP Calculus AB 'Y Unit #6: Applications of the Derivative

17) As a spherical raindrop falls, it reaches a layer of dryer air at the lower levels of the atmosphere and
begins to evaporate. If this evaporation occurs at a rate proportional to the surface area (S=4nr?) of the
droplet, show that the radius shrinks at a constant rate. (dr/df = k)

Rete Pmp&r?mna\ Volume gf-‘ sfvyh@rg_
v o sA-K v =g
dt |
2 dv. - :
%i-— = e b_‘ﬁ: a1l ﬁ;_g
S.ubsh""m’fe
Qe = arttde
at
K= dr
dat

18) Given the revenue and cost function R(x) = 32x — 0.3x? and C(x) = 5x + 13, where x is the daily unit
production, find the rate of change of profit (profit = revenue — cost) with respect to time when 10 units
are produced and the rate of change of production is 8 units per day.

ax _ ..
Find dP s — = 8unfy
d & x=woun gE Jday

P= 32x-0,3X - (sxwﬁ)
P= —0u3x* +27X-13

df = _oexdx a7 dX
= dt At

= —0.4(10)(8) + 27(8)

S

L
dp - g
d Aay
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AP Calculus AB Y

Topic: Optimization
Goal: Solve problems in context that involve finding the maximum or minimum using the derivative.

Unit #6 Applications of the Derivative

Congruent squares are cut from a standard sheet of paper, and then folded into a box. What size squares
will maximize the volume of the box?

2018-2019

i x x:
- | F——
X X
g.5-2x | 8.5
X X
. ==
;X /M =2X .
/l
x | Length Width Height Volume Caleulus
' y 6+ 5 ) 58.5 mg _Flzo
2| 7 45 | 2 63 in3 whis & o
31§ 2.5 3 37,5 13 nes.
Hl o3 0.5 = | 6 1n3
¥ =28 (BRI W (n-20)(.5-2x) %
4 66.148) 3
Volume (3'5?5; T Max vol (. 118
el when ThEe cornel CL)T
15 (585 1.
[ 1 1 1&1
L Corner Cut

(44215,-7-648)
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AP Calculus AB Y Unit #6 Applications of the Derivative

Three easy steps. (Note: pictures help)

1. Form an equation from what is given. Determine any restrictions on the domain or range.

2. Find the first derivative and then find the extrema.
3. Answer the question.

GeoGebra applets at https://www.geogebra.org/ m/acrtjtjg

I need to enclose my backyard with 301 a) What dimensions (width and length) for the fencing "~
a fence. | bought 500 feet of fence. would you have to use to maximize the amount of area
My house is on one side of the in the region?

backyard and therefore does not need ) .
. : . . A b) What is the maximum amount of area inside the fence?
any fencing. Determine the dimensions

of the rectangular fence that will 20
enclose the largest area. DShow measures?
e Total Fence 500
height = 50
150 -
100

Solution:
1) Draw a picture, using variables for unknown quantities.

HOUSE

2) Write an equation for the constraint
(relationship between the variables).

X
I have 500 feet of fence. X + )/ = S00
3) Write the equation to be maximized or minimized.
We are maximizing Area. A= % )/ y = SO0 ~— LXK

4) If necessary, substitute to write the equation in #3 with only one variable.

A = )((500 —-gx) A= Soox — 2)(1

5) Find and use the derivative to find the possible maxima and minima.
-

- -ox2) d da -
(A = SCOX -2X )a_1 L=o
%:goo-*—ix O = S60-4X

HX = 560
XK= jas L&

2018-2019

cont’

nexy page

Page 32



AP Calculus AB Y Unit #6 Applications of the Derivative

Problem: | need to enclose my backyard with a fence. | bought 500 feet of fence. My house is on one side
of the backyard and therefore does not need any fencing. Determine the dimensions of the rectangular
fence that will enclose the largest area.

HOUSE
etiticea|l value x = /128
6) Determine whether your solutions are maxima or minima — also X A
consider whether the endpoints of the interval may be absolute
maxima or minima. /V

The smallest and largest values foryare O and _250 feet, respectively (why?).

Therefore, the intervals are from (O, l25) and (125, 259)
Use a number line to check the intervals.

X =| X o= |50
dA _ _
ax = %X
- fos 1' nNE D 1}
0 12.5 280
A e dec

So X= RS 15 a moXx

Check the endpoints since this is a closed interval. A= 500X -2 X <

A(o) =0 A(zs0) = O

7) Go back, reread the question, and make sure you answer the question that was asked.

