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v WWhat You Should Learn

* Use the Fundamental Theorem of Algebra to
determine the number of zeros of a polynomial

function.

* Find all zeros of polynomial functions, including
complex zeros.

* Find conjugate pairs of complex zeros.

* Find zeros of polynomials by factoring.



The Fundamental Theorem of Algebra



N | he Fundamental Theorem of Algebra

We know that an nth-degree polynomial can have at most n
real zeros. In the complex number system, this statement
can be improved. That is, in the complex number system,
every nth-degree polynomial function has precisely n zeros.

This important result is derived from the Fundamental
Theorem of Algebra, first proved by the German
mathematician Carl Friedrich Gauss (1777-1835).

(The Fundamental Theorem of Algebra A
If /(x) is a polynomial of degree n, where n > 0, then f has at least one zero in the
complex number system.
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n 1he Fundamental Theorem of Algebra

Using the Fundamental Theorem of Algebra and the
equivalence of zeros and factors, you obtain the Linear
Factorization Theorem.

(Linear Factorization Theorem h
If £(x) is a polynomial of degree n, where n > 0, then f has precisely n linear
factors

f) = alx —c)x —c)- - -(x—=¢c,)
where ¢, ¢,, . . ., ¢, are complex numbers.
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n Example 1 — Zeros of Polynomial Functions

a. The first-degree polynomial f(x) = x — 2 has exactly one
zero: X = 2.

b. Counting multiplicity, the second-degree polynomial
function

f(x)=x?—6x+9
= (x—3)(x-3)

has exactly two zeros: x = 3 and x = 3 (This is called a
repeated zero.)



n Example 1 — Zeros of Polynomial Functions

c. The third-degree polynomial function

f(x) = x>+ 4x
= x(x? + 4)
= X(x — 2i)(x + 2i)

has exactly three zeros: x =0, x = 2i, and x = -2i

d. The fourth-degree polynomial function

f(x) = x* — 1
= X=X+ 1)(x=i)(x+1)

has exactly four zeros: x =1, x=-1, x=1i,and x = —i



Finding Zeros of a Polynomial Function



y Finding Zeros of a Polynomial Function

Remember that the n zeros of a polynomial function can be
real or complex, and they may be repeated. Example 2
illustrates several cases.



i Example 2 — Real and Complex Zeros of a Polynomial Function

Confirm that the third-degree polynomial function
f(x) = x>+ 4x
has exactly three zeros: x = 0, x = 2/, and x = -24.

Solution:

Factor the polynomial completely as x(x — 2i)(x + 2i). So,
the zeros are

X(x—=2i)(x+2)=0
x=0

x—2i=0 X=2

>
X+2i=0 [ :_9j
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y Example 2 — Solution

In the graph in Figure 2.33, only the real zero x = 0 appears
as an x-intercept.

5 [ flx) = x>+ 4x

|

6

Figure 2.33
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Conjugate Pairs
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n Conjugate Pairs

The two complex zeros are conjugates. That is, they are of
the forms a + bi and a — bi.

~ : : : )
Complex Zeros Occur in Conjugate Pairs
Let f(x) be a polynomial function that has real coefficients. If a + bi, where
b # 0, 1s a zero of the function, then the conjugate a — bi 1s also a zero of the
function.
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Be sure you see that this result is true only when the
polynomial function has real coefficients. For instance, the
result applies to the function f(x) = x> + 1, but not to the

function g(x) = x —i.
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wm Example 4 — Finding a Polynomial with Given Zeros

Find a fourth-degree polynomial function with real
coefficients that has —1, —1 and 3/ as zeros.

Solution:

Because 3/ is a zero and the polynomial is stated to have
real coefficients, you know that the conjugate —3/ must also
be a zero.

So, from the Linear Factorization Theorem, f(x) can be
written as

fix)=a(x +1)(x +1)(x—3i)(x + 3i)
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y Example 4 — Solution

For simplicity, let a = 1 to obtain

f(x)= (x> +2x + 1)(x* + 9)

=x*+2x3+10x%2+ 18x + 9.
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Factoring a Polynomial
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n Factoring a Polynomial

[ Factors of a Polynomial

Every polynomial of degree n > 0 with real coefficients can be written as the
product of linear and quadratic factors with real coefficients, where the quadratic
factors have no real zeros.
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A quadratic factor with no real zeros is said to be prime or
irreducible over the reals. Be sure you see that this is not
the same as being irreducible over the rationals. For
example, the quadratic

X2+ 1=(x—=i)(x+1i)

s irreducible over the reals (and therefore over the
rationals). 17



y Factoring a Polynomial

On the other hand, the quadratic

X2 - 2= (e = V2)lx + V2)

IS Irreducible over the rationals, but reducible over the
reals.
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n Example 6 — Factoring a Polynomial

Write the polynomial f(x) = x* — x2 — 20

a. as the product of factors that are irreducible over the
rationals,

b. as the product of linear factors and quadratic factors that
are irreducible over the reals, and

c. in completely factored form.
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n Example 6 — Solution

a. Begin by factoring the polynomial into the product of two
quadratic polynomials.

x*— x?—20= (x> 5)(x*> + 4)
Both of these factors are irreducible over the rationals.

b. By factoring over the reals, you have
X — x2—20= (@ +4) &+ V5)x—5)

where the quadratic factor is irreducible over the reals.

c. In completely factored form, you have

X — x2—20= (x = 2i)(x [x + V5)x = 5) N



n Factoring a Polynomial

The results and theorems have been stated in terms of
zeros of polynomial functions. Be sure you see that the
same results could have been stated in terms of solutions
of polynomial equations.

21



wm Example 7 — Finding The Zeros of Polynomial Function

Find all the zeros of
f(x) = x* —3x3 + 6x%> + 2x — 60
given that 1 + 3/is a zero of 1.

Solution:

Because complex zeros occur in conjugate pairs, you know
that 1 — 3/ is also a zero of f. This means that both

x—(1+3i)and x— (1-3i)

are factors of f.
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y Example 7 — Solution

Multiplying these two factors produces
IXx—(1+3)][x—(1-3)=[(x—1)=3i[(x—1) + 3i]
=(x—1)*>-9/°
= x?—-2x +10.

Using long division, you can divide x? — 2x + 10 into f to
obtain the following.
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y Example 7 — Solution

Using long division, you can divide x? — 2x + 10 into f to
obtain the following.

x2— x— 6
50062 — 2x + 10 ) x* — 3x3 + 6x2+ 2x — 60

x* — 2x3 + 10x2

—x3 — 4x2+ 2

—x3 + 2x2 — 10x

—6x% + 12x — 60
—6x2 + 12x — 60
0
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n Example 7 — Solution

So, you have
f(x) = (x> — 2x +10)(x* — x — 6)

= (x? —2x +10)(x = 3)(x + 2)
and you can conclude that the zeros of f are

x=1+3i,x=1-3/,x=3,x=-2.

25