The question asked for the dimensions of the fence.
X = 25

et )/ =boo

ASQ + (‘/ = JoO

)/ =250

(25 ¥t X R50 ¥t

Deaw> + Lahe)
2018-2019 Box.. Give Farﬁwgfiﬁ Poe3 3



AP Calculus AB Y Unit #6 Applications of the Derivative

Consider the rectangle whose base and height lie on the positive x-axis and y-axis, respectively, and whose
fourth vertex lies on the line pictured. Find the coordinates of the point on the line that maximizes the
area of the rectangle.

_ xy If  you Kaowd X

Area. =
Then Y= -X *+ 10

A:x(—-x-{'!d))

A= =X+ 10X Visually end chM‘er are
not necessary b/c X
Z‘% = =2X + 10 or Yy would be Zero.
0 = -ax +10 Vertty o b
A ﬁt x:! i
=g = =5 i
0 > 10
(5,%)

Al goes from pol To NEZ
= lfl "75{5 & FnE X &t X:S

Assign ment -
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AP Calculus AB Y Unit #6 Applications of the Derivative

Four feet of wire is to be used to form a square and a circle. How much of the wire should be used for
the square and how much wire should be used for the circle to enclose the minimum total area of the
two figures?

Chelsea started by drawing the diagram at the right, she then created the following formula:

2
Alx)= ;r(ix—) +%(4—x)2. How did she create this formula? Show all of the steps she took.
T

Cirele Sguare Acer BaTh
s 3 - c2 5 2. 5'2..

X=200 H-X = 43

._.'Z(__. - . - , ¢ and S

o ‘_f#_}_(* - S Sub . » .
A= (&) « ()

- 2, | &
A= M) g (9

Using Chelsea’s formula, find the amount of wire used for each to give the minimum enclosed area.

L --—’:f,,tf- L (4-x)" 1M = x(4trr)
qr
= 4 S 5 = 5
LA e et T

S B £ the circle
=8 al 201 fuox)(-1 Tor
g LRI

l 1= HC ¢
e e -L-(“f'“?‘*) g+
)ft 8 Y : 2
for The Sgoarc
(O - X o bl + _.é ) ?_q
20 2. a8 l To check oith a num beg

v decimal values.

O= "X = 4Ir + X
HE = X A

hh'sh'th'on-d vhisg)
b bE Gs'9s tes o

‘ Th b G
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AP Calculus ABY

2} A manufacturer wants to design an open box having a square base and a surface area of 108 square

inches. What dimensions will produce a box with maximum volume?

Unit #6 Applications of the Derivative

A= Arfea bollorn + H Jides

2018-2019

h |08 =

X v o=

108 = (" +4-6Gh
72 = 244 h

h=73

x> ¥ Hx h

L WH \

108 —X

elim h\logﬁx’-

dimensions
X &in X 317

= "'f)(h
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AP Calculus AB Y

Unit #6 Applications of the Derivative

-
91 2 A rectangle lies in quadrant |, has two sides i
f(z)=—z*+9 .
on the x- and y-axes, and its fourth vertex
i on the function f(x) = -x® + 9. Determine the
71 dimensions of the rectangle with maximal area.
6‘
5.
4.
3
21 (2.7, 1.72)
Y 'l
4 5 8 7
§ versfy
A= X y whete y:ﬁx +4 14( x=1 X
.
A:X(_x+Q) X‘J—& "?03 | Neg \
A= =x3+9x e @ J3 ?
y=-J3 t4 X=J3 (5 a maX
dA _ _qy:
i ol g =344

0 = -3("t+4

3x*=14
X* =3

2018-2019

¥e=2l
= JR

V=6

Dimeasion s

J3un X & un

Discoss page 34 « 35,
AiSa for Hu.
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AP Calculus AB Y Unit #6 Applications of the Derivative
Find the maximum area of the rectangle

whose base is on the x-axis, and the other

two vertices are on the function f(x)=3cos(x).

S ——

DShow Area?

izt finding decivative.
voe- graphing cale .

A= XY y = 3cosX
A = 2X(3 cos x)

44 9.3 cosx + X (-3 51nX)

dx
@* = 6 oSX — X SIN X Dimenstons
dX apl Wy Y
= & COSX —¢X S X
0 co 2(0‘%3)
O = COSR =XSX
¥ Graphng (Lalculatol mii by /.?s7m

X= OO?GO

Y= 3 cos(0.80)
y= 1957

2018-2019 _—



AP Calculus AB Y
71 Aright triangle has one vertex at the origin,

the second vertex on the x-axis, and the third

gi vertex on the semicircle pictured. Determine the

coordinates of point C that maximizes the area i, 5
of the right triangle. |__JShow Area?

f(x) = \/25— (x-5)
y...“:.

Unit #6 Applications of the Derivative

e
N
|
1a-

Loy

B
< ?(‘?5.6-?1_ 0) 7 8 10 11

hece  y= Jas-(x-5)F

ol L Sl

Graphing Cale aftec derative
| -
e %[1’5“(%“5)1']/2 +5x5 (28 ~(x-s)2] 2 [—Z(X*S):] =0

oh ﬁq “ﬁ :/
C-‘,m_iuh g Calc

Tl £(7.5) = %330::;;

(7.5, 4.330)

Assignment: #/-3 on Aext 2 pages
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AP Calculus AB Y Unit #6 Applications of the Derivative
Optimization Practice

1) Find the value of x and y that maximizes the area of the rectangle shown in the figure below.

Then find the maximum area.

y = -5 +4
Y= 6 het;;ht
A=253-6
A=
wsc““h = 10—3-

2) Arectangular page is to contain 24 square inches of print. The margins at the top and bottom of the
page are to be 1 1/2 inches, and the margins on the left and right are to be 1 inch. What should the
dimensions of the page be so that the least amount of paper is used?

LT_L“_‘ A= (;( {v]_)( -?% +3)
= -+ =
- A = (x+d) (24X + 3) |
| et e .ﬁ% = | (X743 + (x D) (-24X7)
= “ -21
S N, o = (Z+)+ xR
72 0= 24+3-21-18
SR - X xRS
X+ 2 i,%';.. . o
xy = 24 6 =x* |
,q:(x+—1)(y+3) X =4 | Dymension S
A
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AP Calculus AB Y Unit #6 Applications of the Derivative

3) Find the coordinates of point C that maximize the area of the triangle.
Let the base of the triangle be 5 + x.

Fix) = /25 — 32

1
a ABC =14.697

i o Ll : A
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AP Calculus ABY Unit #6 Applications of the Derivative

3) Drag point C. Find the i
ol
coordinates of C that
o B f(x) =1/25— x2
maximize the area of
the triangle.
DShowArea?
A 3
<7 -5 -5 4 -3 -2 A = P53 0 2 3 4 5 3
\\_,._r—-f-"""__

Canrot” vse x for bese ble i

A= -!5_ bh YRIE=XZ , X 18 defmed To be 1 [0,3]
b
~ A= L (Shec)rus-%")

| "}';_ L -
8= & (asex) v 5 (5+x)h(2 %Y () =0
Jas-x*> s (SHX)(-2%) o
- HJzs X
Ja- _ jox+2axE O = (ax — 3)K+5)
# 23 4/
Szsxr _ oxtoxt XTE X5
- Thas-2* Pout &

H(25-x2) = 20X+ 4X*
00-9x* = 20X +HX *
~ 0 = &x*taox 100
0= 2 r5x-25
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AP Calculus AB Y Unit #6 Applications of the Derivative

Find the point on the graph of the curve y = X2+ 1 that is closest to the fixed point (4,1).
~.  Thedistance formulais d = \/(x — x,)2 + (y — ;)2 mnimi2e the distaac€

[ly=4+1
|
A '.____.ﬂ_,__’_ (4,1)
r | Xy
2 4 0 1 2 3 4 5
] | |

d = Jeed) r (rz)= Y =xe
o™+ " v

m'(X) = 2A(x-H) +4x3
m(x)= 2x-8 +4x3

d = J(xﬂ“i)?'-!— (x*+1-0)"

A d= J (-4 + () 0= 4qx3t2x-8
d = \Y(X-‘f,):’“ _t_XLE Grap)\!‘qj CQ{C
' X= [.128
T2 mumimpze The ) o
dtsf“anc.e, You need y= (1% ) -
7o minruge what y = 2,272
i ey (1:128,2.212)
112 2
mi) = (4)" + X o

Assignment. ! #1-3 on next two pases
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